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ABSTRACT. In this paper we investigate the generalized Pell numbers of order r > 2 through the proper-
ties of their related fundamental system of generalized Pell numbers. That is, the generalized Pell number
of order r > 2, are expressed as a linear combination of a fundamental system of generalized Pell numbers.
The properties of this fundamental system are examined and results can be established for generalized Pell
numbers of order r > 2. Some identities and combinatorial results are established. Moreover, the analytic
study of the fundamental system of generalized Pell is provided. Furthermore, the generalized Pell Cassini
identity type is provided.

Keywords: generalized Pell fundamental system, generalized Pell numbers, combinatorial identities,
analytic representations, Generalized Cassini identity.

1 INTRODUCTION

The usual sequence of Pell numbers (P,),>¢ is defined by the initial conditions Py =0, P, = 1,
and the recurrence relation P, = 2P, + P,—1, for n > 1. In the literature, there are various
generalizations of this well known sequence of integers (see, for example, [4, 6, 10, 11], and ref-
erences therein). The sequence (P,),>0 and their generalizations are widely studied from both al-
gebraic, analytic, combinatorial and matrix perspective, and it is an interesting subject of several
important properties and identities (see, for example, [1,4,6, 10, 11]).

In this paper we are concerned with the generalization defined by the following linear difference
equation of order r > 2,

Por1 =28+ P+ + Purias for n2zr (L.T)
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126 ON GENERALIZED PELL NUMBERS OF ORDER r > 2

where the initial conditions Py = ¢y,...,P,_; = &—1 are adequately chosen. Let consider the
set P, = {(P,S‘Y))nzo, 1 < s <r} of sequences of generalized Pell numbers (P,ES)),IEQ defined as
follows,
6 _ op N plo)
r’ = 22" +Y P, for  n>rn (1.2)
i=1
P,@_Y = 1 andP,£S> =0for0<n#r—s<r—1.

For example, in case r = 3, the set B3 = {(P,ES)),,ZO, 1 <5 <3} of sequences of generalized Pell
numbers (P,ES))@O is given by

Y = 2B 4P 4P, forn>3,
PY = landP{) =0for0<n#3-s<2.

The set 3, will play a central role in the sequel of this work. Indeed, we explore the family of
generalized Pell numbers (1.1), through the properties of the set *J3,. More precisely, we describe
explicitly the closed connection between the sequences (P,ﬁ”)nzo (2 <s<r—1) and the sequence
of generalized Pell numbers (I’,Sr>)n20. This approach permits us to elaborate some combinatorial
identities and examined the analytical properties of each sequence of the set *33,. Finally, the
combinatorial and the analytical formula of the generalized Pell Cassini identity are investigate.

The content of this paper is organized as follows. In Section 2, we establish that the set 3, is
fundamental system of solutions of (1.1), considered as a difference equation. Moreover, for
every j (1 < j <r), we show that P,Sj) can be expressed with the aid of Pkm mn—1<k<n—)).
Sections 3 and 4 are devoted to some results, identities and combinatorial relation, related to
the sequences of generalized Pell numbers. In Section 5 we study the analytical properties of
the elements of the set 3,, and derive the analytic aspect of every sequence of generalized Pell
numbers (1.1). Section 6 concerns the generalized Pell Cassini identity, where its combinatorial
and analytical expressions are considered. Finally, conclusion and perspective are provided in
Section 7.

2 GENERALIZED PELL NUMBERS (1.1) AND THE SET 33z

Generally, for the usual generalized Pell numbers (P,),>0 of order r > 2, the initial conditions
are given by,

P() = = ,«,2:0 and Pr,1:1. (21)
We can show that the sequence (P,Er)) »>0 of the Pell fundamental system ‘33, is nothing else but
the generalized Pell numbers (P,),>0 defined by (1.1) and initial conditions (2.1). Let study the

closed connection between the sequence (P,Y) )n>0, Or equivalently the sequence (P,;),>0, and the
other sequences (P,ES)),,ZO (1 <s<r—1)of the set ,.
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First, we establish that we have P,El) ( )

_»for every n > 1, and second that each P (2 <j<rp
can be expressed in terms of the generahzed Pell numbers P,S ") or P,E ). That is, we have Pé ) — 1,
PV =...= P = 0and P" = 1. On the other hand, we have P\ = P = ... = P, —,
Pr( Do=1. Therefore we have P( >1 _P< " =0,for j=0,...,r—2and P,(I) :P(i)1 = 1. And an

r

induction process allows us to show that P,Sl) = P@ ,foralln > 1.

For 2 < j <r—2, let prove that P,Ej) P( ) +- +P( )]+1’ for all n > r. To this aim, we proceed
by induction, involving a slight similar process as in the proof of Pn(]) = P}EZ)], for all n > 1.
For j =2, we set wg,z) = P,El) +P,E£)1, for n > 1 with initial conditions Wgz) =1,= wgz) =0, for

2<s<r—1,and w£2) = 1. For (P,S”)nzo, we have Pl(z) =1, PS(2> =0,for0<s<r-—1, and

P = 1. Hence, we have P”) = wi? = 1, PP = w{? =0, for0 < s <r—1,and PV = w!” = 1.
Therefore, an induction process permits to derive that P,Ez) = w,(lz) = P,El) + Pﬁ)l , foreveryn > 1.
ForA3 < j <r—2, suppose that P<k) P( ) +- +P( )k+1’ for every n > k— l.AThe sequence
WS ™),>1 defined by wi ™ = pY) +P,£jl. For P)EJI, the first 7 terms are P\ = 0 forn =
Lyeoj=1, P = 1,PY) = 1forn=j+1,...,r— 1 and P’ = 1. Since B}") = 0 and A{") =0,
forn=1,...,r— 1, by summation P,g ) +P (1 < n <), and comparison with the values of

P,EHI) (n=1,...,r), we derive that,

w,(le) = P,Ejﬂ):O,forn:L...,j—l,andn:j—l—l,...,r—l
WE-HI) = P}Hl) =1and wﬁjH) :P,UH) =1.

(1) _ U+ _ p0) 4 pli)

Therefore, we obtain P, = =pV 4. +P( )., for everyn > j—1.

—jtD
Hence, we get the following result.

Theorem 2.1. Let B3, = {(P,ss) Yn>0; 1 < s <r} be the generalized Pell numbers (1.2), associated
with the generalized Pell numbers (1.1). Then, for every 1 < j <r—1, we have

P( )1 =B for n >0, or equivalently P = (r,)l forn>1, (22)
PO =PV PV =P B for every n> (2.3)

We observe that, the first part of Theorem 2.1 is equal to the third part of Lemma 2 of [8].
However, the second part is not common in the literature.

Let consider the case r = 3, then Theorem 2.1 implies that for the set 33 = { (P,E‘Y))nzo, 1 <s<3}

of the basic sequences of generalized Pell numbers (P,E”)nzo, we have,

PYEJIF)I = P,$3> for n > 0, or equivalently P,El) = P,Ei)l forn>1,

P,$2> = P,El) +PYEL)1 = PVS)I +P,§3,)2, for every n > 2.
The Table 1 describes the list of the first terms of the fundamental system B33 = {(P,S”),,zo, 1<

s < 3} of the generalized Pell number of order r = 3.

Trends Comput. Appl. Math., 22, N. 1 (2021)



128 ON GENERALIZED PELL NUMBERS OF ORDER r > 2

Table 1: List of generalized Pell number of order r=3.

nlo|1]2[3]4 6] 7] 8] o 10| 11
PO T1]lolol1]2 13| 33] 84214 545 1388
PP lol1lo]1]3 18 | 46 | 117 | 298 | 759 | 1933
P Tolol1]2]5]13]33]84]214]545] 1388 | 3535
And a direct computation shows that the property P,gz) = P,E]) + P,EL)I = P,@l + Psz, for every

n > 2, is verified.

Let ([N’,,)nzo be a sequence of generalized Pell numbers defined by the recursive relation (1.1),

and whose initial conditions are Py = o, Py = 1, ..., Pr—1 = 04_1, and (wy),>0 be the sequence
defined by w,, = OtoP,gl) + alP,EZ) +- a,_lP,Sr), for every n > 0. We can verify that wy = o,
wp = ay,...,w,_1 = &1, and the sequence (w,),>o satisfies the recursive relation (1.1). Thus,

for every n > 0, we have Ign = w,. Moreover, suppose that agP,El) + Oth,EZ) +-- 4 OtrflP,Er) =0,
for every n > 0. Then, for n = j (1 < j < r), we derive that o; = 0. Therefore, the sequences
of the set B, = {(P,ES)),,Z(); 1 < s <r} are linearly independent. Hence, we have the following
proposition.

Proposition 2.1. Let (Ez)nzo be a sequence of generalized Pell numbers defined by the recursive
relation (1.1), and whose initial conditions are Py = o, P, = 0o1,...,P._1 = a,_1, then

PN’,, = ocoP,gl) + aIP,§2> 4+ Ocr_lP,Er), for everyn > 0. 24

In other terms, the set*3, = {(P,gs) Yn>05 1 <5 <r}is a basis of the vector space cfﬂ({) (over K=R
or C) of solutions of Equation (1.1).

Proposition 2.1 shows the main role of the set *J3,, known in the literature as fundamental system
of solutions of (1.1), when (1.1) is considered as a difference equation. According to Theorem
2.1 the sequence (P,Y))nzo play a fundamental role. The sequence (P,Er>)n20 (and also (P,§‘>),120),
is called in the literature the fundamental solution of Equation (1.1). In the sequel, we can also
call it the generalized Pell fundamental sequence of order r and denote P,Er> =P,

3 PELL FUNDAMENTAL SYSTEM ‘Bz AND SOME GENERALIZED PELL
IDENTITIES

. pl)

er_1)'s for n > r—1, for every j

Let consider the vector column P(j,n) = (P,,U ); Prfi)l; ..

1 < j <r, and the matrix,
Cy(n) = [P(1,n),....P(j.n),...,P(r,n)].

Since the set 3, is a fundamental system of solutions of (1.1), considered as a difference equa-

tion, then the matrix 643 (n)= (05}’))19-, j<r» represents the Pell Casoratian matrix associated with

(n)

B,. The main goal here, is to exhibit the explicit expressions for the entries ¢;;" of the matrix

Trends Comput. Appl. Math., 22, N. 1 (2021)
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ép (n), and derive some identities. A direct verification shows that the Casoratian matrix can be
written under the form,
C(n) =J xM, xJ,

where J = (b; j)1<i, j<r is the anti-diagonal unit matrix, namely, b; ; = 1, for i+ j=r+1, and

b; ; = 0, otherwise and M, = (Prfi)rﬂ;l

under the form M, = A", where A is the classical companion matrix

)1§i, j<r- We show that the matrix M,, can be written

2 1 1 1
1 0 0 0
A=A2,1,..,1]=[ 0 1 0 0
0 0 1 0

(for more details see [2] and references therein). Hence, we get the following property.

Proposition 3.2. Consider the set 33, = {(P,ES)),,ZO; 1 < s <r} of sequences of generalized Pell
numbers (1.2) . Then, the associated Casoratian matrix C(n) and the powers A" of the companion
matrix A are similar. More precisely, we have the matrix identity,

6( ) JA"J = ( ( ))1<1 J<rs (31)
(n)

for every n > 0, where the entries ¢ are given by cl(;) = P(i)i—l (1<i,j<r) and J =

n
(bi, j)1<i, j<r is the anti-diagonal unit matrix.

Expression (3.1) implies the matrix identity C(n+m) = C(n).C(m), for every n and m. Hence, the
entries of the matrix C(n+m) = (cf;'+m)
C(m) = (c ,(, Misi, j<rand C(n) = (c l(]))]<l j<r as follows,

i<i, j<r» are expressed in terms of those of the matrices

n+m Z ij =) cglfl)c,(;]l.), for every n, m > 0, (3.2)
k=1

where 1 < i, j < r. In fact, according to Proposition 3.2, Expression (3.2) is equivalent to the
identity,

m+s+p Z m+p s+d 1= Z S+P m+d 1’
for any integer m, s > 0 and p, g (1 < p, g < r). Therefore, since PYEJIF)I = P, and P,Sj) = PYEZ)I +
. +P,Ei>j =P, 1+ ...+ B, we have the identity,

r r
d d
P}'Elr-'?-s-i—p = bPmtstp = Z P;iﬁﬁw#l = Z Ps(+)ppm+d*1'
d=1

d=1

for g = r. More generally, for 1 < g <r—1, we have,

q
m+\+17 Z ZP"”F i Z Pota-j-1

=1

q
+Pm+p lz Ps+r—1—k] .

k=1
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130 ON GENERALIZED PELL NUMBERS OF ORDER r > 2

Theorem 3.2. Let (P,) >0 the generalized Pell fundamental sequence. Then, for every m, s > 0,
q (1 < g <r), we have the following identities,

r—1
Pm+s = Z l

d
ij] Porg1+ PnPsyr-1, (3.3)
=1

+Pn

q r—1 d
ZP’"J“"’]‘ = Z [ Z Pu—iPsya—j
k=1

d=1 [ l1<i<d, 1<j<q

q
Z Rv+r1k] . 3.4

k=1

Using Expression (3.3), we obtain the following corollary.

Corollary 3.2. 1) The generalized Pell fundamental sequence (P,),>0 of order r = 3, satisfies the
identity,
Pm+s = m—lPs + (Pm—l +Rn—2)Ps+1 +Pm1')s+2>

for everym >3 and s > 0.

2) For r = 4, the generalized Pell fundamental sequence (P,)n>0 satisfies the identity,
Pm+s = mflps +Ps+l(mel +Pm72) + (mel +Pm72 +Pm73)Ps+2 +Pm})s+3>

for everym > 4 and s > 0. For example, using values described in Table 1 form =4 and s =7,
we have Pj| = P3Py + (Ps+ Py) Py + Py Py.

For a given companion matrix A = Alag,ay,...,a,—1], it was established in [7, Proposition 2.1]
(n)

that the entries c; § of the powers A" are expressed in terms of a family of generalized Fibonacci

sequences vg,i), where vﬂl = a0v£,i> + alvfle + ... Jrar,lv,(;z,“, with v,g) =08, for0<n <
r— 1 (see also formulas (18)-(19) of [2], page 348). Thus, we can show that Formula (4) of [8]
represents a particular case of the preceding studies. Moreover, using the previous formula (3.2),

we can recover Theorem 2 of [8].

4 COMBINATORIAL IDENTITIES FOR THE PELL FUNDAMENTAL SYSTEM ‘Bz

Let a;, as,---,a,—1 be real or complex numbers and consider the following combinatorial
expression,

k4 k)
%af‘agz...alﬁ, for every n > r, 4.1
11! k!

p(n,r)z

ki+2ky+--+rky=n—r

(ky +--+h—1)!
T Lok 1k — Dk Lok

where p(j,r) =0, for 0 < j <r—1, and p(r,r) = 1. Since

k ]UC']CT,TW we derive that p(n,r) satisfies the following linear difference equation p(n +

Lry=aip(n,r)+apn—1,r)+---+a,p(n—r+1,r), for every n > r. Specially, for a; = 2,
a=---=a,=1, weget

(ki +- - +k)!

plnt1,r)= kilko!. . k! =241, for every n > r, “4.2)

ki 42k +-+rky=n—r+1

Trends Comput. Appl. Math., 22, N. 1 (2021)
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with p(j,r) =0 for 0 < j <r—1 and p(r,r) = 1. Therefore, the sequence {p(n+1,r)},>0
satisfies the Expression (1.1) and its initial conditions are given by p(0,r) =---=p(r—2,r) =0
and p(r,r) = 1. Therefore, we formulate the following result.

Proposition 4.3. (Combinatorial expression of generalized Pell numbers) The combinatoric
expression of the generalized Pell fundamental sequence (P,)n>0 is given by,

(ko+---+kr—1)!

kolki! . Koy ! b, forn>r, 4.3)

P=pn+lr)=
ko+2ky+--+rk,_1=n—r+1

where Py =p(j,r) =0, for0< j<r—2,and P._y =p(r,r)=1.

More generally, a direct application of Expressions (2.2)-(2.3) (see Theorem 2.1) and Expres-
sion (4.3) (see Proposition 4.3) lead to the combinatorial formulas of the sequences of the Pell
fundamental system ‘3, .

Proposition 4.4. Let B, = {(P,SS)),,ZO; 1 < s < r} be the Pell fundamental system, associated

with the generalized Pell numbers (1.1). The combinatorial expression of each element (P,ES)) >0
where 1 < s <r, is given by,
N
P,S‘Y) = Z p(n+s—j,r), when2<s<r, “4.4)
j=1
P,EI) = P1=pnr), forn>r+1, 4.5)

with n > r+s, where the p(n,r) are given as in (4.3).

Proof. Indeed, since P( ) — = P,_1, Expressions (2.2) and (4.3) imply that P( ) — =P, =p(n,r),
for every n > r+ 1. For 2 < j < r— 1, Formulas (2.3) and (4.3), give immediately Expression
(4.4), namely, P = P+ 4+ Py = X3 p(n—j+1,7). O

By a direct application of Theorem 3.2 and Proposition 4.4, we can obtain some identities involv-
ing the combinatorial expression (4.2) of the p(n,r). More precisely, by combining Expressions
(4.4)-(4.5) and (3.3)-(3.4), we arrive at the identities.

Corollary 4.2. The combinatorial expressions of the generalized Pell numbers identities (4.4)-
(4.5), are given by

r d
pm+s+1,r)=Y [ p(m—j+1,r)|p(s+d,r), (4.6)
d=1 | j=
q r d
Y p(n+s—k+1,r)= Z Y p—i+lr)p(s+d—jr)|. .7
k=1 d=1 [ 1<i<d, 1<j<q

For r = 2, formulas of Corollary 4.2 show that the combinatorial identities (4.6)-(4.7) take the
form,
pim+s+1,r)=p(m,r)p(s+1,r)+p(m+1,r)p(s,r),

Trends Comput. Appl. Math., 22, N. 1 (2021)
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for every n > 2 and s > 0. Let r = 3 then, for every n > 2 and s > 0, we have the identity,
p(m+s+1,r)=p(m+1,r)p(s+2,r)+ (p(m,r)+p(m—1,r)p(s,r) +p(m,r)p(s+1,r),

k kr—1—1
On the other hand, a direct computation using the identity k( 0+(k +1) ! k) T =
o! p— L)l K1

k k ke1)!
k0+~"p+kr,1 « Ok—(i)_!...—lic_r,rlll) , allows us to obtain,
ki+- 4k (k0+---+kr_1)!2k0

Cen | |
ko+2ky +-+rk,_1=n ko+---+kr— kol...kr—1!

This expression can be derived from [2, Proposition 3.1] and [5, Theorem 3.1].

It was established in that the Chen-Louck Theorems [5, Theorem 3.1] can be recovered by a direct
computation from Expression (22) of [2]. In [8] the authors recall the Chen-Louck Theorem (see
Theorem 5 of [8]), and formulate the combinatorial expression of the generalized Pell numbers
P,Si), by considering other kind of initial conditions, see, for instance [8, Corollary 2].

We conclude this section by observing that Expression (4.1) can be written under the form
p(n,r)= H,Sr_)”rl (ao,...,ar_1), for every n > r, where the H,Sr) (x1, ..., x,) are the multivariate
Fibonacci polynomials of order r (see [9]). Therefore, according to Expressions (4.3) and (4.5),
the fundamental generalized Pell numbers can be written as a multivariate Fibonacci polynomials
of order r under the form P, = p(n+1,r) = ,<l )r 12(2,1,..., 1), for every n > r. On the other
side With the aid of Formula (4.4) we can deduce that each element of the set 3, takes the form

Z n_H - r+22 I,...,1),for2<s<randeveryn>r.

5 ANALYTICAL EXPRESSIONS OF THE GENERALIZED PELL NUMBERS

It well known that, the analytic formula for linear recursive sequences, is related to the roots
of the associated (so-called) characteristic polynomial (see, for example, [3, 12], and references
therein). Here the roots of the characteristic polynomials of the Pell recursive equation (1.1)
given by P(z) =2 — 27 ' —z72 —... —z—1 are simple. Indeed, we observe that for r = 2,
the simple roots of the characteristic polynomial P(z) =z —2z—1,are Ay =1 —v/2 and 1, =
1 4+ /2. For r = 3 we obtain the approximating simple roots of the characteristic polynomial
P(z) = 22 — 22 —z—1, are given by A; = —0.2734 4 0.5638i, A, = —0.2734 — 0.5638i and

A3 = 2.5468. For the general case r > 4, we have the following result.

Lemma 5.1. For r > 4, the roots of the polynomial P(z) =z =27 "' =772 — ... —z—1, are
simple.

Proof. For r >4, wehave P(z) =7 —27 ' 72— —z— 1 =7 — 771~ Z;:ll. Hence, it
ensue P(z) =7 — 71 - il = f%) where S(z) =2 =37+ '+ 1. Let A € Z(P) = {z €

z—1
C, P(z) = 0}, since P(1) # 0, we show that P(A) = 0 if, and only if, S(1) = 0, or equivalently,
AT _3ar A 1 =0. (5.1)

Trends Comput. Appl. Math., 22, N. 1 (2021)
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Suppose that A is a root of P(z), with multiplicity > 2. Let P'(z) = %, where P'(z) be
the derivative of P(z). Therefore, P'(A) = 0 implies S’ (1) = 0. Thus, get,

SA)=[r+DA2=3rA+(r—1)A"2 =0, (5.2)

because S(1) =0 and A # 1. On the other hand, since S(0) = 1 # 0, we derive that §'(1) =0 is
equivalent to the equation,

(r+1)A%2=3rA +(r—1)=0, (5.3)
3r—/5r2+4 3r+V5r2 +4

whose roots are A; = A = . Taking into account Expressions (5.1)

2(r+1) 2(r+1)
and (5.2), allows us to show that A satisfies the equation,

AL AT = A2 ) = A A+ 1A =1 =1 (5.4)

For the root A;, since v/5r2 +4 < 3r, for r > 4, we show that A; > 0. Further along, a direct
computation implies that A; — 1 < 0. Therefore, we have, 0 < A; < 1. Using Expression (5.4),
we have r = 1" [A 4+ 1][A — 1] < 0, which is impossible, because r > 4. Consequently, the root
A1 is not a root of the polynomial P’(z) or equivalently, A; is not a root of the polynomial P(z) of
multiplicity > 2 .

Let consider the root A,. For each r > 4, we have A, > 2("5;1) 24 2(’;41) > 2. Once again, using

Expression (5.4), we obtain,
r=A A 1534 >332 S 3(r—1) >

which is impossible. Thus, the root A; is not a root of P’(z), namely, A, is not a root of multiplicity
> 2 of the polynomial P(z). Therefore, the roots of the polynomial P(z) are simple. O

In the aim to apply Lemma 5.1 for providing the analytic formula of each sequence of the set i3,,
we are going to use the result of [3, Theorem 2.2], where the combinatorial expression (4.1) of
p(n,r), is expressed in terms of the roots of the characteristic polynomial P(z) = 7" —a;z"~! —

-+ —ay_pz — a,. Indeed, this expression of p(n,r) is given by,

Lemma 5.2. (see [2, 3]) Suppose that the roots Ay,---, 4, of P(z) =7 —a1Z ' — - —a, 2z—a,
(ar # 0) satisfy A; # Aj for i # j. Then, we have
r n— r n—l
p(n,r)= ; ; l 0 for every n>r, (5.5)
k #i

otherwise p(r,r) =1, p(i,r) =0fori<r—1, where P'(z) = 9£(z).

dz

Following Propositions 4.3-4.4, the combinatorial expressions of the Pell fundamental system,
are given by Expressions (4.3), (4.4) and (4.5), namely, we have,

Pn:p(nJrl,r),P,El):Pn,l p(n,r) andP p(n+s—j,r)

mmh
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134  ON GENERALIZED PELL NUMBERS OF ORDER r > 2

forn >r,n>r+1orr>r+s, respectively, where the p(n,r) are given as in (4.1), with a; = 2,
ap =---=a, = 1. Using Lemmas 5.1 and 5.2, and Expressions (4.3)-(4.5), we show that the
analytical expression of each sequence of °3,, is as follows.

Theorem 5.3. Let 53, = {(P,Es))nzo, 1 <s < r} be the set defined as in (1.2). Then, the analytic
expression of each sequence (Pn(s))nzo (1<s<r),is given by,

P,=pn+1,r) i A i Al forn>r,
“ PN & kgl(), M)’
1 Tt Tt
PV_p  — p(n,r) = ; P’l(/li) = ; kl;éli(/{i—lk) Jorn>r+1,
P,gs) _ ip(n—i—s—j,r) _ Z*: a li’1+s—/—1 _ zs: i /1n+s—j—1 e s s
j=1 j=li=1 P’ (%) j=li=1 kl;éll(l M)
where Mi,..., A, the simple roots of the polynomial P(z) = 7" — 27! =72 — - —z— 1.

For r = 3, the fundamental system is B3 = {(P,Es) Jn>0, 1 <5 < 3}. The roots of the polynomial
P(z) =73 —27% —z— 1 are Ay = —0.2734 +0.5638i, A, = —0.2734 — 0.5638i and A3 = 2.5468.
Then, using Theorem 5.3, we obtain,

Al A A
P, = 1 + 2 + 3 ,forn >3,
BAP—4M -1 3AF -4l -1 3A2—4)3—1 -
m__ M Ay A
P — forn > 4
(V¥ R R -y Sy Ry T R
n -1 nqn—1 n n—1
@ _ MM A2y A3+ A3 forn>5
Yy R Ry Sy R Ry P R

Proposition 2.1, Lemma 5.3 and Theorem 5.3 imply the following general result.

Proposition 5.5. Let ( ) n>0 be a sequence of generalized Pell numbers defined by the recursive
relation (1.1), and whose initial conditions are Py = oy, P = &,...,P—1 = Qy_1. Then, the
analytic formula for (B,)n>0 is given by,

r }Ln_l r An+2 j—1 r An
= ; +061 /lez P A N Z P () (5.6)
where Ai,..., A, the simple roots of the polynomial P(z) =" —27 ' — 72 —...—z—1. For

clarifying, take r = 3 and (13,,),120 be a sequence of generalized Pell numbers, with initial condi-
tions Py = o, P| = &1, and P, = 0. Applying Proposition 5.5 we obtain the following analytic
formula for P,.
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3)Ll n+2/l

3
n—aoZP, +a122 A +a2.ZP’(ili)’ (5.7)

j=li= i=1

for every n > 0, where 41,42, A3 the simple roots of the polynomial P(z) = z°> — 2z —z— 1.

Result of the previous Theorem 5.3 shows that we have a compact and explicit formula for the
family of generalized Pell numbers 3,. More generally, for a given sequence of general Pell
numbers, with arbitrary initial conditions, the compact explicit analytic formula is presented
in Proposition 5.5. This formula is obtained without using the usual heavy computation of the
determinant. In [8] the authors gave the analytic formulas of the family of generalized Pell P,Ei),
only in terms of the determinants, see for instance [8, Theorem 4] and [8, Corollary 1].

6 PELL GENERALIZED CASSINI IDENTITY

We consider here the process of building the type of Cassini identity for the generalized Pell
fundamental system ‘3,. Following Section 3 the Pell Casoratian matrix is given by

Cy(n) = [P(1,n),...,P(j,n),...,P(r,n)],

where P(j,n) is the vector column P(j,n) = (P,Ej); P,Ei)l; o P,Ei)rfl)’, for every n > r — 1
and every j, 1 < j <r. Hence, the determinant properties imply that the Casoratian of the Pell

fundamental system ‘3, takes the following form,

Cyp(n) = det([P(1,n),P(2,n),...,,P(r—2,n),P(r,n—r+2),P(r,n)]),

for every n > r. By iteration of the preceding process and taking into account that Pélﬁ

=P, we
1 n»
show that the generalized Pell Cassini identity, is obtained from the Pell Casoratian of the set 13,

as follows,
det([P(r,n+1),P(r,n),...,P(r,n—j),...,P(rn—r+2)]) = £.Cy(n),

where € = —1 or + 1. More precisely, let consider the permutation cycle o, defined by o, =
T120T230...0T} j+10...0T,—1 ,, Where T;; (i # j) is the transposition which permutes i and

(n _

J- Then, a straightforward computation, using P, P,_1, permit us to obtain det(%p( n)) =

€(0,)Cy(n), where €(o,) = (—1)"~! is the signature of ¢ € .%,, the group of permutations of
the set {1,2, ..., r} and €(n) = (Cgi(,:))lgi,kgr is the matrix,
‘ggp(n) =[P(r,n),P(n,n—1),....,P(hn—j),...,P(rn—r+1)],
Z(n)
Gk

generalized Pell Cassini identity is formulated in the following result.

called the Cassini matrix, whose entries are given by = P,_g+;- Summarizing, the

Theorem 6.4. Let 3 = {(P,SS))HZO; 1 < s <r} be the Pell fundamental system, and consider the

associated Casoratian Coz(n). Then, the generalized Pell Cassini Identity, is given by,
det([P(r,n),....,P(nrn—r+1)]) = Z E(0)Pr_g(1)41- - -Pao(r)4r = €(07)C (n)
(<87

_ (_1)(n+l)(rfl)

)
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where Z, is the group of permutations of the set {1,2,...,r} and €(0) is the signature of
0 € .%,. Theorem 6.4 shows that the generalized Pell Cassini identity, is expressed in terms of
the fundamental solution (P, ),>0 of (1.1), considered as a linear difference equation. For r = 3,
the generalized Pell Cassini identity is given by,

det([P(3,n),P(3,n—1),P(3,n—2)]) = €(03).C(n)=(—1)2"D =1,

where £(03) is the signature of 63. And, a direct computation shows that the preceding expression
takes the form,

Py(P} = PyaPyn — 2Py 1 Pot) + PPl + P oPry = 1.

Moreover, using Expression (4.3), the generalized Cassini identity of order r, takes the following
combinatorial form,

Y &(o) ﬁp(n—o(i)+i+l,r) = (—1)r+De=1) (6.1)
i=1

cEeYS)

where .7, is the group of permutations of the set {1, 2, ... r} and £(0) is the signature of ¢ € ...

We conclude this section by establishing the analytic formula of the generalized Pell Cassini
identity. Indeed, combining the combinatorial identity (6.1), with the analytic formulas of P,
given in Theorem 5.3, we get the following analytic expression of the generalized Pell Cassini

identity,
r r A(l—ﬁ(k)+k
det([P(r,n),...P(rn—r+1)]) = Z £(o) H Z b= (- 1)1
e, il =t P ()
where the A; are the simple roots of P(z) =z" —27" ! —z772—... — 1, and ., is the permutations

group of {1,2, ..., r}, and (o) is the signature of ¢ € .7;.

The results of this section allow us to see that the Pell Cassini identity is formulated only in terms
of the fundamental solution (P,),>0.

7 CONCLUSION AND PERSPECTIVES

In this study we have considered another approach for investigating the generalized fundamental
Pell system, related to the difference equation (1.1) defining the generalized Pell numbers. Our
advance is based on the properties of the fundamental system ‘B,. Therefore, some results and
various identities about the generalized Pell numbers are established. On the other side, the an-
alytic formula of the sequences that make up the set 3, of generalized Pell fundamental system
are established without using the usual method of the determinant. Furthermore, the generalized
Pell Cassini identity is studied. Moreover, the comparison of literature is considered. It should
be emphasized that, in the best of our knowledge, our procedure and results are not common in
the literature.

Finally, it is noted that our approach can be used for to examine other type of generalized Pell
numbers. Some partial and significant results have been obtained in this direction.
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RESUMO. Neste artigo investigamos os nimeros de Pell generalizados de ordem r > 2 por
meio das propriedades do sistema fundamental de niimeros de Pell generalizados associado.
Ou seja, o nimero de Pell generalizado de ordem r > 2 é expresso como uma combinagio
linear de um sistema fundamental de nimeros de Pell generalizados. As propriedades deste
sistema fundamental sfo examinadas e os resultados podem ser estabelecidos para nimeros
de Pell generalizados de ordem r > 2. Algumas identidades e resultados combinatérios sao
estabelecidos. Além disso, o estudo analitico do sistema fundamental de Pell generalizado
e a identidade Pell-Cassini generalizada sdo fornecidos.

Palavras-chave: sistema fundamental de Pell generalizado, nimeros de Pell generalizados,
identidades combinatdrias, representagdes analiticas, identidade de Cassini generalizada.
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