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ABSTRACT. In this paper, we consider a certain third-order linear recurrence and then give generating
matrices for the sums of positively and negatively subscripted terms of this recurrence. Further, we use
matrix methods and derive explicit formulas for these sums.
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1 INTRODUCTION

For n > 1, the third-order Jacobsthal sequence is defined by the following relation:
G) _ 40 3) (3)
jn+2_jn+l+j" +2/n717

where /0(3) =0 and /1(3> = /2(3) =1 (see, e.g. [1,9]). The third-order Jacobsthal numbers
have many interesting properties [3,7,8, 10]. For example, the sums of the third-order Jacobsthal
numbers subscripted from 1 to n can be expressed by a formula including third-order Jacobsthal
numbers. The sums formula is given by

WAR R YR
s=1

On the other hand, matrix methods many times have played an important role stemming from
the number theory [2,5]. Some applications of this topic can be reviewed in the following liter-
ature [4, 6], and several of the references cited in these works. For instance, let ¢ be an 3 x 3
companion matrix as follows
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2 SUMS OF GENERALIZED THIRD-ORDER JACOBSTHAL NUMBERS BY MATRIX METHODS

Then it is well known that jg) =0and

3 3 3 3
/,fgl /,fﬁz /,fﬁl 2/,53>

S = A A=A 2 | iz,
AN R SN WA

Now, we consider a generalization of the third-order Jacobsthal numbers. Let k be nonzero integer
satisfying k> — 4 # 0. The generalized third-order Jacobsthal sequence { S, ,fi)} is defined by the
recurrence relation for n > 1:

/k(jl)+2:(Zik)/k(jlll+(2k71)/k(,i>+2/k(31)717 (I.D

where 7)) =0, 77 =1and 73 =2k
For later use, note that /,533) =3 —2k+k* and /k(j) =6 —2k+2k* — k3. When k = 1, then
B4 k(fl) = /,1(3) (n-th third-order Jacobsthal number).

Let o; and m, be the roots of the equation x>+ kx+ 1 = 0, then the Binet formula of the sequence

{ A k(i)} has the form
w1 _ [(QK)of — B(k)ag
/’”’ 5+2k {2 ( ® — ’

where a(k) = —1+2@; and B(k) = —1+2w;.

Using the recurrence relation of sequence { jk(i)}, we can obtain the negatively subscripted
terms and these terms satisfy

/;,3)”:5_:2,{[2Hl—(a(k)wl_n_ﬁ(k)wz_n)}

W) —

Since @; + @, = —k and w; @, = 1, then we have
¢ _1 (3) (3) 3)
fk,f(n+3) - 5 |:(1 _Zk)/kﬁ(m»z) + (k_ z)jk77(n+1) + /k,fn:| : (12)

Thus for later use /k Y, = 2,/k 374( —2k) and /k 477%(3+2k74k2).

Furthermore, by the inductive argument, one can easily verify that the generating matrix for the
sequence { /k(i)} is given by

n 3 3 3 3
2k 2%-1 2 /k,m AR ) WA Y A

gi=1 00| = /k,, SO k=2) 70 2780 a3
3 3 3
0 1.0 fknl /k(,n)—"_(k_z)/k(,n)fl 2/15,272

In this paper, we construct certain matrices, then we compute the n-th powers of these matrices
which are the generating matrices for the sums of the positively and negatively subscripted terms
of the sequence {_¢, k(i) } from 1 to n.

Trends Comput. Appl. Math., 26 (2025), e01817



G.MORALES 3

2 GENERATING MATRIX FOR THE SUMS OF THE POSITIVELY SUBSCRIPTED
TERMS OF THE SEQUENCE { 7\ }

In this section, we consider the positively subscripted terms of the sequence { /k(i)} and then
define a 4 x 4 matrix ¢. Further, we compute the n-th power of the matrix ¢ and use matrix
methods for the explicit formula for the sums of terms of the sequence { /k(i)}

Define the 4 x 4 matrix ¢ as follows

1 0 00
@ 1 2—k 2k—-1 2 @0
0 1 00
0 0 10
and define the 4 x 4 matrix % (n) as follows
1 0 0 0
) ©) ®3) ®3) ®3)
gk(n) _ yk.n /k,nJr] /k7n+2 + (k - 2) /k,nJr] 2/1(11 (2.2)

3 3 3 3
7 kE:;l /Z k)(,n) 2 ki,gl}rl +(k=2) JZ k)(,n) 27 kEéz;—l
+
enta Finr Fen Th=2) 7500 2 00

where ‘Sﬂk(i) denote the sums of the positively subscripted terms of the sequence {_#, k(i)} from 1
to n, that is

n
S W/ 23)
s=1
Then, we have the following result.
Lemma 1. Let 4 and 9%.(n) be matrices of the form (2.1) and (2.2), respectively. Then, for n > 1
G(n) =9". 24

Proof. We will use the induction method for the proof of the lemma. If n = 1, then, by _Z, k(37)1 =
S k(‘?)) =0, 7 k(.31) =1land 7 k(_32) =2 — k, we obtain

1 0 0 0 1 0 0 0

gi_ |12k %=1 2| LAY G A2 2
o 1 00| | AV Avu-28 248 | T
00 o] | g A8 p0iw-2 28 209,
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4 SUMS OF GENERALIZED THIRD-ORDER JACOBSTHAL NUMBERS BY MATRIX METHODS

Suppose that the claim is true for n. Then, we will show that the equation hold for n+ 1. Thus,
by our assumption, we write

gn+1 —@n. gl
=%(n)-4'
1 0 0 0 1 0 00
+ 3 3 3 3
- y,{; /,c(,n)@l) /,f.n’(g% +(k—2) /,cﬁn%l) 2 ,g,g” 12—k 2%k—1 2
+
‘jﬂk(ngl {lﬁ,n /k(,gl)—&-l—’—(k_z)%l;n 2/]{7[—1 0 1 0 0
+
Fentr Fin1 Fin T k=2) 750 2/kn 2 0 0 1.0
which, by a matrix multiplication, satisfies
1 0 0 0
) (3) €) 3 ®)
g}’k‘r] _ k(n + /k n+1 jk n+2 /k(,;l)"”; + (ki 2) /k(g;ﬂ Z/k,nzgl)
knf "‘/ /kn+1 /k,},(gz)"'(k—z)/k,n@% 2{/;;:
kn 2+/kn I /k,n Fen1 Hk=2) 7,50 2 700
By the recurrence relation of the sequence { /k . } and since 5” + /k w1l =71 nll, we have
the conclusion. O

Consequently, we obtain a generating matrix for the sums of the terms of the generalized third-
order Jacobsthal sequence from 1 to n.

Also we write the Eq. (2.4) as shown
G(n+1) = %)% (1) = % (1)%(n). 2.5)

In other words, the matrix % (1) is commutative under matrix multiplication. Then, we have the
next result.

Corollary 2. Let the sum LS”,((:) have the form (2.3). Then, the sum fk(_? satisfies the following
non-homogeneous recurrence relation forn > 1

T KA ) S 7 XM

Proof. From Egq. (2.5) and since an element of %(n + 1) is the product of a row %(1) and a
column of % (n):
Sl =@+ k-1 27

which is desired. O
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G.MORALES 5

Now we are going to derive an explicit formula for the sum 5”,((:) with the generalized third-order
Jacobsthal numbers. Let %% (1) be the characteristic polynomial of the matrix ¢. Thus, we have

1-24 0 0 0
Hy(A) = (1) (2*")*’} 2":/{ é A (k= 3)A3 £ 3(1 —k)A2+ (2k—3)A+2.
0 0 1 -2

Also it is easily seen that the characteristic polynomial of the matrix _Z; given by Eq. (1.3) is
A3+ (2 —k)A? 4 (2k — 1) A + 2. Therefore the eigenvalues of the matrix & are

—k+Vik2—4 —k—Vk2—4
=+7,/12=wz=7,/13=2, Ay =1

A,:
1= 2 2

Since k # 0 and k%> — 4 # 0, we have that the eigenvalues of the matrix ¢ are distinct.

Then, we have the following result.

Theorem 3. Let ,5”]{(:) denote the sums of the terms of the sequence { jk(i)} Then,

+_ 1 (3) (3) (3)
‘Sﬂk,n - m (/k,n+2+ (k_ U/Ian—&-l +2/k,n - 1) : (2.6)

Proof. Let .Z be the 4 x 4 matrix defined as follows:

—k-2 0 0 0
1 4 —wk—1 —mmk—1

7= @ @ , @.7)
1 2 )] ()

1 1 1 1

where @y, @, are the eigenvalues of _#;. Note that det(.Z) = (k+2) (2w, — 1)(w; — w2 +2) #0.
One can easily verify that ¥.Z = £ 9, where ¢ and . are as before, and & is the diagonal
matrix such that 2 = diag(A4,A3,A1,A2). Since det(.Z’) # 0, the matrix .Z is invertible. So, we
write that 9 = ¥~ '9.%.

Hence, the matrix ¢ is similar to the diagonal matrix &. Thus, we obtain ¥".Z = £ 2". Since
that ¥ (n) = 9", we have %(n).Z = £ 2". Then, the coefficient 1 in the second row and first
column of .Z %" corresponds to

—k—-2

1
3 3 3 3
‘Sﬂk(,:t—) fk(,n)Jrl /]cEn)JrZ + (k - 2) fk(,nlrl Z/k(n) } 1

So by a matrix multiplication, we have the conclusion. g
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6 SUMS OF GENERALIZED THIRD-ORDER JACOBSTHAL NUMBERS BY MATRIX METHODS

For example, if we take k = 1, then the sequence { jk(i)} is reduced to the usual third-order
Jacobsthal numbers and we obtain

! 1
Y =3 (A )

which is well-known.

Now, we give a formula for the sum yk(:) by using a matrix method with the following result.

Corollary 4. Let 5”,5:) denote the sums of the terms /k(?) from 1 to n. Then, for all positive

integers n and r, we have
() _ () (3) (+) (3) 3) (+) (3) o(+)
'5ﬂk,n+r - yk,n + /k,n—}—ljﬁk,r + (/k,n+2 + (k - 2) jk,n-ﬁ-l) '5ﬂk,r—1 + 2/k,n 'Zc,r—Z’
where /k(i) given by Eq. (1.1).
Proof. From Eq. (2.4) in Lemma 1, we can write, for all positive integers n and r, % (n+r) =

% (n)%.(r). Then, the coefficient yk(;ir in the second row and first column of % (n+ r)

corresponds to

1
) 0 () G 01| %
+ 3 r
[ Fen Finst Fimaa T k=2) F50 2.7 ] %(Hl
()
‘Sﬂk,r72
By a matrix multiplication, the proof is easily seen. d

Note that taking n = 1 in Corollary 4, we can obtain the result of Corollary 2.

3 GENERATING MATRIX FOR THE SUMS OF THE NEGATIVELY SUBSCRIPTED
TERMS { 7 v}

In this section, we consider the negatively subscripted terms of the sequence { /k(n)}. First,
we give a generating matrix for the negatively subscripted terms. Second, we give a generating
matrix for the sums of these terms.

Let the 3 x 3 matrix .77 be as follows

312 (k=2) 3
=1 0 0 (3.1
0 1 0

and the 3 x 3 matrix % (n) be as follows

3 3 (3) (3)
2w S 6Dy A
3 3 3 3
)= | 2 j%(m) (;ﬂkﬁ(nfl)+(k—2)( {H ( {k,—n . 362
20 Py TE=D A0 Al
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G.MORALES 7

where # k(3_)n es the n-th negatively subscripted term of the sequence { ¢, k(_i)}.

We start with the following result.

Lemma 1. Let 5%, and € (n) be matrices of the form (3.1) and (3.2), respectively. Then, for all
n>1

Proof. (Induction on n). If n = 1, then by identity in Eq. (1.2), we have

3 3 3
Y1-26) S(k-2) } 2fk3 /k%ﬂk—z)/%z /Qz
i
S = |1 0 0 2/ 72 /k%;r(k*z)fk,@; /kfl)
0 10 szq Sl Hk=2) 7% /k.,o

We suppose that the equation hold for n. Then, we will show that the equation holds for n+ 1.
Thus, by our assumption,

%{n+1 _ %njiil

3 3
2/{,;("%) /” +(k-2).77,., /,f,’<n<+>l>
3 3
= ij,f(nJrl) /k (n— 1)+(k 2>/k —n H—n
3 3
20, Alunt &80 A2

n
J1-20) k-2 3
x| 1 0 0
0 1 0

From the negatively subscripted terms of the sequence { 7, k(f,)} satisfy the recurrence relation
3) ®) ®3)
Hi—ni3) = [( Zk)/k ey T kK=2) 77+ /k,fn] :
and J(n+ 1) = """, So the proof is completed. O

Let 5”,5;) denote the sums of the negatively subscripted terms of the sequence { 7, k(i)} from 1 to
n, that is

=Y 7. (3.3)
s=1

Now, we give a matrix method to generate the sum yk(;) Define the 4 x 4 matrix Z as follows

1 0 0 0
ola—2k) Lk—-2) L

=l g 0 R a4
0 0 1 0
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8 SUMS OF GENERALIZED THIRD-ORDER JACOBSTHAL NUMBERS BY MATRIX METHODS

and define the 4 x 4 matrix %y (n) as follows

1 0 0 0
(=) 3) 3 ) (3)
| Tt 2 Hint (k=2) /k (141 i)
()= | () (3) 3) (3.5)
'Eﬂk,n 2jk,—(n+1) /k k 2 /k —n /k,—n

(=) ®3) 3)
'5ﬂk,n—1 2jk.—n jkA,—(n—Z) ( )/k,—(n—l) /k,—(n—l)
Then, we have the following result.

Theorem 2. Let Z and %y (n) be matrices of the form (3.4) and (3.5), respectively. Then, for all
n>1, we have

B = R (n). (3.6)

Proof. (Inductlon on n) If n = 1, then we know that Yk ) j o1 = =0, 5” ) —0forn=—1

and jk = 5. Thus we obtain %! = %,(1). Suppose that the equation holds for n. Then, we
will show that the equation holds for n+ 1. Thus, by our assumption, we write

(@nJrl _ <%rz<%l
= % (n) R
1 0 0 0
(=) ®3) € ) ®3)
‘Sﬂk(,n-;-l 2/1?7)<n+2) e 2)/k (1) fk,f(nr;)
= _ 3 3
’Sﬂk,n zjk,—(n(—ﬁ—;) jk k 2 /k -n /k,—n
(=) 3 ®3)
’jﬂk,n 1 2jk,—n jk, (n—2) ( )/k,—(n—l) /Ig—(n—l)
1 0 0 0
1
y I ta-20) f(k-2) 1
0 1 0 0
0 0 1 0
Using Y k n )+ /k ) and by Lemma 1, we obtain Z" ! = %, (n+ 1). So the proof
is completed g

In the following result, we give a non-homogeneous recurrence relation for the sum yk(?
Theorem 3. Let ,Vk(n) denote the sums of the terms {/k } for 1 <i<n.Then, foralln> 1,
we have !
=) _ (=) ) =)
A =5 [1-20.750 + k=207 +.75) +1].
Proof. Considering Eq. (3.6), we write Z(n+ 1) = % (n) % (1) = % (1) %) (n) and say that the
matrix % (1) is commutative under matrix multiplication. By a matrix multiplication, the proof

is easy. d
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G.MORALES 9

Generalizing Z" = %y (n), for all positive integers n and r, we can write that
By (n+r) = By (n) %y (r) = %y (r)Z%i(n).

Thus, we obtain the following corollary without proof as a generalization of the result of
Theorem 3.

Corollary 4. Let ,5”,(( ) denote the sums of the terms {jk :}for 1 <i<n. Then, foralln,r> 1,
we have

_ — 3)
Lgﬂk(,lﬂ)»r+1 :yk(nJrlJ’_Z/k (n+2 y/c(,r4>»1+(/lc<7 n (k z)fk (n+1 ) kr +/k (n+1) kr)l‘

Now, we derive an explicit formula for the sums of the negatively subscripted terms /k(i)l for
1 <i < n. For this purpose, we give some results. First, we consider the characteristic polynomial
of the matrix Z. The characteristic equation of Z is

1 3 1
Ji{@(u):u4+§(2k—3)u3+§(1—k)/.t2+§(k—3)/.t+§.
Thus, the eigenvalues of matrix % are
—k+Vk*—4 —k—Vk:—4 1
M1=w1=f,.u2=w2:f,ﬂ3=? 4= 1.

Note that k # 0 and k> — 4 # 0, the eigenvalues of % are distinct.

Then, we have the following result.

Theorem 5. Let 5”,(( ) denote the sums of the negatively subscripted terms / e JJor1 <i<n.
Then, for all n > 1, we have

(=) _ 3) 3)
yk,n - k—|—2 ( /k (n+2) (2k+ l)/k,f(nJrl) +fk,fn - 1) . (37)

Proof. Let ./ be the 4 x 4 matrix defined as follows:

k+2 0 0 0
1 L —ok—1 —mmk—1

M= 3 @2 , (3.8)
1 3 w; (03
1 1 1 1

where @;, @, are the eigenvalues of _#. Note that det(.#) = J(k+2)(2 — @) (2(0 — @) +
1) # 0. One can easily verify that Z# = # 9, where # and 4 are as before, and Z is
the diagonal matrix such that 9 = diag(U4, U3, W1, ). Since det(.#) # 0, the matrix .# is
invertible. So, we write that 2 = .# '\ %.# .

Hence, the matrix % is similar to the diagonal matrix &. Thus, we obtain Z".# = .# 9". Since
that %y (n) = %", we have
X (n)E =LD".

So by a matrix multiplication, we have the conclusion. g
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1 O SUMS OF GENERALIZED THIRD-ORDER JACOBSTHAL NUMBERS BY MATRIX METHODS

For example, if take kK = 1, then the sequence ¢, k(i) is reduced to the usual third-order Jacobsthal
sequence and by Theorem 5, we have the sums of the negatively subscripted terms of the third-
order Jacobsthal sequence forn > 1,

(- _ 1 (3) (3) (3)
7 =3y +35 y+ A2 1)

4 CONCLUSIONS

In this study, we defined the generalized third-order Jacobsthal numbers, which is an extension of
the third-order Jacobsthal numbers. We provided the Binet formula and the generating matrices
for the sums of positively and negatively subscripted terms of this recurrence. For future research,
additional identities and generalizations of the generalized third-order Jacobsthal numbers can be
studied.
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