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Abstract. The aim of this work is to introduce the concepts of interval D-
implications and automorphisms, analyzing their main properties and establishing
the relation between them. Also, interval D-implications are related with punctual
D-implications and automorphisms.
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1. Introduction

Fuzzy set theory [37] is the oldest and most widely reported component of present-
day soft computing, which deals with the design of flexible information processing
systems [25], with applications in control systems [14], decision making [13], expert
systems [35], pattern recognition [25], etc. On the other hand, Interval Mathemat-
ics [26] is a mathematical theory that aims at the representation of uncertain input
data and parameters, and the automatic and rigorous control of the errors which
arise in numerical computations.

The interval-valued fuzzy set theory, which aims at the integration of Fuzzy
Theory and Interval Mathematics, has been studied from different viewpoints (see,
e.g., [15, 17, 18, 27, 29, 38]). One of these approaches uses membership functions
with interval values, in order to model the uncertainty in the process of determining
exact membership grades with the usual fuzzy membership functions. Then, to
each element of the universe a closed subinterval of the unit interval is assigned,
approximating the membership degree.

This work adopts the approach introduced in [8, 9], where interval extensions
of fuzzy connectives are constructed as their interval representations [34], consid-
ering both correctness (accuracy) and optimality aspects as required in [20]. This
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approach was also considered in our previous works [5, 6, 7, 31, 32]. In fuzzy set
theory, implication functions are usually derived from t-norms and t-conorms in sev-
eral ways, e.g, S-implications, R-implications, QL-implications and D-implications.?
The importance of implications is not only because they are used in representing
“If ... then” rules in fuzzy systems, but also because they are use in performing
inferences in approximate reasoning and fuzzy control. This is the main reason
for searching many different models to perform this kind of fuzzy connectives. In
particular, D-implications were studied only recently (see, e.g., [23, 24]).

The aim of this work is to introduce interval D-implications and to study their
relationship with interval automorphisms, and also with punctual D-implications
and automorphisms. This paper is organized as follows. In Sect. 2., we review
the main concepts related to interval representations. Interval fuzzy t-conorms (t-
norms) and negations are presented in sections 3. and 4., respectively. Interval fuzzy
implications and D-implications are discussed in Sect. 5.. Interval automorphisms
are presented in Sect. 6., and their relationship with interval D-implications in
Sect. 7.. Section 8. is the Conclusion.

2. Interval Representations

Let U = {[a,b] | 0 < a < b < 1} be the set of subintervals of U = [0,1] € R. For
X = [X, X] € U, the projections I, : U — U are defined by

I(X)=X and r(X)=X. (2.1)

Among the partial orders that may be defined on U [12], in this work we consider:
- Product order: X <Y < X <Y and X <Y.
- Inclusion order: X CY < X >Y and X <Y.

Definition 2.1. F' : U" — U is an interval representation of a function f :
U — U if, for each X € U" and & € X, f(Z) € F(X). [34]

F : U" — U is a better interval representation gf f: U_Tf — U than G :
U™ — U, denoted by G C F, if, for each X € U, F(X) C G(X).

Definition 2.2. [34] The best interval representation of a real function f, f : U™ —
U, is the interval function f: U™ — U, defined by

f(X) = [inf{ /(@) | & € X}, sup{[() | ¥ € X}] (2.2)

The interval function f is well defined and for any other interval representa-
tion F' of f, it holds that FF T f , that is, f returns a narrower interval than any
other interval representation of f. Thus, f has the optimality property of interval
algorithms [20], when it is seen as an algorithm to compute a real function f.

5There are also some other methods of generating fuzzy implications (see, e.g, [36]).
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3. Interval t-norms and t-conorms

A t-conorm (t-norm) is a function S(T) : U? — U that is commutative, associative,
monotonic and has 0 (1) as neutral element.
Example 1. Typical examples of t-norms and t-conorms, respectively, are the fol-
lowing:
1. Ty (z,y) = min{z,y} and Sy (z,y) = max{z,y};
2. Tp(x,y) = xy and Sp(x,y) = x +y — xy;
3. Tr(x,x) =max(z +y —1,0) and Si(x,y) = min(r +y,1);

In the following, we present the interval generalizations of t-conorms (t-norms),
and also two results provided in [8, 10].

Definition 3.1. S :U2—U is an interval t-conorm (t-norm) if it is commutative,
associative, monotonic w.r.t. the product and inclusion order and [0,0] ([1,1]) is
the neutral element.

Proposition 3.1. If S (T) is a t-conorm (t-norm) then S : U2 — U (T : U? — U) is
an interval t-conorm (t-norm). Characterizations ofS and T are given, respectively,
by
S(X.Y) = [SXY),SXY), (3.1)
T(XY) = [T(XY)T(X.Y). (3.2)
Considering F : U — U, we define the functions F,F : U" — U, respectively
by
Fay,...,mn) = U(F([xr, 1], [2n, zal)) (3.3)
F(zy,...,xn) = r(F([z1,21],.. ., [Tn, zn])). (3.4)

Proposition 3.2. Let S be an interval t-conorm, T an interval t-norm and the
functions S, S and T, T t-conorms and t-norms, respectively. Then, for all X,Y € U,
it holds that:

S(X,Y) = [S(X.Y),S(X,Y))], (3:5)
T(X.Y) = [[(X,Y)T(X,Y)], (3.6)

Example 2. Based on Propositons 3.1 and 3.2, some interval t-norms and interval
t-conorms are now considered:
L. Ty(X,Y) = min(X,Y),min(X,Y)] = inf{X, YV} = Ty (X,Y); and
Sp(X,Y) = [max(X,Y), max(X,Y)] = sup{X, Y} = Sy (X, Y).
2. Tp(X,Y) = [XY,XV] = Tp< Y), and
Sp(X.Y) = [X +Y — XY, X4V - XV] = Sp(X.Y);
3. Th(X,Y)=[max(X4Y—1,0), max(X+Y— 1, 0)]=sup(X +Y —{1; 1], [0; 0]) =T (X, Y),
SL(X,Y) = min(X 4+ Y,1),min(X + Y, 1)] = sup(X + Y, [1;1]) = SL(X,Y).
Thus,
. X+Y -1, X+Y 1], ifX+Y>1,
To(X,Y) =< [0,0], if X +Y <1,
0, X +Y —1], otherwise;
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_ X+Y,X+Y], fX+Y <1,
TL(X,Y)=[X+Y,1], otherwise.

4. Interval Fuzzy Negation

A function N : U — U is a fuzzy negation if
N1 : N(0) =1 and N(1) = 0;
N2 : If x > y then N(x) < N(y), Vz,y € I.

Fuzzy negations satisfying the involutive property are called strong fuzzy negations
[21]:

N3 : N(N(x)) =z, Vx € U.

Definition 4.1. An interval function N : U — U is an interval fuzzy negation if,
for any X, Y in U, the following properties hold:

N1 : N([0,0]) = [1,1] and N([1,1]) = [0,0];
N2 : If X >Y then N(X) <N(Y);
N3 : If X CY then N(X) C N(Y).
If N also meets the involutive property, it is said to be a strong interval fuzzy nega-
tion:
N4 : N(N(X))=X,VX € U.
Let N : U — U be a fuzzy negation. A characterization of N is given by:
N () = [NX), N(X)]. (4.1)

Proposition 4.1. N : U — U is an interval strong fuzzy negation if and only if
there exists a strong fuzzy negation N such that N= N [2].

Clearly, in this case, it holds that N = N = N.

Example 3. The interval extension of the standard fuzzy negation No(x) =1 —x
is characterized by the expression N(X) =[1,1] - X =[1 — X,1 — X] = N¢(X).

5. Interval D-Implications

Several definitions for fuzzy implications together with related properties have been
given (see, e.g., [1, 11, 16, 33, 36]), where a binary function I : U? — U is a
fuzzy implication if, at least, I satisfies the minimal boundary conditions: I(1,1) =
1(0,1) = 1(0,0) = 1 and I(1,0) = 0. However, other different properties may be
required. This paper also considers the following three properties of fuzzy implica-
tions:
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Ila : If z < z then I(x,y) > I(z,y);
I1b : If y < z then I(z,y) < I(z, 2);
12 : I(l,z) = «.

Let S be a t-conorm, N be a strong fuzzy negation and T be a t-norm. A
Dishkant Implication (D-implication, for short) is a fuzzy implication defined, for
all z,y € [0, 1], by [23, 24]:

Isn(z,y) = S(T(N(x),N(Y)),y)- (5.1)

Example 4. In the following, basic fuzzy D-implications are considered:
1. Is, 7y Ne(z,y) =min(l — x4+ y, 1) (called Lukaziewski implication).

2. Ity sp,nc (2,y) =y + (1 - 2)(1 - y)*.
3. Is, 1, No(z,y) = max(1 — z,y) (called Kleene-Dienes implication).

Definition 5.1. 1: U? — U is an interval fuzzy implication if the next conditions
hold:

I([1,1],[1,1]) =I(]o, 0], [0,0]) = I([0,0],[1,1]) = [1,1] and I([1,1],[0,0]) = [0,0].
The properties I1a, I1b and 12 of fuzzy implications can be naturally extended:

IMa : f X < Zthen [(X,Y) >1(Z,Y);

Ilb : If Y < Z then [(X,Y) <I(X, Z);

12 : I([1,1],X) = X.

_The proofs of the three following propositions follow directly from the definition
of I. From a fuzzy implication, it is possible to obtain an interval fuzzy implication
canonically:

Proposition 5.1. If I is a fuzzy implication then T is an interval fuzzy implication.

We can recover the original fuzzy implication from its best interval representa-
tion:

Proposition 5.2. If I is a fuzzy implication then, for each x,y € U, it holds that

~

I((E,y) - l(I([:v,x], [yvyD) = T(I([.’ﬂ,(ﬂ], [yvyD)

In the following proposition, the best interval representation of a fuzzy implica-
tion is shown to be an inclusion-monotonic function.

Proposition 5.3. Let I be a fuzzy implication. For each Xq,X5,Y1,Ys € U, if

~ ~

X1 C X5 and Y1 CY; then it holds that 1(X1,Y1) C I(Xa,Y5).

Theorem 5.1. If I : U? — U is an inclusion monotonic interval fuzzy implica-
tion satisfying Ila and 11b, then I and I are fuzzy implications, which satisfy the
properties I1a, I1b and such that I(X,Y) = [I(X,Y),I(X,Y)].
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Proof.  See [4]. O

Given an interval t-conorm S, an interval t-norm T and a strong interval negation
N the function
Isrn(X,Y) = S(T(N(X),N(Y)), Y). (5.2)

is said an interval D-implication.

Theorem 5.2. Let S be a t-conorm, T be a t-norm and N be a fuzzy negation. If
S, T and N are continuous then

Ispn=1IsTN. (5.3)
Proof. Considering X,Y € U, one has that
Ig 7 5(X,Y) = S(T((N(X),N(Y)),Y)) by Eq. (5.2)
= S(T(NED), NQXLIN(Y), NY)), ¥) by Ea. (4.1)
= S(T(N(X),N(Y)), T(N(X),N(Y)),Y) by Eq. (3.2)
= [S(T(N(X),N(Y)) Y)),Y)] by Eq. (3.1)

(
Since, for each z € X and y € Y, S(T(N(X),N(Y)),Y) < S(T(N(z,y)),y) <
S(T(N(X),N(Y)),Y), then it holds that Isr n(X,Y) C I3 7 5(X,Y). On the
other hand, if z € S(T(N(X), N(Y)),Y), then, by the continuity of S, there exist
z1 ET(N(X),N(Y)) and 25 € Y such that S(z1, 2z2) = z. Thus, by the continuity of
N and T, there exist z1, € X, z1p € Y such that T(N(z14), N(z15)) = 21 and, thus,
it holds that S(T'(N(214), N(z1p)), 22) = 2. If 29 < 214, then S(T(N(22), N(211)), 22), )
> z, and by the commutativity of T, it holds that S(T(N(z1p), N(22)), 22),) > z.
In addition, if z1, < 29, then it is valid that S(T(N(z14), N(21b)), 216),) < 2. So,
one has that z € [Is 1 N(214; 210), ISTN(zlb,ZQ)] C{Isnr(z,y) |z € X,y e Y},
and {IS7T7N(x,y) \ z e X Y € Y} C IS,T N( Y). Therefore, it follows that
I 7 2 (X,Y) = SER(X), N(¥)),Y) € Tsrn(X,Y). -

Corollary 5.1. If I is a continuous D-Implication then 1 is an interval D-implication.
Proof. 1t is straightforward, following from Theorem 5.2. O

Example 5. Based on Theorem 5.2, interval extensions of implications in Ezam-
ple 4 can be given by the following expressions:

1. HSL T NG (X,Y) = [min(min(1-X,1-Y)+Y, 1), min(min(1-X, 1-Y)+Y, 1)], that means

ISL7TIVI:NC(X’Y) HSLT NC(X Y) [17£+X71]7 o if X<YSX§
I-X+4Y,1-X+Y], otherwise.

215 7.8 (X Y) = [1-X)(1-Y)(1-Y)+Y, (1-X)(1-Y)(A-Y)+Y] = Is, 1p,nc (X, Y).

3. HSL 7 Na (X,Y) = [min(max(1-X—-Y,0)+Y, 1), min(max(1-X-Y)+Y, 1)].
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Thus, I~ = 5=(X.Y) = Is, 1, ne(X,Y), and
I-X-Y+Y,1-X-Y+Y], fY<X+Y<X+V <
[ (X,Y) 1-X-Y+Y, 1], if X+Y<Y<X+Y<1
St.Tr.No ] X 1-X-Y+Y], if X+Y<Y<1<X+Y;
Y,Y], otherwise .

Proposition 5.4. If1 is an interval D-implication then the properties Ila and 12
hold.

Proof. Consider I as an interval D-implication and X,Y, Z € U.

I1a: Based on the monotonicity of the interval t-norm T, the interval t-conorm S and
interval negation N, if X < Z then S(T(N(X),N(Y)),Y) > S(T(N(Z),N(Y)),Y).
Therefore, it holds that Ispn(X,Y) > Is 1 n(Z,Y).

[2: One has that Isrn([1,1],Y) = S(T(N([1,1]),N(Y)),Y) = S(T([0,0],N(Y)),Y). By
the monotonicity of T, it holds that S(T([0,0],N(Y)),Y) = S([0,0],Y) =Y. Then,
it follows that Is rn([1,1],Y) =Y. O

Denote by C(S), C(T), C(I) and C(N) the classes of continuous t-conorms, t-
norms and D-implications, and strong fuzzy negations, respectively. The related
interval extensions are indicated by C(S), C(T), C(I) and C(N), respectively. The
results presented in sections 3. and 5., and Theorem 5.2, state the commutativity
of the diagram in Fig. 1.

Eq.(5.1)

C(S) x C(N) x C(T) ()
Eq.(3.1),Eq.(4.1), Eq.(3.2) Eq.(5.3)
C(S) x () x e(T) — 24062 e

Figure 1: Classes of interval D-implications

Theorem 5.3. If1 is an interval fuzzy D-implication, then the functions I,1: U? —
U, defined as in Eq. (3.3) and Eq. (3.4), respectively, are D-implications.

Proof. We prove the first case. Considering =,y € U:

Iz,y) = 1z, 2], [y, 9]) = LS(T(N([z,z]), N([y, y])), [y, ¥])) by Eq. (3.3)
(S(T([N (), N(@)], [N(y), N(9)]), [y 9])) by Eq. (4.1) and Prop. 4.1

[S(T(N (), N(y)),y),S(T(N(x), N(y)),y)] by Eqa. (3.5), Eq. (3.6)

S(I( (:B)JV( ))’ ) =1 I,N ~(7,y) by Eq. (2.1), Eq. (5'1)

The second case is analogous. O

o~

o~

The reconstruction of an interval fuzzy D-implication (i.e., the converse of The-
orem 5.3) is not possible considering just the fuzzy implications I and I. Observe
Example 6.
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Example 6. Consider Is, 1,, n.(X,Y) presented in Example 5(1) and the subin-
tervals of the unit interval [0,1], X = [0.2;0.3], Y = [0.3;0.5] < Z = [0.4;0.8].
Thus, Is, 1,, no (X,Y) =[0.5;1.0] > [0.4; 1. 0] =1Is, T\ No (X Z). That means,

sy, oy N (X, Y)HEs, 1y, 80 (Y: Y), Isp, mp mo (X Y)]:[mam(le, Y), maz(1-X, 7)]

We introduce the following proposition in order to get the converse of Theo-
rem 5.3.

Proposition 5.5. Let I be an interval D-implication satisfying the property I1b.
Then it holds that I(X,Y) = [[(X,Y),I(X,Y)].

Proof. Since S, T and N are inclusion monotonic, Is t n also is inclusion monotonic.
Thus, since I satisfies the property I1b, then from Prop. 5.4 and Theorem 5.1, it
follows that H&’H‘,N(X, Y) = [HS,’H‘,N(X, X), HS,’]I‘,N (K, Y)] O

6. Interval Automorphism

Definition 6.1. A mapping p : U — U is an automorphism if it is bijective and
monotonic, that is, <y = p(x) < p(y) [22, 28].

The inverse of an automorphism is also an automorphism. Based on [11, 21], the
action of an automorphism p on a function f : U™ — U, denoted by f?, is defined
as

Pa1se e wa) = o7 (Fpa), -, p(a))). (6.1)

As it is well known, the action of p preserves fuzzy connectives [30, 11], i.e
SP.TP, NP and I? are fuzzy t-conorm, t-norm, (strong) negation and implication,
respectively.

Proposition 6.1. Let S be a t-conorm, T be a t-norm and N be a strong negation.
Then it holds that Ise re no = IS 7 -

Proof. Considering z,y € U, one has that

Ise.ro,ne = SP(T?(N°(z),N’(y)),y) by Eq. (5.1)
= p {(SUT(N(p(=)), N(ply )))) ( )) by by Eq. (6.1)
= p 'Isonlp@), p(y))) = Ig 7 n(,y) by Eq. (5.1), Def. 6.1

Corollary 6.2. If I is an D-implication then I” is also an D-implication.
Proof. Tt follows from the definition of D-implication and Prop. 6.1. O

A mapping ¢ : U — U is an interval automorphism if it is bijective and
monotonic w.r.t. the product order, that is, X <Y = o(X) <p(Y) [18, 19].

Theorem 6.1. ¢ : U — U is an interval automorphism if and only if there is an
automorphism p : U — U, such that o = p and

P(X) = [p(X), p(X)]. (6.2)
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Proof. See [18, Theorem 2], [8, Theorem 5.2]. O

Thus, the interval automorphism p is the best interval representation of the
automorphism p. The action of an interval automorphism o on an interval function
F :U"™ — U, defined as

FO(X1, Xa,...,Xpn) = 0 (F(o(X1), 0(X2), ..., 0(Xn))). (6.3)

preserves interval fuzzy connectives, i.e., S¢,T¢, N¢ and I? are also interval fuzzy
t-conorm, t-norm, (strong) negation and implication, respectively [4, 8, 10]. In
the following, we apply the results concerned with the generation of new interval
D-implications based on the actions of interval automorphisms.

7. Interval Automorphisms and Interval D-impli-
cations

Firstly, the action of an interval automorphism preserving interval D-implications
is shown.

Theorem 7.1. Let o : U — U be an interval automorphism and I : U? — U be
an interval D-implication. Then 12 : U2 — U is also an interval D-implication.

Proof. 1t is sufficient to prove that the following equation holds:
I§ 7 (X, Y) = S2(T?(N°(X),N°(Y)), ). (7.1)
Considering X,Y € U, we have that

I§rn(X,Y) o (Isn(o(X )»Q(Y))) by Eq.(6.3)
071 (S( ) o(Y))
= 0 1(S(T(Q( _I(N(Q(X))

0~ (S( ?(X)
= S%T¥(

O

According to Theorems 6.1 and 7.1, the commutative diagram pictured in Fig. 2
holds. Based on Proposition 6.1 and Theorem 7.1, (interval) D-implications and
(interval) automorphisms can be seen as objects and morphisms of the category
C(C(I), Aut(I)) (€(C(I), Aut(I))), respectively. In a categorical approach, the action
of an interval automorphism on an interval D-implication can be conceived as a
covariant functor whose application over the D-implications and automorphisms in
€(C(I), Aut(I)) returns the related best interval representation in €(C(I), Aut(L)).
Therefore, interval automorphisms can be used to deal with optimality of interval
fuzzy algorithms.
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8. Conclusion and Final Remarks

Considering the importance of fuzzy implications studies to perform inferences in
approximate reasoning and fuzzy control, the results presented in this paper con-
tribute firstly for the general study on D-implications, whose main features have only
recently appeared as subject of some important works (see, e.g., [23, 24]). However,
our main interest was on the definition of interval-valued D-implications, continuing
our previous works [5, 6, 7, 31, 32] on the study of the the various interval-valued
implication functions deriving from interval t-norms, interval t-conorms and inter-
val negations. In this context, we proved many important properties of interval
D-implications. Finally, the paper establishes the relationship between (interval)
D-implications and (interval) automorphisms, showing that the action of (interval)
automorphisms preserves (interval) D-implications.

e Eq.(6.1) - ()
FEq.(5.3) Eq.(5.3)
e Eq.(7.1) - )

Figure 2: Commutative classes of interval D-implications and automorphisms
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morfismos intervalares.
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