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ABSTRACT. The main goal of this paper is to study the model of the sequences of (r, p,k)-generalized
Jacobsthal numbers, by the approach based on the properties of its associated Jacobsthal fundamental Fi-
bonacci system and its fundamental sequence. Some linear and combinatorial properties are established.
Moreover, the related matrix formulation allows us to provide new identities, which are declined in com-
binatorial form. Especially, the linear Jacobsthal Cassini identity and its combinatorial formulation are
furnished. Finally, illustrative special cases and examples are given.
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1 INTRODUCTION

The well known linear recurrence relation defining the sequence of usual Fibonacci numbers
{F,}n>0 is given by F,41 = F, + F,_1, for n > 1, where Fy = 0 and F; = 1. Recall that re-
cursive formula of the sequence of usual Fibonacci numbers, established by De Moivre in the
19th century for describing mathematically the famous Fibonacci rabbit problem, represents the
earliest and most prominent example of a recursive sequence and discrete dynamical system.
Furthermore, recent extensive studies on this topic, although of a theoretical nature, have been
motivated by its numerous applications in different mathematical and applied mathematics fields,
as well as in the exact and applied sciences, and art (see, for example, [5] and references therein).

Subsequently, since the Fibonacci numbers were declined under the preceding recursive formula,
several important sequences of numbers have been provided in the literature, which are defined
by an analogous weighted linear recurrence relation, such as the Pell numbers, Padovan-Perrin
numbers, Leonardo numbers and Jacobsthal numbers. Especially, the usual sequence of usual
Jacobsthal numbers {J, },,>¢ is defined by the linear recurrence relation

Joit =Jn 420y for n>1, (1.1)
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2 (r, p,k)-GENERALIZED JACOBSTHAL NUMBERS

where Jo = 0 and J; = 1. The sequences of usual Fibonacci and Jacobsthal numbers have been
generalized in the literature under various formulations. For more details, the Jacobsthal numbers
and some generalizations, can be seen in the references [11, 12], and references therein. Among
these generalizations, we can find the two following recursive expressions, based on the order
of recursiveness. The first one, is the sequence {J, },>0 defined by linear recurrence relation of
order r

o1 =D +20y 1+ T2+ 2 +Jp—py1, forn >, (1.2)

where Jy = 0, ,J—1 = Q1 are the arbitrary initial conditions. The second generalizations
of the sequence of usual Jacobsthal numbers (1.1) is the sequence {J, },>0 defined by the linear
recurrence relation of order r

Jn+l = Jn +Jn71 +Jn72 +-- +Jn7r+2 + 2Jn7r+la forn Z r, (13)
where Jyp = o, -+ ,J,—1 = Q,_ are the initial conditions.

Letr>2,k>1and p > 1 be a given integers in N. The two sequences of generalized Jacobsthal
numbers defined by the linear recursive relation (1.2)-(1.3), can be extended to family of (r, p,k)-
generalized Jacobsthal numbers {J;, },>0 defined as follows

Jop1 =Ju+ 2P i+ T+ +n—ry2+ 2kJn—r—}—ly forn >, (1.4)

where Jy = o, - - - ,J,—1 = 04_1, are the initial conditions. In fact, the two families of generalized
Jacobsthal numbers defined by Expressions (1.2)- (1.3), represent a special class of the model of
the (r, p, k)-generalized Jacobsthal numbers (1.4). Indeed, we can observe that for p=1and k=0
in (1.4)(respectively, p =0, k = 1), we get the generalized Jacobsthal numbers (1.2) (respectively,
(1.3)) In addition, for p = k = 0 Expression (1.4) is reduced to the well known generalized
Fibonacci numbers of order r, studied in various research papers.

This paper aims to study some properties of the (r, p,k)-generalized Jacobsthal numbers defined
by expression (1.4), and its special cases (1.2)- (1.3). Our approach is based on the so-called
the fundamental Fibonacci system and its related fundamental sequence. This approach permits
us to establish some linear and combinatorial properties of the (7, p,k)-generalized Jacobsthal
numbers. In addition, the matrix formulation of Expression (1.4) allows us to provide some new
identities, especially the Cassini identity and its combinatorial expression. Moreover, similar
properties of the special cases (1.2)- (1.3) are derived.

The content of this study is organized as follows. Section 2 concerns some properties of the
vector space of the sequences of (r, p, k)-generalized Jacobsthal numbers, and its related Jacob-
sthal fundamental Fibonacci system. Especially, the fundamental sequence is introduced and its
main role is presented. In Section 3 properties of the matrix formulation of Expression (1.4) is
studied in terms of its related Jacobsthal fundamental Fibonacci system. In addition, some new
identities associated to the (r, p,k)-generalized Jacobsthal numbers are provided, in terms of the
fundamental sequence. Section 4 is devoted to the combinatorial expression of the sequence of
(r, p,k)-generalized Jacobsthal numbers and its related identities. More precisely, using the com-
binatorial formulation of the fundamental sequence and the results of sections 2 and 3, we obtain
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MUSTAPHA RACHIDI and FATIH YILMAZ 3

the combinatorial form of the sequence of (r, p,k)-generalized Jacobsthal numbers and its re-
lated identities. In Section 5, we provide some properties of the Cassini Identity associated to the
sequence of (r, p,k)-generalized Jacobsthal numbers. Finally, the special cases (1.2)- (1.3) are
considered and examples are furnished.

2 THE VECTOR SPACE OF (r,p,k)-GENERALIZED JACOBSTHAL NUMBERS AND
ITS FUNDAMENTAL FIBONACCI SYSTEM

2.1 The generalized Jacobsthal vector space and its fundamental Fibonacci system

Let co@I((r>(2” ;2K), where K = R or C, be the set of sequences (r,p,k)-generalized Jacobsthal
numbers of order r defined by the recurrence relation (1.4), with arbitrary initial conditions
(ap, 0, ,0—1) € K. Equipped with the usual addition and a multiplication by a scalar,
we can show that éalgr)(2p;2") is K-vector space. Let {{Jf,s)},,zo; 0 <s<r—1} be the fam-
ily of sequences defined by (1.4), with mutually different sets of initial values, indexed by s
(0 <5 <r—1), defined as follows

IO = 4200 g g 2k

) = W L, forn>r—1, 2.1)

where J,ss) = 0y, (0 <n <r—1) are the initial, here 6; , is the Kronecker symbol, namely, O=1

and &, =0, for s # n. Let By, -+, B,—1 be scalars of K, and suppose that Y/ — ) =0, for

n>0.Then, forn=0,1,...,r—1, we have Z ﬁSJ,,S = [3,,],," =B, =0, because J,S‘Y) =0forn+#s
s=0

and J,<,"> = 1. Thus, the set of sequences (2.1) is a linearly independent system of the K-vector

space @“i@ (27;2%). In addition, let {J,},>0 be a sequence in é"l((r) (27;2%), with initial conditions

r—1
o, ,0y_1. Then, we can verify that J, = Z aSJ,(,S), for every n > 0. Indeed, let {w), },>0 be
s=0
r—1

the sequence defined by w, =} .~ Oc‘J,(Z >, for every n > 0. Then clearly {Wn }n>0 is an element
of £<’>(2p-2’<) and forn=0,1,...,r— 1 we have w, = Z OCS = Jn () _ = a,, for every n

(0 < n <r—1.). Hence, the two sequences {J,},>0 and {Wn}n>0 satisfy Expression (2.1) and
own the same initial conditions. Therefore, we have J,, = w,, for every n > 0, which implies that
the set of sequences (2.1) represents a generator system of the K-vector space é"l((r) (27 ;25). In
summary, we can formulate the following proposition.

Proposition 1. The set of sequences {J,S”}nzo (0 <s <r—1) represents a basis of the K-vector
space é;({)(zp ;2%) (K =R or C), of the sequences of (r, p,k)-generalized Jacobsthal numbers.

Moreover, we have dimg 51@ =r

The set {{J,(Ls)}nzo; 0 <s <r—1} is the called the Jacobsthal Fundamental Fibonacci System.
The Jacobsthal fundamental Fibonacci system will play a central role in the sequel of this study.
In addition, the remarkable sequence {J,Sr_l> }i>0 will allow us to obtain important results on the
sequences of (r, p,k)-generalized Jacobsthal numbers and their K-vector space 5’1({) (27;25).
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4 (r, p,k)-GENERALIZED JACOBSTHAL NUMBERS

2.2 The Jacobsthal Fibonacci fundamental sequence

In this subsection, we study the closed relation between the sequence of (r, p,k)-generalized
Jacobsthal numbers {Jf,r_l)}nzo and the other elementary sequences of (r, p,k)-generalized Ja-
cobsthal numbers {J,‘,“')}nzo, where 0 < s < r— 1. Moreover, we derive the compact formula of
every element of the K-vector space é‘}g) (27;2%) in terms of the sequence {J,(f])}nzo.

To this aim, let first establish the expression of {J,SO)},IEO in terms of {J,(,rfl)}nzo.

Lemma 1. Ler {J,(,O)},,zo and {J,(,ril)},,zo be the (r,p,k)-generalized Jacobsthal numbers
sequences (2.1). Then, for each n > 1, we have,

7O =2k, 2.2)
Proof. We proceed by induction on n. For n = 1, we have Jfo) =.=] r((i)l =0 and J@l = 2k,
On the other hand, J(()r_1> = Jl(r_l) =...= J(r_l) =0 and Jﬁ:l) = 1. Thus, we have J(EO) =0=

260 =257 ford=1,--,r—1and J* ) ok gk - 267V Therefore, J§") = 27"
for I <n < r— 1. Suppose that JO — 2kJ(r 11)’ for some n > r. Let establish that J,ﬁ)l — k=1,
We have J,<H_)1 J(O) +2PJ(O) J< ) gt +2kJ,§ >r+1, for n > r— 1. Then, using the hypothesis
of induction J\¥ = 2"]“ D , we obtamJ( )1 —2kJ( )+2k2”J( )+2k]( V.. +2k2kJ( h
or equivalently 25 (J;" (r— l)4—2”J(r 1>+J( )+~~-+2kJ,(,7r )) :2kJ,(,r D, Therefore, we getJ,(, ) =
2kt foralln > 1. g

n—1 >

Second, let now express the sequence {J,(,s) b0, for 1 <s < r—2 in terms of the sequence
r—1)
{J;S }VLEO-

Lemma 2. Let {J,(,S) Y0, where 1 < s <r—2 and {J,Eril)},,zo be the generalized Jacobsthal
sequences (2.1). Then, for 1 <s < r—3, we have,

RIS KA At PPN AR A AR 2.3)

n—s—17

for everyn > r, and for s = r —2, we have

JU =g gl gl kgl Q2.4)
Proof. The proof is obtained by mathematical induction. For reason of convenience and sim-
plicity, we set ag = a» = --- = a,_» = 1, a; = 2”7 and a,_; = 2*. Let {J,SS)},,EO 1<s<r-2)
be an element of the fundamental Fibonacci system of the K-vector space éalg)(Zp ;2"), where
JO(S) = Jl(s) =..= JS<S_)2 = JS(S)1 =..= Jr(s_> =0and JS(S) = 1. Then, by using the recursive formula
(2.1), we remark that J%) = a,_,_ 1J(r71) and J<Jr)l —a U >—i—a,_s_ng(r:l]). Continuing

1) 4D

this process, we obtain Jé) | =ar s 1J§r ) tar—s ol .. tar J( U.And the recurrence

relation (2.1) (or more generally (1.4)) permits to get,

J’gs) = ar—s—lJ( D +ar— s]( 2 D +...tar— IJ( ) (2.5)

n— n—.
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Sinceag=ar=---= ar y=1,a; =27 and a,_; =2, we show that for 1 <s<r—3, Expression
(2.5) takes the form, J,; © = ,(, J,gr:zl) —|—~--—|—J,(l R D —|—2kJ,(l 5 >1, for every n > r — 1, which
is nothing else but Expression (2.3). Finally, for s = » — 2, we derive that Expression (2.5) can be

written under the form,
3 =203 4 Y g 2k
This last expression is none other than Expression (2.4). ]

Expressions (2.2), (2.3) and (2.4) show that every element of the K-vector space é"I@ (27, 2k ) can
be expressed only in terms of the (r, p,k)-generalized Jocobsthal sequence {J,(lrfl) }n>0. More
precisely, we have the following result.

Proposition 2. Let {J,},>0 be a sequence of the K-vector space é”l({)(Zp :2%), of initial data

o, -+, Op_1. Then, for every n > 0, the general term J,, is given under the form,
r—1 (r—1)
.
=Y 2, (2.6)
Jj=0
where

Zy = om2k+a1 +o o 30 22 o
Zi= 2ot ot 0 2P 2.7
Zj:Otjzk—l-OCj.H+"'+ar—17f0r2Sj§r_l'

Proof. As in the proof of Lemma 2, for reason of convenience and simplicity, we set ag =
a=--=a,=1,a; =2° and a,_; = 2*. Let {J,},>0 be a sequence of the K-vector
space é"l((r)(Zf’ ;2%), of initial data &g, --- , 1. Proposition 1, concerning the linear decompo-

sition in the fundamental Fibonacci system of the K-vector space @@é’)(zf’ ;2), implies that
r—1

we have J, = Z oaSJn Z as + o 1J,(l h , for every n > 0. Whence, we substitute J,(,S>
=0

(s=0,..,s= ;— 1) as shown in Expressions (2 2), (2.3) and (2.4), in the general terms J,,, we
r—1

obtain J, = Z Ol Z ar—sik—1J, Z O Z Ar—stk—1J, k )1 +a,— 12kJ( Y The preceding
s=0 k=0
equality can be expanded as follows,

Fors=0: (XOJ,(,O) = Qpda,_ IJ(F1>

n—1
(1)

Fors=1:aJt" = oya,_oJ\"" (D

+oa,— 1]

FOI‘SZF—ZZO(r_QJy(lril)—Otr 2611.]( )—‘rOCr zazJ( )—l— A o_oa,— 1.]( rJr)l
- Vg taa a5,

Fors:rfl:ar,lJ,(, = 0 1aoJ( >+(Xr 1a1J(
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6 (r, p,k)-GENERALIZED JACOBSTHAL NUMBERS

Therefore, we derive that the general terms J,, can be written under the form J,, = Z ZiJ, (r kl)l,

k=0
Zo = Opa,—1 + 0ar_2+ -+ 0100
Z1 =0ma,-1+00ar2+ -+ 0141
where
Zy o= 0y 2ar 1+ 0_1ar_2 and Zy_1 = Qp_1ar_1.
So, we get Expressions (2.6)-(2.7). O

It reveals from Lemmas 1, 2 and Propositions 2, that we have the following corollary.

Corollary 1. The family of sequences 7 = {{ },,>s, s=0,1,....,r — 1}, is a basis of the
K-vector space &g (r )(2” 2K,

Proof. Expression (2.6) shows that the set ¢ = {{J 1) },,>S, s=0,1,...,r— 1} is a generating
system of the K-vector space é‘)< >(2p 2k). Since ¢ is of cardinal r and d1mK(@‘"( )(21’ 2Ky =7,

we derive that set ¢ = {{ }n>s,s =0,1,...,r — 1} is a basis of the K-vector space
&0 (2r;2k), O

Lemmas 1-2, Propositions 2 and Corollary 1 show that the sequence {J,Sril)}nzo, will play an
important role in the sequel. In analogy with the fundamental solution for ordinary differential
equations of constant coefficients, we can formulate the following definition.

Definition 1. The sequence {J,(lril)}nzo is called the fundamental sequence of the linear recursive

Expression (1.4), or of the K-vector space éal((r) (ao,...,ar—1).

The fundamental Fibonacci system and its related fundamental sequence {J,S"”}nzo will play
a central role in additive number theory. For the two special cases k = 0 or p = 0 of Expression
(1.4), we get the following corollary.

Corollary 2. Let {J,} be a sequence of the K-vector space &; (r)(2p'2k), of initial data

o, -+, Q1. Then, for k =0 the general term J,, is written under the form J, = ZI7 JJIS j >1,
j=0
where the Z,, ; are given by,
Zp,O =0p+0og+- 03+ 0 22 + o
Zp1 =01+ 0+ -+ 02+ 0127 (2.8)
Zpj =0+ 01+, for2 < j<r—L

And for p = 0, the general term J, is given by J, = Z ZijJ,_ ]1)1, where the Zy ; are given by,
Jj=

r—1
Zj=02+ Y ogfor0<j<r—1. (2.9)
d=j+1

Trends Comput. Appl. Math., 26 (2025), e01835
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Remark 1. Fork=0and p=1ork=1and p =0 (respectively), Corollary 2 allows us to derive
the same properties for the generalized Jacobsthal numbers defined by (1.2)- (1.3), respectively.

3 MATRIX FORMULATION OF THE (r,p,k)-GENERALIZED JACOBSTHAL NUM-
BERS AND SOME IDENTITIES

3.1 Matrix formulation of the sequence of (r,p,k)-generalized Jacobsthal numbers

For reason of clarity, we recall here the general setting of a sequence {v,},>¢ defined by a linear
recurrence relation v, = Zf;ol aivy—i—1, for n > r, with arbitrary initial conditions vg, ..., v,_j.

The analogous fundamental Fibonacci system {(VE,S)),IEO, 0 < s <r—1} is defined as follows,

W = - a,-vffjifl for n>r, a1
VS,S):(storOSnSr—l. '
Let Y, be the vector column Y, = (v, ..., va—r+1)". The sequence {v,},>0 can be ex-
pressed under the following equivalent matrix form, Y,4+; = AY,, for n > r— 1, where A is
ap ai c o
1 0 -0
the companion matrix A= | = . | , denoted in the sequel under the form
o - 0 1 0
A =Alag,ay, - ,a,_1]. Furthermore, an iterative process allows us to show that the matrix for-

mulation of {v, }»,>0, can be written under the form, Y, = A"Y,_j, for every n > 0. For the
matrix power A" = (ag?)lgi‘jgr it was established in [3] (see also [2,10]) that the entries al(;l) can
be expressed in terms of the elements of the fundamental Fibonacci system (3.1). More precisely,
the following powerful theorem is established.

n

Theorem 1 (see [3]). Under the preceding data, the entries agj) of the powers A" =
((157))05,'7]5,’7] are given by,
al) =\ (3.2)

ij Vntr—i—1

where the sequences {v,(f)}nzo (0 <5 <r—1) are defined by (3.1). In other words, for every

n >0, we have,

(=1 () (0)
n+r—1
A = : : : . (3.3)

(r=1) (1) (0)

Vi Vn Vn

v

It is worth noting that Expressions (3.2)-(3.3) have been established first in [3], and they have
been considered in the general setting in other papers such that [2, 10].

Let {J, }»>0 be a given sequence of (r, p,k)-generalized Jacobsthal numbers, with initial condi-
tions oy, ..., &-—1. We can show that Expression (1.4) can be written under the matrix expression

Trends Comput. Appl. Math., 26 (2025), e01835



8 (r, p,k)-GENERALIZED JACOBSTHAL NUMBERS

Jui1 =BJ,, for every n > r—1, where J,, is the vector column J, = (J,, ..., Jy—r11)" and B is
the companion matrix,
(122 1 - 1 29
1 0 -+ 0 0
o1 0 --- 0 O
B=|. | (3.4)
o - 0 1 0 O
o -~ 0 0 1 0]

An iterative process allows us to show that the matrix equation J,+; = BJ, (n > r — 1), can be
written under the form J,,4,—; = B"J,_1, for every n > 0, where J,_1 = (¢4—1, ..., 0)".

Theorem 2. Under the preceding data, the entries J;j(n) of the powers B" = (J;;(n))o<i j<r—1
are given by,

Ji(n) =100 3.5)

where the sequences {J,<,S) >0 (0 < s < r—1) are defined by (2.1). In other words, for every
n >0, we have,

r—1 1 0
Jrg+r—)1 e Jr(H—)r—l ‘]r(l-‘r)r—l
1 L (3.6)
J,5r71> o Jr(tl) JISO)

Result of Theorem 2, namely, Expressions (3.5)-(3.6), will allow us to establish some identities
related to the sequence of (r, p,k)-generalized Jacobsthal numbers.

Remark 2. Note that the companion matrix A and its powers A" have been considered for the
matrix formulation of generalized Fibonacci sequences defined by a linear recurrence relation
Vv, = Zf;(} aiVp—i—1, for n > r, with arbitrary initial conditions vy, ..., v,_1, in different papers
in the literature (see, for instance, [4,6]). In [4] the entries of the powers A" have been provided,
using another family of elementary sequences similar to that defined by the expression (3.1).
As shown in Theorem 1 of [3], the explicit formulas of the entries of the powers A" have been
established with the aid of the fundamental Fibonacci system (3.1).

3.2 Jacobsthal Matrix formulation and its related identities

Let m, hin N and consider the two matrix powers B” = (J;;(m))o<;, j<r—1, B" = (Jij(h))o<i, j<r1-
Since the product of these powers of matrices is commutative, we have

BmBh = Bth =B"t" = (Jij(m+s))0§i7j§,_1.

On the other side, we recall that for the product of two given square matrices A = (g;, j)lgi’ i<r

and ¢ = (b; j)1<i,j<r, the entries of the product matrix D = A.C = (d; j)1<i j<, are given by d; j =
r

Z a; kcx. j. Therefore, the entries J;; (m + h) of the matrix B"*" are given as follows J;;(m+h) =

k=1

Trends Comput. Appl. Math., 26 (2025), e01835
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Z Jie(m)Jyj(h Z Jix(h)Jyj(m). Therefore, taking into account Expression (3.5) of the entries
=0

of the matrices powers B” and B®, in terms of the fundamental system of sequences {J,Ss) >0
(0 <s<r—1) given by (2.1), we have the following important consequence of Theorem 2.

Proposition 3. Let {J,5s>}n20 (0 <s <r—1) be the Jacobsthal fundamental Fibonacci system
given by (2.1). Then, for every m, h > 0, we have

(r—j-1) (r—j-1) (r—j—1)
m+h+r i-1= ZJm+r i—1 h+r k— 1 ZJ11+r i— 1 m+r k—1" (37)

Let change the indexation in Expression (3.7), by setting d =r—k—1 ; p=r—i—
1 and g¢g=r—j—1.Then, we obtain the result.

Theorem 3. Let {J,(LS>},,20 (0 <s <r—1) be the Jacobsthal fundamental system (2.1). Then, any
integers m, h > 0, we have

(9)
m+h+P Z m+p h+d Z‘]h+p m-+d> (3.8)

Sorevery every p, q (0< p, q <r—1). Expression (3.8) is called (r,p,k)-generalized Jacobsthal
Identity.

In addition, it was established in Lemmas 1, 2, that for every s =0, 1,...,7 — 2, the general term

(r=1)

J,(f) can be expressed only in term of J,,_ ,*, as shown in Expressions (2.2), (2.3) and (2.4) namely,

for every s =0, 1,...,r — 2, we have the following the compact formula,

Zar s+j— IJr % _ar—s—lj,( )'i‘ar s]( 2)+ -ta— 1]( ) (3.9)

n—j—1 " n— n—
foreveryn>r,whereag=ay=---=a,_p,=1,a1 =2 anda,_| = 2k for reason of convenience

and simplicity Expression (3.9) is still valid also for i = r — 1, that is, in this case, we have

Z Ar—(r—1)4j—1p_ <r l Z ajJ,_ ]1)1’ which is nothing else but the recurrence relation
=0

2.1), for the sequence {J,, }nzo- Moreover, for s = 0, we show easily that Expression (3.9)

takes the form,

1O =2k "D for every n > r. (3.10)

n—1 >

Now using Expression (3.9), we can establish that the identities (3.8) can be expressed only in
terms of the fundamental sequence {J,(Zr_1>}n20. That is, let first suppose that ¢ = r — 1 in (3.8).
Then, for every m > 0 and & > 0, we have

(r=1) 4(r=1)
m+h+p ZJm+th+d ZJm+th+d +Jm+p Jh+r N G.11)

Trends Comput. Appl. Math., 26 (2025), e01835



1 O (r, p,k)-GENERALIZED JACOBSTHAL NUMBERS

Application of the formulas (2.2), (2.3) and (2.4) allows us to obtain J,(n sz =
-1) J@

Z ar—qyj-1Y, m +p -1 Therefore, the substitution of this last expression of J,,/, in the for-

r—2 d
1
mula (3.11), allows us to derive J(Jrhl[, = c;)zar d+j— 1J(+p)j 11;(,+d) +Jr(n+p>‘]}(1:»r >1
Jj=
r—1
Second, suppose that ¢ = 0 in Expression (3.8), then, we have J J)rh +p ijndlpjf(l(jr) ;=
d=0
r=1) dap : (0) k 7(r=1)
ZJh+d Zar d+j— 1Jm+p j—1- By considering Expression (3.10), we have J,” = 2 2,
for n > r. Hence, we get ZkJ,;rJrhlJ)rp | = ZZthldl " Za, d+j—1 m+p)] 1» for n > r. Since

r—1 d
_1 =2k £ 0 we derive that J(+h+p | = Z Za, dj— 1er+;)] IJ}(L+d)1a for n > r. Sup-

@

pose that 1 < g <r—2 in Expression (3.8). Thus we obtain J mthtp = m;;béi@ +J,§1l]7],<i)d +

Z mﬂ,Jthd, for n > r. Since J,(, ) = 2"J,(lr 11), for n > r, the former expression takes the form

J(q>

mhtp = (2]‘ +1)J m+p h+d + Z mﬂ, h+d Now, let apply the formulas (2.2), (2.3) and (2.4)

on both sides of the preceding expression, namely, J,(lk) = Z§:0 Ar—j+ j_lJ,(lr:jljl 0<k<r-2),

we obtain,

-1) k (r q)
Zar g+i-1Y, m+h+p =2 +1)‘]m+17 +Zar ati— ljh+d - 1+ij+ﬂ‘]h+d
=

= 2+ 1), Za, gt o+ Qrm )

J(r 1) J(r 1)

mipk—1hia—j—1- 10

for every n > r, where Q(r,m,h) =Y/~ Zk 02 0 Or—g+k—1ar—g+j—1
summary, we can formulate the following result.

Theorem 4. Let {J,Sr_l)},,zo be the Jacobsthal fundamental sequence and m,h > 0 two given
integers. Then, using the identity (3.8), we get the following identities,

r—2 d
(1) _ (1) 1) 1) (r _
Toeip = dZZE)ar arjrdo ) gD a I forg =r—1, (3.12)
=0
r—1 d - 1)
-
m+h+p 1 Z Za" d+j— 1/ m+p Jj— 1]h+d71’f0rq207 (3']3)
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and for 1 < g <r—2 we have

1
Z“r a+i— l‘lmrJth)rp -1 = (2 +1)J m+p Z“r a+i-1Y, 1+d >1 1T (3.14)

r—2

d g
+ Z Z Zar*‘1+k*1a’_‘]+/’—1A(r7mapahad7jak)a
d=1k=0 j=0

where ay = ay = -+ = a, o = 1, a; = 2P and a,_ = 2%, and A(r,m,p,h,d,jk) =

(r=1) (r=1)
Jm+p k— ]‘Ih+d j—1

(9) —

The identities provided in Theorem 4 concerns the equality of the 1dent1ty Ja by

Z p + » h ¥ d However, we can see that for the two members of the equality Z e pJ}(fr)d =

Z Jh ¥ pJIELqJ)r 4 are symmetric by permuting the two integers m and s. Therefore, the permutation
=0

of the two integers m and s in Expressions (3.12), (3.13) and (3.14), will permit to get identical
identities.

The linear identities (3.12), (3.13) and (3.14) have been established recently, for the Fibonacci-
Pell numbers sequences, in the research papers [8,9].

Remark 3. The three identities (3.12), (3.13) and (3.14) can be formulated for the two special
cases p=0andk>1orp>1and k=0. That is, for p=0and k > 1 we have ay = a1 = a =

c=a,_1=1and a,_y = 2% in Expressions (3.12)- (3.14), and for p > 1 and k = 0 we have
agy=ar =---=a,_1 = 1 and a; = 2P in Expressions (3.12)- (3.14).

4 COMBINATORIAL EXPRESSION OF THE (,p,k)-GENERALIZED JACOBSTHAL
NUMBERS AND RELATED IDENTITIES

4.1 Combinatorial aspect of (7, p,k)-generalized Jacobsthal numbers

Let {uy }n>0 be the sequence defined by the combinatorial formula,

(j0+"'+jr71) jo J1 Jr

u, == Z —,Oal.. rl

ot .1
Jot2jitetr_g=n—rtl JOJLE e Jr—1¢

for every n > r, with u,_; =1, u; = Ofor j = 0,...,r — 2,. It was established in [7] that the
sequence {u, },>0 satisfies a linear recurrence relation of Fibonacci type. For a; =27, ap = ay =
-~=a,_» =1and a,_| = 2%, we show that Expression (4.1) takes the following form,

(ot -+ jr1)! 2Jj1Ppir-1k 4.2)

wy, = |
o2yt g=nern JOU !
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12 (r, p,k)-GENERALIZED JACOBSTHAL NUMBERS

where w,_; =1, w; =0for j =0,...,r — 2. In addition, the sequence {w, },>0 defined by (4.2),
satisfies the generalized Jacobsthal recurrence relation (1.4), with initial conditions w,_; = 1,
w;j=0for j=0,...,r — 2, namely, we have,

— k
{WnJrl =Wy +2Pwy 1wy o+ AWy o + 25w g

Wy_1 = 17 WjZOfOrj:Ou"'7r_2'

Comparing the sequence {w, },>o defined by (4.2) with the generalized Jacobsthal fundamental
sequence {Jﬁril)}nzo, we show that these two sequences satisfy the linear recursive relation
(1.4) and own the same initial conditions, namely, Jr(:l) =w,_; =1, J,(,Fl) =w,=0forn=

0,...,r — 2. Therefore, we get the following result.

Theorem 5. Under the preceding data, the combinatorial expression of the Jacobsthal funda-
mental sequence {J,(Zr_l)}nzo, of the sequence of the (r,p,k)-generalized Jacobsthal numbers
(1.4) is given by,

Jir= = Z (j? +.”.+jr_1)!2j1172jr—lk 4.3)
o2ty JONIE !

for every n > r, where J<r:11) =1, J,(,ril) =0forn=0,...,r—2.

r

For reason of convenience, we utilise the following usual combinatorial notation,

(ot +jr*l)!2j1172jr71k

WV =pnt1,r) = MY
Jot2ji+eArg,=n—r+1 JOJLE e Jr—1:

“4.4)

forevery n > r, with p(r,r) =l and p(n,r) =0for0 <n <r—1.

In the framework of the proof of Theorem 5, for establishing the combinatorial formula, we had
used the procedure based on the equality of the Jacobsthal fundamental sequence {J,(erl)}nzo
and the sequence {wy},>o defined by Expression (4.2). However, generally in the literature to
establish the combinatorial formula of the sequences defined by linear recurrence relations, one
uses the associated generating function.

For the two special cases p > 1 and k =0 or p =0 and k > 1 of Expression (1.4), the combina-
torial expression of Jacobsthal fundamental sequence {J,(f_l) }n>0 is formulated in the following
corollary.

Corollary 3. For p = 0 the combinatorial expression of Jacobsthal fundamental sequence
{Jf,’*”},,zo, namely (4.4), is given by

i) _

J,(l’_l) = Z MZJHI‘ and for k = 0 it takes the form J,(,r D=

o . i 1

Jot2jitetrjey=n—r1 JOJI =1

ST _ _
w%lﬂforevery n>r, where J,(ill) —1, 0N = 0 forn=

Jot 21t =gl JOL e It
0,....r—2.
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A substitution process combining Proposition 2 and Theorem 5 allows us to derive the following
result.

Proposition 4. Let {J,},>0 be a sequence of the K-vector space é}?)(Z” :2%), of initial data
o, -+, Oy_1. Then, for every n > 0, the combinatorial expression of the general term J, is given
r—1
under the form J,, = Z Zip(n—j,r), where p(n,r) (4.4) and the Z; (0 < j < r—1) are given by
j=0
(2.7), namely,
Zo=o2 +ou+-+ o 3+ 0 220 + 0,y
Zi=o 2+ + oo 2P
Zj=a2" +aj+- ey, for2<j<r—1

Theorem 5 and Proposition 4, show that the combinatorial formula of the Jacobsthal fundamental
sequence {J,(lrfl) }n>0 and of every sequence of the (r, p, k)-generalized Jacobsthal numbers (1.4)
are obtained without the use of their related generating functions.

The combinatorial expression of the (r, p, k)-generalized Jacobsthal fundamental sequence (1.4)
for the two special cases k = 0 and p = 0, is formulated in the following corollary.

Corollary 4. Under the data of Proposition 4, for k = 0 the combinatorial expression of the
r—1
general term J,, is given under the form J, = Z Z jp(n— j,r), where the Z; ; are given by (2.8),
j=0
namely,
Zpo=0p+ 01+ + 03+ 0 22"+ 0
Zpi=0o1+0+- -+ 0o+ 012
Zpﬁj = ocj+ocj+1+~~-+oc,_1,for2§j§ r—1.
r—1
And for p = 0 we have J,, = Z Zi jp(n— j,r), where the Z;_j are given by (2.9), namely, Z; ; =
j=0
r—1
ochk—i— Z a;for0< j<r—1.
d=j+1

Remark 4. When p =1 and k=0 and p = 0 and k = 1 (respectively) Corollaries 3 and 4 permit
us to obtain the same properties for Expressions (1.2)- (1.3).

4.2 Combinatorial identities related to (r,p,k)-generalized Jacobsthal numbers

In Subsection 3.2, we have established some identities related to the (r, p,k)-generalized Jacob-
sthal numbers (1.4), which are expressed in terms of the elements of the Jacobsthal fundamen-
tal Fibonacci system (2.1) and its related fundamental sequence. Especially, in Theorem 4 the
identities (3.12), (3.13) and (3.14), are expressed in terms of Jacobsthal fundamental sequence
{J,ﬁ’*” }n>0- Then, combining results of Theorem 4 and Theorem 5, we can derive the analogous
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14 (r, p,k)-GENERALIZED JACOBSTHAL NUMBERS

combinatorial identities. More precisely, substitution of the combinatorial Expression (4.4) in
Expressions (3.12), (3.13) and (3.14) allows us to get the following result.

Theorem 6. Let {J,Sril) }u>0 be the Jacobsthal fundamental sequence and m, h > 0 are two given
integers. Then, we have the following identities,

r=2

pm+p+h+1,r)=Y Zar d+j—1p(m+p—j,r)p(h+d+1,r)+p(m+p+1,r)p(h+rr) (4.5)
d=0 j=0

for g =r—1, and for ¢ = 0 we have
r—1 d

p(m+h+p+1,r) dzbzba, d+j—1p(m+p—j,r)p(h+d,r) (4.6)
J
finally, for 1 < g <r—2we get
Zq:ar_qﬂ_lp(m—&-h—i-p—j,r) = 2*+Dp(m+p,r) Zq:a,_qﬂ_lp(h—i—d—j,r) 4.7
j=0 . j=0
+ dg ; ; Ar—qik—1ar—q+ j—1A(r,m, p,h.d, j,k),
where ay =ay = --- =a, » = 1, a; = 2”7 and a,_\ = 2%, and A(r,m,p,h,d, j,k) = p(m+p —

k,r)p(h—i—d—j,r).

Remark 5. Similarly to Remark 3, the three combinatorial identities (4.5), (4.6) and (4.7) can
be formulated for the special cases p=0,k>1and p>1,k=0.

Generally, in various articles of the literature the Chen-Louck’s Theorem ( [1, Theorem 3.1]) is
used to express the combinatorial form of the entries of the powers of the companion matrix A =
Alag,ay,--- ,a,—1]. However, it was established in [7] that an explicit combinatorial formula a lin-
ear recurrence relation v,, = Z;;Ol aivy—i_1, for n > r, with arbitrary initial conditions vy, ..., v,_|
is given in terms of u, = p(n,r) the the combinatorial formula 4.1. And with the aid of a direct
(ko+--4k—1—1)! kp y ot -t k)!

0! (kp—l)....kr_l! 7k0+~~-+k,»_1 ko!...k-—1!
and Expressions (3.2), (4.1) it has been established in [10], that the Chen-Louck Theorem

[1, Theorem 3.1] can be recovered by a direct calculation, as shown in [10, Proposition 3.1
(Chen-Louck’s Theorem)].

computation using the identity ol

5 CASSINI IDENTITY OF THE (,p,k)-GENERALIZED JACOBSTHAL NUMBERS

In most works of literature, several identities like the Cassini identity, for some families of se-
quences of classical numbers and their generalization such that Fibonacci-Pell numbers or gener-
alized Fibonacci-Pell numbers, are expressed in terms of the fundamental sequence (see [2,8,9]).
Indeed, for the sequence of usual Fibonacci numbers and the sequence of usual Pell numbers,
namely,

{FHH =F,+F,_iforn>1 {P,,H —=2P,+P, i forn>1

R=o0,Fi =0 Po=0p,P =0y
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the Cassini identities are expressed in terms of their associated fundamental sequences, character-
ized by their initial conditions Fp =0, F; = 1 and Py = 0, P; = 1 (respectively). After expressing
these Cassini identities of Fibonacci-Pell numbers under the determinant of the Casoratian ma-
trix, associated to their fundamental Fibonacci systems, this approach has been extended to the
generalized Fibonacci-Pell numbers in [2,8,9]. Let recall the well known formula of the determi-

nant of a square matrix M = (a;;)1<;, j<,, defined by det(M) = Y sgn(0)ag(1)1a0(2)2---o(r) -
<87
where .7, is the group of permutations ¢ of the r elements {1,2,---,r} and sgn(G) is the sig-

nature of the permutation ¢. For the Jacobsthal matrix (3.4), its powers B = (Ji(;‘l))OSi., j<r—1 are
given by Expression (3.6). More precisely, the entries Jij(n) are expressed as in Expression (3.5),
namely, J;;(n) = J,SH ; )17 where the sequences {J,, >0 (0 < s <r—1)defined by (2.1), repre-
sent the Jacobsthal fundamental Fibonacci system. Therefore, we show that for the generalized

Cassini identity for powers B” = (J; <"))0<, j<r—1 takes the subsequent form,

C(n) =Y sgn(0)Js0)0(n)Jg1)1(n) Tty ,—1(n) = (=1t tnghn .1
<87
where .¥} is the group of permutations ¢ of the r elements {0,1,---,r—1}. However, for the

(n)

matrix powers B" = (/; i Jo<i, j<r—1, the entries J (O <i,j <r—1) are given by Expression

(3.5). Therefore, using Expression (5.1), we come to have the result below.

Theorem 7. Expression (5.1) of the generalized Cassini identity, related to the Jacobsthal
Sfundamental Fibonacci system (2.1), is given under the following form,

— (r=1) (r—i-1) (0) _ r—1)n~kn
C(n) - Z;/f Sgn(c)‘]nirrfo'(())fl "'Jn+r76(i)fl o 'Jn+rfo'(rfl)fl - (71)( ) 27, (52
ceSy

where .7, is the group of permutations of the set {0,1,--- r—1}.

For the special case k = 0 of Expression (1.4) the Cassini is formulated as follows.

Corollary S. Under the dam Theorem 7, for k = O, the Cassini identity (5.2) takes the form

(r—i—1) (0) . —1 .
Zy sgn(o nH 6( - ...J,eriG(l.)il ...Jn+r*6<ril)7l = (—l)(r ) where % is the
ceS,
group of permutations © of the set {0,1,--- ;r—1}.

For illustrate purpose of the preceding process, we consider below the special case r = 3.

Corollary 6. For r = 3 is valid the generalized Cassini identity below,

_ (2) (1) (0) _ Znnkn _ Ak
Cn) =}, Sgn(G)Jn+2—G(O)Jn+2—G(1)Jn+2—c7(2) = (172" =2%,

cES,

where /3 is the group of permutations of the set {0,1,3}.
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On the other side, by setting s = r —i — 1 and taking into account Expressions (2.3) and (2.4), we
show that we have,

_ (r=1) (r=2) (r=i-1) (0)
Cln) = Z sgn(G)JnJrrfG(O)f]Jn+rfo'(l)71 o1 I o(r—1)-1
ces,
r—3
_ (r=1) (0) (s) (r=2)
- Z sgn(O-)Jn:»rfc(O)f1]n+rfo‘(r71)71 HJnirfo‘(rfsfl)fl—’—Jw»r o(1)-1|>
(IS s=2
r—i—1) = (s) (r=2)
since HJn+r o(i HJrH—r o(r—s—1)—1 Hjn+r o(r—s—1)— 1+Jn+r o(1)— Resu]t of Lem-

s=1

=2
mas 1 and 2, namely, Expressions (2.2), (2. 3) and (2.4) shows that the Casoratian of the Jacob-
sthal fundamental Fibonacci system (2.1), can be also formulated in terms of the fundamental
sequence {J\" " },=0. That is, we have

é(jzrfc(rfl) =2 rgirl)c(r 1)-27

Jlsfzrfc(rfsfl) 1:J;§1r1)o(r7s71) J}’(LJrr )G(r s—1)— 3+“'+J15+r )G(r s—1)—s—1
2k‘]r(z+r >6(r s—1)—s—2>

J;S:rz—)o(l) zp‘lr(l:-rl)c( )—2+Jr(l:—rl)0'(l)—3+'”+‘]—(:r lg(l)—s—l +2kJJ(:r lc)r( 1)-s—2°

Therefore, the substitution of the last expressions in Expression (5.2) allows us to obtain the
Jacobsthal generalized Cassini in terms of the fundamental sequence, as shown in the next
theorem.

Theorem 8. Expression (5.2) of the generalized Jacobsthal Cassini identity, related to the
Jacobsthal fundamental Fibonacci system (2.1), is stated under the form,

C(n) =Y sgn(0)2"T1 4(n)y,6(n HHMG (—1)r=Dngkn (5.3)
ey
where
Hl,c("): n+r c 0)— 1Jr<l:;l)0(r 1) —2
Th.o(n) = 2111’“1)6 S W/ VAR 1+2k1,§:j(>1)72, (5.4)
sa0(n) =Yy 1Jn:»r1)0'(r s—1)—d—1 T zkjr(l+r )G(r s—1)—s—2°

For the special cases k = 0 and p = 0 we have the following corollary, concerning the Cassini
identity of the (7, p,k)-generalized Jacobsthal numbers (1.4).

Corollary 7. Under the data of Theorem 8, for k = 0 the Cassini identity (5.3) takes the form,

=Y s5gn(0)2'T 6(n) p6(n HHsdo (—1)t=hm,

ceYSy
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where

HI,G(n):JflrJr_rlf)G(O) lJr(ljr_rl)g(r -2’

I, (n) :zp‘lr(z::rl)c(l >+ Lo 2Jn+r )c( 1)—d— 1+Jr(1’;70'1()l)727

a.6(n) = Loz ;'(Lirl)c(r s—1)—d— 1+2k‘]r(l:-rl)0(r s—1)—s—2
and for p = 0 we have C(n Z sgn(o 2"H1 o (M) o ( HH“”‘G = 1)“’1)"2]‘”7
where e

-1 (r=1)
Hlo(n)—JnJrrfc(O) lJn+r 0'(” 1)-2

r—1 r—1 r—1
[ xo(n) = g 2+): n+r)6(1) d— 1+2kJ( ))—2’

n+r—o( n—o(1

r 1) kg(r=1)
H‘stvkaf’( ) Zd 1Jn+r o(r—s—1)—d— l—i_2 Jr1+r o(r—s—1)—s—2"

Following results of Theorem 5, namely, Expression (4.3), and Expressions (5.3)-(5.4), we
can derive the combinatorial expression of the Casoratian of the Jacobstal fundamental Fi-
r—1)

=pn+1lr) =

2/1P2Jr1k e derive that, forevery s, d (0 <s,d < r—1),

bonacci system. That is, with the aid o Expression (4.4), namely, J,(,
(Jo+ -+ jr1)!

|
jot2jr bt =nerr JONh !
we have

(r=1) ot Hjrt) i
J g =pmt+r—oc(r—s—1)—d,r)= MO Il i1k
n+r—o(r—s—1)—d—1 /\(rg',s) ]0!]1!---]r71!

where /\(naaas):{(j07j17"'ajr—l);j0+2j1+"'+rjr—1:n+r_ (V—S—] _r}
Hence, by considering the two formulas (5.3)-(5.4) we have,
Jirh =p(n+r—o(0),r)
n+r—o(0)—1 LA
-1
Jliz-r—)c(r—s—l)—d—l = p(l’l+ r= G(r_s - 1) —d,l’),
g =pn+r—o(r—s—1)—s—1,r).

n+r—o(r—s—1)—s—2

Therefore, we can formulate the Jacobsthal combinatorial Cassini identity as follows.

Theorem 9. Expression (5.2) of the (r, p,k)-generalized Jacobsthal Cassini identity, related to
the Jacobsthal fundamental Fibonacci system (2.1), is stated under the form,

Cn) =Y sgn(0)2"®) (n)®20( chs d.6(n) = (=1)lr—Hngkn (5.5)
oc.Yy
where @1 (n), ®2.6(n) and @, 4 5 are the following combinatorial expressions,
Pi6(n) =p(n+r—o(0),r)pn+r—o(r—1)—1,r),

)=
D) 5(n) =2Pp(n+r—o(l)— l,r)—&—)::l_zzzp(n—i-r—c(l) —d,r)+2kp(n—o(1)—1,r),

D g6(n) =Yy pn+r—o(r—s— 1)—d7r)+2kp(n+r—6(r—s— 1)—s—1,r).
(5.6)
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Using Expressions (5.5)-(5.6), we get for the special cases k = 0 and p = O the following re-
sult concerning the combinatorial formula of the Cassini identity of the (r, p,k)-generalized
Jacobsthal numbers (1.4).

Corollary 8. Under the data of Theorem 9, for k =0 the Cassini identity (5.5) is given by C(n) =

Z sgn(o) Py p.o(n)P2s(n HCIDSdG (=D)U=D" where
cEY)
P@i6(n) =p(n+r—0(0),r)p(n+r—oc(r—1)—1r),
2 po(n) = 2p(n-+7— (1) 1,1) + X3 p(n+r— (1) —d,r) +p(n—o(1)— 1,7),
Dy aon) =Y pn+r—o(r—s—1)—d,r)+pn+r—c(r—s—1)—s—1,r).

And for p =0, we have

= Y s5gn(0)2'®) 16(n)Posc(n Hq)rdka = (—1)lrtngkn,

ceS)

where

D 5(n)=pn+r—oc(0),r)p(n+r—oc(r—1)—1,r),
Drpo(n)=pn+r—c(1)=1Lr)+X3p(n+r—o(1)—d,r)+2*p(n—o(1)—1,r),
D iron) =Y, pn+r—o(r—s—1) —d,r)+2kp(n+r—c7(r—s— 1)—s—1,r).

It seems for us that the results of this section concerning the Cassini identities and its formulation
in terms of the Jacobsthal fundamental sequence (5.3)-(5.4) and its related combinatorial identity
(5.5)-(5.6) are not current in the literature.

Remark 6. When k =0 and p =1 or k=1 and p = 0 (respectively), Corollaries 5, 7 and 8
permit us to obtain the analogous properties for usual generalized Jacobsthal numbers (1.2)-

(1.3).

6 CONCLUDING REMARKS AND PERSPECTIVE

In this study we have presented new results regarding the model of (r, p, k)-generalized Jacobsthal
numbers. Especially, we have based our construction on the Jacobsthal fundamental Fibonacci
system and its related fundamental sequence. Therefore, the combinatorial expression of the
(r, p,k)-generalized Jacobsthal numbers, as well as some related new identities are established.
In addition the Cassini identities of the (7, p,k)-generalized Jacobsthal numbers are provided.
Finally, some special cases are studied.

In the best of our knowledge our results are not current in the literature. Moreover our ap-
proaches can be applied for studying the analytical aspect of some classes of (r, p, k)-generalized
Jacobsthal numbers defined by (1.4).
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