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ABSTRACT. This article investigates the numerical modeling and two-dimensional simulation of elec-
troosmotic two-phase flows involving complex fluids in rectangular channels with no pressure differ-
ence. We apply mainly the nonlinear Poisson-Boltzmann (PB) model for charge distribution coupled to
the Navier-Stokes equations, constitutive equations for viscoelastic fluids, and the interface transport by
Volume-of-Fluid with Piecewise-Linear Interface Construction. The numerical framework is implemented
in the HiG-Flow system, which simulates incompressible flows in hierarchical cartesian meshes of arbitrary
refinement represented by generalized trees with interpolations by a robust meshless moving least squares
method. In two-phase systems, we analyze droplet deformation under both neutral and electroosmotic shear,
exploring the impact of permittivity variations between matrix and droplet fluids. Our results suggest that
the Korteweg-Helmbholtz force may play a crucial role in interface deformation patterns, while viscoelastic-
ity demonstrates itself capable of moderating surface tension effects and stabilizing deformations in uniform
and non-uniform permittivity cases.

Keywords: numerical eletroosmosis, two-phase flows, viscoelastic drop shearing.

1 INTRODUCTION

The growing demand for miniaturized devices in biotechnology and chemical engineering
has sparked significant interest in electrokinetic phenomena, particularly electroosmotic flows
(EOFs). An important application is Lab-on-a-chip systems, which enable laboratory experi-
ments to be performed on micro- or nanometric-scale chips, reducing costs and sample volumes
to nanoliters or even picoliters while offering faster production cycles and improved safety [54].
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2 TWO-PHASE SHEAR VISCOELASTIC EOF SIMULATIONS

Precise control is essential in these devices, from managing electrokinetic phenomena and spe-
cialized wall coatings [37] to handling the complex behavior of viscoelastic fluids and their asso-
ciated relaxation times [52]. The frequently occurring EOFs arise when an external electric field
acts on mobile charges near solid surfaces, providing an elegant alternative to pressure-driven
flows in microscale devices [52]. The electric double layer (EDL), consisting of the Stern layer
and a diffuse layer near the walls, plays a fundamental role in this process. When subjected to an
external electric field, the movement of charges in the EDL induces fluid motion that propagates
to the electroneutral center region through viscous effects.

Comparably significant for microfluidic flows is the interaction between two or more immisci-
ble fluids, which presents both challenges and opportunities for chemical separation and mixing
processes [18,22]. The canonical problem of an isolated droplet under shear flow serves as a fun-
damental model for understanding these interactions [16], with deformation and breakup patterns
directly influenced by fluid viscoelasticity [25], while the concentration of nonpolar solvents af-
fects electrophoretic and electroosmotic mobility [13]. The combination of these effects with
electrokinetic phenomena creates a rich and complex system worthy of detailed investigation
and recent advances in computational capability have enabled increasingly sophisticated simu-
lations of such systems. Previous work has established the foundations of electroosmotic flow
modeling, from the early numerical studies of microchannel EOFs [42] to more recent investi-
gations incorporating two-fluid systems and viscoelastic effects [2]. However, the combined ef-
fects of viscoelasticity and variable permittivity in electroosmotic shearing flows remain scarcely
studied, especially from a numerical perspective.

In this work, we describe a cohesive mathematical and numerical framework for simulating
purely electroosmotic two-phase flows with complex fluids, and present results of numerical
simulations of singlephase transient EOFs and two-phase electroosmotic drop shearing of vary-
ing electrical permittivity with viscoelastic fluids in two-dimensional rectangular microchannels
with no pressure difference. Our approach combines classical viscoelastic models, nonlinear
electrokinetics and surface tension, implemented within a hierarchical cartesian mesh frame-
work of arbitrary refinement that interpolates variables using a meshless moving least squares
method [50].

Previous research has analysed each of the aforementioned flow regimes individually. Within
a similar numerical framework, the doctoral thesis of Bezerra [10] investigated electroosmotic
viscoelastic flows, while the master’s thesis [48] and doctoral qualifying exam report [49] of
Silva focused on two-phase viscoelastic flows. Notably, Figueiredo has also conducted earlier
investigations on the latter type of flow [20, 21], and electroosmotic flows on non-newtonian
fluids have been previously explored experimentally [33], analitically [1,17,40], and numerically
[5,41,53].
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2 MATHEMATICAL FRAMEWORK
2.1 Governing Equations

The foundation of our models rests on the incompressible isothermal Navier-Stokes equations
[8,43], which govern the fluid velocity and pressure fields, # and p,

V-u=0,

d
p (al:—i—u-Vu) =—-Vp+V-(t,+2uD)+F.+Fg,

where p represents the mass density, T, and D = % (Vu+VuT) are the polymeric and defor-
mation tensors, U is the solvent viscosity, F, is the electrokinetic forcing term and Fs is the
force per unit volume accounting for the surface tension between fluids. The incompressibility
constraint is a direct consequence of the microscale assumed of the flow [8,32].

To govern the evolution of the viscoelastic polymeric tensor T,, we consider the conformation
(or configuration) tensor A, the eigenspace of which represents the average orientations and
stretching degree of local polymer chains, given by

All=¢)

Hp

A= T, +1,

with A being the relaxation time of the fluid, &, a slip parameter, measuring non-affine motion
between polymer molecules and the continuum [24], u,, the viscosity of the polymer, and I,
the identity tensor. Its constitutive equation for a variety of models, assuming the convention

du; .
(Vu);; = a';;’ls

A u-VA=AVu+ (Vi)' A~ E(AD+DA)+ - (4). @.1)
with .# being a model-dependent tensor function and De = %, the Deborah number for the
reference velocity u,.r and chacteristic length L. It can be shown that, given mild conditions, the
positive-definiteness of A persists during time evolution [30]. However, constitutive equations
in general present strong numerical instabilities for high Deborah numbers, the so-called high
Weissenberg number problem (HWNP) [19], which can lead to a violation of positivity for com-
putations. To alleviate those difficulties, plausibly caused by inadequate approximations of steep
gradients, Fattal and Kupferman studied the logarithmic transformation of the tensor by decom-
posing Vu and rewriting (2.1) [19], a formulation that was later generalized for matrix functions
K(A) in [3] and culminated on

dK(A)
ot

- 1
+u-VK(A) = QK(A) —K(A)Q+20BAJO" + Eo///(A)JoT.
In this system, known as the kernel-conformation, A = OAO" is eigendecomposed,

Vul —ED=Q+B+NA™',
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4 TWO-PHASE SHEAR VISCOELASTIC EOF SIMULATIONS

with Q and N skew-symmetric and B, symmetric and comuting with A, and J;; = <8§/§A>) )
is diagonal. By restricting to both the Oldroyd-B [38] and the simplified Phan-Thien-Tanner

(SPTT) [55] models in singlephase flow, & = 0 and

I1—-A, Oldroyd-B,
(A = { roy

[1+et(A—D)](I—A), SPIT,

with € being defined as the mobility parameter, measuring the rate of construction of Yamamoto
networks in the PTT models [34, 56].

The electrokinetic aspects are modeled through either the Poisson-Nernst-Planck (PNP) sys-
tem or the Poisson-Boltzmann (PB) approximation. For symmetric ionic species concentra-
tions c; and c_ of equal diffusivity D and valence Z respecting the Nernst-Einstein relation
for electrophoretic mobility,

_ +eDZ
Hep+ = kT

the Nernst-Planck equation takes the form

dcy eDZ )
—+V. +—FE =DV
ot + Ku kBT > Ci:| C4,

where the electric field E has a potential ® in simply-connected regions, such that E = —V®. We
have denoted the electron charge by e, the Boltzmann constant by kp and the flow temperature by
T. Together with Gauss’s law and a decomposition ® = ¢ + v, where ¢ is the applied potential
and v is the induced potential from the EDL formation, the PNP system is

V- (,V$) =0,

V- (€VY) = —p. = —eZ(cy —c_),
dc eDZ )
5 [( F kT (¢+1I/)> Ci:| C+,

where p, is the charge density and &, is the electric permittivity. When considering insulating
walls, the homogenous Neumann condition g—i = 0 applies and we assume Y = {j to be the
zeta potential value on the Stern layer, very close to the wall. Under steady-state conditions with
negligible convective transport and charge variations essentially normal to variations of ¢, the
PB approximation provides

V. (&, Vy) = 2eZcw sinh <ezy/> ,
ksT

where we take c. to be the charge in the electroneutral region. Whenever ‘;{igr" < 1, this can be
linearized following Debye-Hiickel theory
1
V. (eevll/) ~ ﬁuﬁ
D
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: ksT
with Ap = z(E:szcw

Debye length, and even though we do not solve the Poisson-Boltzmann-Debye-Hiickel equation

accounting for a characteristic thickness of the EDL, also known as the

directly, transient comparisons with small { for the PNP are simulated. It follows that a suitable
Dirichlet wall condition for the charge concentrations is

eZ
C+ = Coo€XP <_kBTCO> .

Check [31] for a more thorough discussion on boundary conditions. Assuming the fluids to form
a linear dielectric with instantaneous polarization response, the electric force is given by

1 1
Fo=(V-D)E—3|EPVe, = —p.V(9+v) — 5 IV(0+y) Ve,

called the Korteweg-Helmholtz force (KHF) [14]. Following [31], the term involving Vv is
omitted, formally incorporated in the pressure gradient, to avoid force imbalances that can hinder
numerical convergence.

The interface between immiscible fluids forms a surface that tends to keep its minimum energy
configuration by minimizing the mean curvature ks, generating a force per unit area acting on
the surface in the direction of its normal ns called surface tension. The continuum surface force
(CSF) approach presented in [12] consists of converting this force into a body force per unit vol-
ume F; in a computational setting. Brackbill et al. use a suitable variation f of the characteristic
of a reference fluid to provide an approximation to the Dirac-delta of the surface s by Vf and
the normal by %, developing

Fs=csKksVf,

where ¢ is the surface tension coefficient, a property of interfaces measuring the proportionality
between surface tension and the mean curvature vector Kgns. It turns out such a variation f is
compatible with the volume fraction in the Volume-of-Fluid formulation of [29] for modeling
free surface flows, described by

e f =1 if the computational cell is in the interior of fluid 1;
e f =0 if the computational cell is in the interior of fluid 0;

* 0 < f < 1if the computational cell contains the interface between fluids,

and which is subject to the transport equation

of -
Siuwvr=o 22)

We can then use f to linearly interpolate the properties ) such as the dynamic viscosity of the
fluid solutions, p, the properties p, s, iy, A, €, and the tensor function .# by calculating

(1=f)xo+ fx1,

denoting by x; the property of fluid .
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6 TWO-PHASE SHEAR VISCOELASTIC EOF SIMULATIONS

2.2 Adimensionalization

Letting prer be a reference fluid density, fr, a reference viscosity, and &, ; a reference electric
permittivity, we define the adimensional variables to be

wo g P i e W, it
L Pref Hiref Uref L
Hs; s [oj x v C+ Ly UretLlhet
ﬁ i — ' ) ¢ =Y ==, =—, = )
W %o %o Tt Eeref é102
e = e, e eZ(:()’ _ cweZLz, Po— urefL’ _ L 7
Eerer kgT C()Seref D )uD
where Pe is the Péclet number and E is the electric field magnitude obtained by equating the ref-
erence velocity ugs with the Helmholtz-Smoluchowski velocity uys = %Ex. Dropping the *

superscripts and assuming properties to be constant in each fluid, it follows that the interpolations

with the volume fraction f are

p=0—=f)po+fp1, m=(1—fuo+fu, De=(1—f)Dey+ fDey,

_ (I=1)Botto + fBitn o o
B= =N+ M= =)o+ [, €= (1—[)ey+[E,

defining the tensor functions .#; as

I1—A, Oldroyd-B,

#i(A) = {[1 +etr(A—D](I—A), SPTT,

for the resolution of different models in the same flow. If one of the fluids is newtonian, .#; and
De are set to 0 and 8 = 1, while for cells fully embedded in newtonian fluid, A = I. Together, the

adimensionalized systems are written

V-u=0,
du 2Bu 1
—4u-Vu ) =-Vp+V. —_

p(&t +u u> p+ <’cp+ Re D>+ReEXF"+FG’

JK(A) = o1 T
o +u-VK(A) = QK(A) —K(A)Q+20BAJO +§0=//1(A)J0 ,

V-(e.V9)=0,
—0(cy —c-), PNP,

V- (eVy)=—p, =
(V) =—p {25sinh(aqf)m<2w, PB,

S (e o) - v
af

97 Vf=
3t+u f=0,
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coupled to

_ (A=Bu
p= m@—”»

1
=PV 3 IV(9+w) Ve,
1

F — K
c = ReCa (o) f7

in which Ca = “*Ext s the capillary number.

3 HiG-Flow

HiG-Flow is a finite difference staggered grid numerical simulation C library designed to solve
a variety of incompressible flow regimes, including two-phase [48], viscoelastic and electroos-
motic [11] in arbitrarily refined cartesian meshes [50]. It was created over the HiG-Tree system,
a parallel hierarchical mesh partial differential equation (PDE) solver using the Message Passing
Interface (MPI) framework for process comunication, the boost/geometry package for determin-
ing process overlap, and the Zoltan library for domain decomposition. The HiG-Tree divides
mesh domains in hyper-rectangular regions composed of generalized trees, such as quad- and
octrees (see Figure 1), and evaluates properties 0 in arbitrary points p by polynomial approxi-
mations ® using nearby sampled points p;, implementing a meshless robust least squares method
that minimizes the weighted error

2

by a QR decomposition — that is, closer points are given more importance in the interpolation.
Accurate evaluations are crucial for discretization stencils in coarse-to-fine grid transitions.

Root
4 |6 |9 L1 |15
3 |5 |8 |10 14
®--1--0--1--@
2 7 |13
°
1 12

Figure 1: Example of a stencil on a hierarchical grid (left) represented by a quadtree (right) —
from [9].
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8 TWO-PHASE SHEAR VISCOELASTIC EOF SIMULATIONS

The HiG-Flow solves the sparse linear systems arising from the PDE discretizations by filling
global matrix rows and calling the KSP interface of the Portable, Extensible Toolkit for Scien-
tific Computation (PETSc) [7]. Boundaries are solved implicitly, evaluating properties outside
the domain and adding the interpolated values to the right-hand side of the linear systems. The
KSP interface applies iterative preconditioned Krylov Subspace (KS) methods to the assembled
linear problems, from which we choose the flexible BiCGStab (Biconjugate gradient stabilized)
method [15] with the algebraic multigrid preconditioner BoomerAMG from HYPRE, offering
customized parallel multigrid smoothing [28]. The stopping criterion at the kth (inner) iteration
of the KS methods are implemented as

[res*|| < max (tol,|res”

,tOIabs) )

where the norm type is chosen by the user (2-norm by default), res* is the computed residual at the
kth iteration, tol, is the relative tolerance, tol,ps, the absolute tolerance, and we set tolps = 1010
and tol, = 10~ !4, Regarding timestepping iterations 7, the singlephase simulations, which aim to
halt at steady state, are set to stop whenever

|u" — u<”*‘>|\2‘ < max (10*10, 10*5Ar) ,

with At the time increment.

4 NUMERICAL METHODS

To avoid pressure-velocity decoupling in finite difference methods, the HiG-Flow adopts a stag-
gered (or marker-and-cell) grid arrangement, where the velocities and forces are located in cell
faces and the remaining properties are stored in cell centers, including tensor components, while
every boundary value is face centered [27]. Since the momentum relations should be used to
update the velocity field due to the time derivative, an equation is required to numerically solve
for pressure, while keeping the incompressibility constraint. To that end, a fractional step method
of the incremental projection type is employed [51]. Letting the superscript n refer to the n-th
timestep of a time-discretized variable, % to the nonlinear space-discretized convective term, .7
to the stress-tensor term, and .7 to the forcing terms, the procedure to solve the Navier-Stokes is
written

W =ut A [% (ﬁ”+1/2,u”) +

1 n _ 1 ~n+1

W (*Vpn—‘/Zern (ﬁ"+1,ﬁ"+l/2,u") +{gn—}—l/z)} :

with Ap" = ( p”*l/ - p”*'/ 2). For closure, an initial condition for pressure is necessary, homoge-
nous Neumann boundary conditions are imposed on Ap wherever a # Dirichlet boundary is
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present and the boundary values of @# and u are required to be the same. The dependence of
7 on the time n + 1 represents the usage of semi-implicit methods due to severe Courant condi-
tions of diffusion relative to convection, for which V - (%Vu) is solved implicitly to allow for
a feasible time resolution. The incremental projection also has a second order coupling error in
u, helping overcome excessive time restrictions [51].

Time integration is performed using Explicit Euler on the constitutive equations, backwards Euler
on the Nernst-Planck equations, and a trapezoidal backwards differentiation formula of second
order on the momentum equations of the intermediate velocity i&. Additionally, to prevent the
momentum from turning hyperbolic when 8 = 0 — that is, a purely polymeric fluid — a both-
sides-diffusion technique introduced in [26] is applied, whereby V - (%Vu) is subtracted
from both the implicit and explicit sides of the equation.

In treating the explicit convective terms, a high resolution total variation diminishing (TVD)
scheme called CUBISTA [6] based on a normalized variable diagram (NVD) formulation is
implemented for all equation systems, except for the volume fraction transport. CUBISTA is
formally third order and deduces an expression for a normalized variable ¢ on a face, ¢y, as a
function of its values @p in a cell centroid.

Following the approximations of [35,36, 58], we employ Picard iterations k to solve the Poisson-
Boltzmann nonlinear system for the n-th time step:

Z-2ad cosh(al//"*k)} Y = 28 sinh (ooy™*) — 2008y cosh(ary),

in which .Z denotes a numerical discretization of the laplacian V - (¢,V), calculated by a 5-point
stencil.

4.1 Computational VOF

The initialization of the volume fraction is done through an approximation of the initial interface
surface by a regular value of an implicit function ¢s. The configuration is determined through
a Marching Squares-like algorithm, where cells are evaluated based on the signs of ¢4 at their
vertices. Cells are assigned values of f = 1 or f = 0 when all vertices share the same sign, while
mixed-sign cases require calculating the area of truncated polygons formed by edge intersections
with the interface. Whenever there is ambiguity, cells are repeatedly refined into subcells until
volume fraction values can be distinguished.

The method employs a normal vector calculation approach based on Shirani’s method [47], uti-
lizing a 7-point stencil for each direction, which was shown to give more accurate and cohesive
results for relatively coarse meshes in [49]. The curvature is computed using a fixed stencil Height
Function (HF) method, adapted from [44], which uses local explicit functions %(y) to determine

interface height and calculates curvature by ((h%/;z)m, and employs either 3 x 7 or 7 x 3 stencils
1+(1)2)
depending on which normal direction is greater. For degenerate cases, a weighted average is used

to evaluate curvature at cell faces.

Trends Comput. Appl. Math., 26 (2025), e01843
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Interface reconstruction uses the PLIC (Piecewise Linear Interface Calculation) method, where
interface segments satisfy the equation ns - X = 0/ in cell-center coordinates. The value of 0
is calculated through a quadratic equation involving the truncated polygon area, with careful
consideration of cell geometry and normal vector orientation. The advection of the interface
employs a split scheme following Puckett’s approach [45], solving the conservative form of (2.2)
with source terms, which alternates between implicit and explicit directional solving to achieve
second order accuracy in time. The fluxes are calculated geometrically instead of using classical
advection schemes to minimize numerical diffusion, guarantee volume conservation and mantain
constraints on f, whereby the area going through cell faces on a given timestep is calculated
based on a quadratic equation set by the interface configuration and velocity vector. For a detailed
description of the algorithm check [48].

5 RESULTS
5.1 Boundary conditions and parameters

The boundary conditions are explicited in Figure 2, where we consider a rectangular channel of
domain closure [0,4] x [—1,1]. In the electroosmotic simulations, the adimensional wall values
are {7 = —1 = —{p and Ur = Up = 0, whereas neutral shear is done by imposing Ur = 1 = —Uj.
We call this setup the asymmetric configuration [4,46], unlike a lot of parallel plate cases covered
in the literature where both walls have the same potentials and velocities [39,53,57], which we
refer to as the symmetric configuration. Regarding stress, due to hiperbolicity, the conformation
tensor respects homogenous Neumann boundary conditions ‘3—’: = 0in walls, inlet and outlet, and
is initialized as the identity tensor.

Bl) dp

3_2120’1/):4’" cp = e, U=UT,v:0a3_y:0
>y — I
o o _
%:0 4 Bo=L/4 or
ca(y) = e¥ovs®) z=0 1= L =4l des .

a_“:() du
ox o

%:Oaw:<37 Ci:€$0<B,U:UB,’U:0,@:0

y Ay

Figure 2: Adimensional boundary conditions of simulated flows.
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Following a superposition of analytical solutions of the one-dimensional nonlinear Poisson-
Boltzmann equation on walls [23, 32, 40], the initial horizontal velocity u in two-phase
electroosmotic simulations is set to

uo(x,y) = % {arctanh (tanh (—%) e’(<~"*l)) + arctanh <tanh (%) exp”‘(y“)ﬂ +y, (5.1

uo(x,y) =y for neutral tests, the charge concentrations are initially set to 1, and the remaining
properties are initialized as 0. A 5-level refinement mesh with square cells of length going from
1/32to 1/512 is used for the singlephase simulations while the neutral and electroosmotic two-
phase regimes are simulated in 512 x 256 and 768 x 384 uniform meshes, respectively. The
numerical experiments are run in parallel on the Euler-CeMEALI high performance computer
nodes.

The adimensional EOF and viscoelastic parameters are set to
Re=0.01821, a =1, E, =38.94, k =32, Pe =4.553, De =04,  =0.5, ¢ =0.01,
with an additional near-linear singlephase case for comparison purposes where
Re=1.821-10"°, o =0.01, E, = 3894, Pe = 0.04553,

since @ = 0.01 implies the exponential is almost linear. Moreover, the multiphase constants are
chosen to be

Ca=24,pi=u=1,

where De; = De and f3; = 8 whenever fluid i is viscoelastic, the drop radius is Rp = 0.25, and Ar
is set to 5- 107 in the PNP regime and 5- 10~* for PB. For the variable permittivity simulations,
€; = 0.5, 0.1 for either the drop or matrix, while the other fluid j has & = 1. In the newtonian
case, we also test polarities of &, = 1 /40 = 0.025.

5.2 Asymmetric (Shear) Singlephase Electroosmotic Flow

With the time scales adjusted by the Reynolds number, Figure 4 shows the near-linear (&« = 0.01)
transients develop slightly later. The velocity is increased by electroosmotic force near the walls
and transferred to the center of the channel until it reaches an essentially shear profile at the
channel center in a steady state (Figure 5) a phenomenon that occurs faster than in the symmetric
case, seen in Figure 3. Moreover, it is observed through Figure 5 that the o = 0.01 situation has
a similar (but not identical) behavior to o = 1.0 when the scales are adjusted. It should be noted
that the Poisson-Nernst-Planck system has high instability, which we verified is increased by the
asymmetric configuration in our simulations. For this reason and the fact that the time scales for
velocity development were shown to be not significant for the electroosmotic situations in drop
shearing, the two-phase comparisons are presented under Poisson-Boltzmann.

Trends Comput. Appl. Math., 26 (2025), e01843
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Symmetric Channel - Poisson Nernst Planck (k = 32) - Transient

1.0] — -
N
\.
\
0-8_ - N \
- A\
c6y e - \
L£ ———————
s -
e R —
= R ——
0.4
0.21
—— a=1 — t" =0.005
-—— a=1—t" =001
0.0 1 —— a=1—t"=01
0.0 0.2 0.4 0.6 0.8 1.0
yiL

Figure 3: Transient u profiles during symmetric EOF — a = 1.0 — under Poisson-Nernst-
Planck. upys is the Helmholtz-Smoluchovski solution derived in detail by Kirby [32].

Asymmetric Channel - Poisson Nernst Planck (k = 32) - Transient

— @=1 — t' =0.005
0.81 — a=0.01 — t* =5e-05
e a=1 — t'=o001
--- a=0.01 — t* =0.0001
—_ a=1 — t"=0.1 "
0.61 —.— g=0.01 — t* =0.001 <
2
2 0.4
0.2 1
0.0 1
0.0 0.2 0.4 0.6 0.8 1.0
yIL

Figure 4: Transient u profiles during asymmetric EOF — o = 1.0 vs @ = 0.01 (near-linear) —
under Poisson-Nernst-Planck. ugg is the Helmholtz-Smoluchovski solution derived in detail by
Kirby [32].
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Asymmetric Channel - Poisson-Boltzmann - Viscoelastic - Steady State

1.24 * Kk=32— Oldroyd-B
A K=32—LPTT AN
Ak
—— K=32 — Newt - Analytical A

as H
1.0 e «x=32—nNewt AT s N
* K= 64 — Oldroyd-B “ NS A
A K=64—LPTT A A
0.87 K =64 — Newt - Analyti ‘
------ =64 — - ytical A A
® k=64 — Newt
2
306
3>
0.4 1
0.2
0.0 1
0.0 0.2 0.4 0.6 0.8 1.0

y/L

Figure 5: Steady-state u profiles in viscoelastic asymmetric EOF — analytical solutions as ex-
plicited in expression 5.1 and derived in detail by Kirby and others [32,40], with a similar su-
perposition for symmetric potentials as that of Garcia [23]. ugg is the Helmholtz-Smoluchovski
solution derived in detail by Kirby [32].

5.3 Drop Shearing — Neutral and Electroosmotic of uniform permittivity

This subsection reports the electroosmotic shearing flows, where the setting is validated by com-
parison with the neutral viscoelastic shearing of [20] and [16], which consider a pure Couette
flow with walls moving in opposite directions, shearing a drop initially arranged in the rectan-
gular domain center having radius Rp = 0.25, deformed with a constant shear rate 7. Adapting
their adimensional parameters to the ones defined in (2.2),

Re=48, Ca=24, De=04, [3 =0.5, Po=pP1 = U= U1 = 1

are obtained since u.f, L are used instead of Rp¥, Rp for the reference scales, with the adimen-
sionalized times being the same. A property of interest is the commonly named deformation

Rmax —Rmin
RmaxJFRmin
Ruin (7) of the drop at a given time . Essentially a normalized measure of how strained the drop

parameter, ®p = , defined according to the maximum and minimum radii, Ryax (¢) and
is. The matrix-drop configurations are abbreviated as NN, when both fluids are newtonian, NO,
when the drop is an Oldroyb-B fluid and the matrix is newtonian, ON when vice versa and
OO whenever both are Oldroyd-B. We should point out that the convention of NO and ON are
opposite to [20] and [16].
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Let P, Q be two finite sets of points of the plane. We define the Hausdorff distance between them
as

J€(P,Q):=max | maxmin ||p — ¢||2, maxmin ||p — ,
(2.0 = (maxmin | gl maxmin | p

which encodes the largest of the distances from each point in one set to the whole of the other
set. Results of the deformation parameter history and the PLIC geometry at time t* = 10 were
reproduced from Figueiredo [21] with a good accuracy; deformation parameters with their max-
imum differences not exceeding 2% are shown in Figure 6, and drop geometries with their
corresponding Hausdorff distances are indicated in Figure 7, none of which are larger than
2-1073.

Deformation Parameter - Neutral Shearing Flow - Viscoelastic — Re=4.8

0.81
0o7{ e
0.6 1 —
0.51 — Newt
—=—- Newt - Figueiredo et al.
e,q 0.4 - Max distance=0.008
—— Newt(Matrix)-Oldroyd(Drop)
== Newt(Matrix)-Oldroyd(Drop) - Figueiredo et al.
0.31 . Max distance=0.01106
—— Oldroyd(Matrix)-Newt(Drop)
0.2 — = Oldroyd(Matrix)-Newt(Drop) - Figueiredo et al.
- Max distance=0.00818
—— Oldroyd(Matrix)-Oldroyd(Drop)
0.11 == Oldroyd(Matrix)-Oldroyd(Drop) - Figueiredo et al.
Max distance=0.00704
0.0 : : : :
0 2 4 6 8 10

t*

Figure 6: Comparison with [20] of the deformation parameters of neutral Couette shearing for
various viscoelastic configurations of the matrix-drop system over time. Their maximum dis-
tances to each other are indicated for each comparison pair.

A neutral shear comparison between the Reynolds number used in electroosmotic flows, 0.01821,
and the one from [21], 4.8, is shown in Figure 8 to illustrate the two-phase interface. Note that
the order between the fluid types is maintained — flows with viscoelastic matrix lead to less
drop deformation, with the OO case being the least deformed. In fact, image 8 suggests that the
differences in the structure of the interface deformation tend to be relatively conserved between
the different Reynolds flows, that is, the NN and ON drops, other than being more stretched are
slightly pinched in their middle region, resembling dumbells, in contrast to OO and ON, which
are more spherical with the presence of matrix viscoelasticity. These effects have lower magni-
tude for the smaller Reynolds situation, probably due to the greater surface response compared
to shearing.

Trends Comput. Appl. Math., 26 (2025), e01843



DANIEL G. L. RAYMUNDO, ALEXANDRE MIGUEL P. AFONSO, and ANTONIO CASTELO FILHO 1 5

PLIC - Neutral Shearing Flow - Viscoelastic — Re=4.8, t*=10

0.20
0.15
0.10 — Newt
----- Newt - Figueiredo et al.
Distance: H{=0.01789
0.05 —— Newt(Matrix)-Oldroyd(Drop)
----- Newt(Matrix)-Oldroyd(Drop) - Figueiredo et al.
- Distance: H=0.0253
X 0.00 —— Oldroyd(Matrix)-Newt(Drop)
----- Oldroyd(Matrix)-Newt(Drop) - Figueiredo et al.
—0.05 Distance: H=0.0164
- —— Oldroyd(Matrix)-Oldroyd(Drop)
----- Oldroyd(Matrix)-Oldroyd(Drop) - Figueiredo et al.
—0.10 Distance: H=0.01635
-0.15
-0.20
1.4 1.6 1.8 2.0 2.2 2.4 2.6

Figure 7: Comparison with [20] of two-phase interface of neutral Couette shearing for various
viscoelastic configurations of the matrix-drop system — t* = 10.0. Hausdorff distances are indi-
cated for each comparison pair.

PLIC - Neutral Shearing Flow - Viscoelastic — t*=10

0.20
0.15
0.10
Re = 0.018 — Newt
0.05 Re = 0.018 — Newt(Matrix)-Oldroyd(Drop)
Re = 0.018 — Oldroyd(Matrix)-Newt(Drop)
11 0.00 Re = 0.018 — Oldroyd(Matrix)-Oldroyd(Drop)
> . Re = 4.8 — Newt
Re = 4.8 — Newt(Matrix)-Oldroyd(Drop)
—0.05 Re = 4.8 — Oldroyd(Matrix)-Newt(Drop)
" Re = 4.8 — Oldroyd(Matrix)-Oldroyd(Drop)
—0.10
-0.15
—0.20
1.4 1.6 1.8 2.0 2.2 2.4 2.6

X/L

Figure 8: Two-phase interface of neutral Couette shearing for various viscoelastic configurations
of the matrix-drop system — Re = 4.8 vs Re = 0.01821 — ¢* = 10.0.
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The deformation parameter comparison is exhibited in Figure 9. A strong similarity is verified,
both in magnitude and shape of deformation, as well as PLIC geometry (see Figure 10), due to the
close shear rate experienced by the drop in electroosmotic and neutral flows, as is evidenced by
equation 5.2. Indeed, a differentiation of the expression 5.1 shows that the adimensional effective
shear rate far enough from the walls is

2 a-+v/4K2+a?
o log ( 2K

1—+log (%T (2K+\/4K27+062))’

5.2)

Yeo=1-—

which gets very close to unit, like the neutral shear, as k¥ and « are increased.

Deformation Parameter - Drop Shearing (EO vs Neutral) - Viscoelastic — Re=0.018

0.6 1
0.51
0.4 1 + Neutral - Newt
—— EO - Newt
e,Q Max distance=0.00493
0.3 —— Neutral - Newt(Matrix)-Oldroyd(Drop)
—— EO - Newt(Matrix)-Oldroyd(Drop)
- Max distance=0.01046
0.2 1 — = Neutral - Oldroyd(Matrix)-Newt(Drop)
—— EO - Oldroyd(Matrix)-Newt(Drop)
- Max distance=0.0593
0.11 ——+ Neutral - Oldroyd(Matrix)-Oldroyd(Drop)
= EO - Oldroyd(Matrix)-Oldroyd(Drop)
Max distance=0.0624
0.0+ " ; " "
0 2 4 6 8 10
t *

Figure 9: Deformation parameter of electroosmotic vs neutral shearing for different matrix-drop
system viscoelastic configurations. The maximum distances to each other are indicated for each
comparison pair.
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PLIC - Drop Shearing (EO vs Neutral) - Viscoelastic — Re=0.018, t*=10

0.20
0.15
o1y gt |- Neutral - Newt
—— EO - Newt
Distance: H=0.01761
0051y Z Neutral - Newt(Matrix)-Oldroyd(Drop)
—— EO - Newt(Matrix)-Oldroyd(Drop)
< Distance: 3{=0.02368
> 0001 g | Neutral - Oldroyd(Matrix)-Newt(Drop)
—— EO - Oldroyd(Matrix)-Newt(Drop)
- Distance: H=0.00797
=0.05v /] Neutral - Oldroyd(Matrix)-Oldroyd(Drop)
—— EO - Oldroyd(Matrix)-Oldroyd(Drop)
Distance: 3{=0.00643
-0.10
-0.15
-0.20
1.6 1.8 2.0 2.2 2.4
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Figure 10: Two-phase interface of electroosmotic vs neutral shearing for different matrix-drop
system viscoelastic configurations. Hausdorff distances are indicated for each comparison pair.

6 ELECTROOSMOTIC DROP SHEARING OF VARIABLE PERMITTIVITY

According to the Laplace equation of the applied potential, the permittivities alter the distribution
of ¢, which becomes transient and dependent on the interface arrangement. Its profiles at initial
times in the channel cross-section are plotted in Figure 11. The different directions of the gradient
of Ve, in €,V?¢ = —Vg, - V¢ are responsible for the clear symmetry observed relative to the
uniform case. From the Poisson-Boltzmann system, less permittivity directly implies a smaller
charge density, the influence of which, in the electric force, leads to smaller velocities and a
steeper y distribution similar to a finer EDL when the matrix is less polarizable than the reference
value. Less deformed drops in a more apolar matrix can be verified in Figures 12 and 13.

Considering p, is not significant away from walls and the applied potential for varied polarities
has a small difference near them, the only term in the mathematical modeling that can justify the
large differences in drop shapes and orientations when the drop dielectric constant is varied is

1 5 E?
_EHV@ +y)|" Ve = _7V£e7

included in the Korteweg-Helmholtz force and whose influence is similar to surface tension,
but which acts uniformly on the interface and following the direction of Ve&,. Such effect is
responsible for the distinct interface geometries represented in Figure 14, which tend to rotate
and deform more, particularly when &, = 0.1 and &, = 0.025, and get more spherical when
&, =0.5.
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77.825+
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Figure 11: Applied potential in electroosmotic shearing for various permittivities of the matrix-

drop system.
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Figure 12: Two-phase interface of eletroosmotic shearing for different matrix permittivities with

1.6 1.8 2.0 2.2 2.4
x/L

and without influence of the V¢, term in the Korteweg-Helmholtz Force — t* = 10.0.
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Deformation Parameter - EO (PB) - Less Polarizable Matrix - KH-Force Effect
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Figure 13: Deformation parameter of eletroosmotic shearing for different matrix permittivities
with and without influence of the V¢, term in the Korteweg-Helmholtz Force.
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0.20
0.15
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Figure 14: Two-phase interface of eletroosmotic shearing for different drop permittivities with
and without influence of the V¢, term in the Korteweg-Helmholtz Force — #* = 10.0.

Similarly to the case of a less polar drop, the Korteweg-Helmbholtz term has a complicated inter-
action with the droplet shapes when the matrix is of lower permittivity. Figure 12 also shows that
when &, = 0.025, there is not much difference in the interface configuration, while it is induced
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to orient itself in the flow direction for other permittivities. The situation of 1/i0 is the one that
varies the most with the presence of such force, as well evidenced in illustration 13, possibly due
to the combination of low shear and high variation of €, between the fluids. A comparison of the
deformations of all permittivities of the matrix-drop system can be seen in Figure 15.

Deformation Parameter - EO (PB) - Less Polarizable Drop - KH-Force Effect

0.8

—— uniform

+=== £, =0.5 — no KHF
+=== g¢, =0.1 — no KHF
r=== &, =0.025 — no KHF
—_— £, =0.5

— &,=0.1
— £.,=0.025

6 8 10

t_*

Figure 15: Deformation parameter of eletroosmotic shearing for different drop permittivities with
and without influence of the V¢, term in the Korteweg-Helmholtz Force.

The viscoelastic patterns are quite close to the newtonian ones. Indeed, comparing Figure 17, in
which only the droplet is Oldroyd-B, with Figure 16, one notices the same order of deformation
parameter profiles, although with the slight drop in deformation near +* = 7 characteristic of
this regime, especially in the uniform situation, seen in Figure 9. This drop occurs earlier when
the matrix is Oldroyd-B (Figure 18), near r* = 5, making the droplet in uniform permittivity
less deformed than the apolar one with &, = 0.5. The restitution of the uniform case is even
more pronounced when both fluids are viscoelastic, as shown in Figure 19, where we verify
that the uniform condition ends with the lowest deformation among the polarities. Overall, we
identify that the non-uniform cases stabilize the deformation more quickly and the KHF may be
responsible for counterbalancing the shear forces and surface tension, since it acts in the same
way across the entire interface, stabilization that we also observed in the stress profiles when both
fluids are Oldroyd. According to the interfaces reconstructed by PLIC at * = 10.0, the force is
also potentially responsible for keeping the droplets more spherical, unless they are sufficiently
apolar.
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08 Deformation Parameter - EO Drop Shearing (PB) - Variable Permittivity
_____________________________________ — uniform

- E,=05

- £ =0.1

* £,=0.025

- &,=0.5

- &, =0.1

- £,=0.025

Figure 16: Deformation parameter of eletroosmotic shearing for various permittivities of the

matrix-drop system.

Deformation Parameter - EO(PB) - Newt(Shearing)/Oldroyd(Drop) - Variable Permittivity

0.7 1
0.6 1
0.51
Q ]
S 0.4
0.3
1
I /l ~ —— uniform
0.2":' 7 /,’ - £0,=05
I /// —=- £,=0.1
0.1 —=- £,=0.5
=== g,=0.1
0.0 ' ; : |
0 2 4 6 8 10

t*

Figure 17: Deformation parameter of eletroosmotic shearing for different drop permittivities of

the newtonian matrix and viscoelastic drop under Oldroyd-B.
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Figure 18: Deformation parameter of eletroosmotic shearing for different drop permittivities of

the viscoelastic matrix and newtonian drop under Oldroyd-B.
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Figure 19: Deformation parameter of eletroosmotic shearing for different drop permittivities of

the matrix and drop, both viscoelastic under Oldroyd-B.
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7 CONCLUSION

This research reveals that electroosmotic shearing of uniform permittivity is very similar to neu-
tral shearing in fine EDL regimes. Additionally, droplet deformation patterns at interfaces are
significantly influenced by the Korteweg-Helmholtz permittivity gradient term, which generates
a uniform surface force along the interface, with its direction determined by which fluid exhibits
lower polarity. Viscoelasticity, when present in various matrix-droplet configurations helps re-
duce the velocity profile distortion caused by surface tension and leads to a more pronounced
decrease in the deformation parameter over time. It also enables faster stabilization of defor-
mations in cases of non-uniform permittivity, likely due to the balanced interaction between
shearing forces, surface tension, and electrostatic effects at the interface. For future research,
we suggest pressure difference studies, more complex geometries, comparative analysis of other
complex fluid models, adaptive meshes, polyphasic flows, and three-dimensional simulations. We
aim to contribute to understanding transient electrokinetic phenomena in complex systems and
inform and inspire future multiphase electroosmosis simulations, particularly for microfluidic
applications involving complex fluids, droplet formation, and Lab-on-a-Chip devices.

Data availability

Datasets related to this article are available upon request to the corresponding author.
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