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Error Analysis on General Grids for Finite
Difference Discretizations of Sturm-Liouville
Problems?
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Abstract. We introduce a simple method to obtain very accurate pointwise es-
timates for both solution and gradient errors of finite difference discretizations on
arbitrary grids of one-dimensional Sturm-Liouville problems. Application is given
to the detailed analysis of an inconsistent, 2nd-order convergent scheme.
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1. Introduction

In this work we discuss a novel approach for the investigation of error bounds of
finite difference approximations on arbitrary grids to smooth solutions of regular
Sturm-Liouville problems with separated boundary conditions,

- % <K(ac) Z;) + q(z)u(z) = f(x), a<x<b, (1.1a)
apu(a) — arK(a)u'(a) = Ty, Bou(b) + LKD) u'(b) = Ty, (1.1b)

where ag, a1, 8o, 81, e, 'y are given constants satisfying
@, a1, B, 51 20,  a+ar >0, Bo+p >0, a+f>0, (lLlc)

and where K, g, f are given (smooth) functions, with K(z) > 0, q(z) > 0 everywhere
on [a,b]. (Actually, the analysis carries over to more general g, but to avoid non-
essential details we will restrict our attention to the simpler case ¢ > 0.) Under
these conditions, it is well known that problem (1.1) admits a unique solution u,
whose values are typically obtained only through some sort of discrete approxima-
tions such as those provided by finite difference or finite element schemes.

For the discretization of (1.1), we set up an arbitrary grid on the interval [a,b],
picking N + 1 points a = 29 < 1 < -+ < xy—-1 < zxy = b, called nodes, which
divide [a,b] into N subintervals [z;_1,z;], or cells, with lengths L; 1,5 = 2; —x;_1,
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whose centers will be denoted by x;_1,2, 1 <i < N. (Here, we follow notation in
[1], [5].) Throughout the text, it will be convenient to set z_;,5 = 2o, L_1/2 =0,
TNy1/2 = TN, Lyyi/2 = 0, and associate some local length with the nodes, given

by h; = Ziy1/20 — Ti_1)2, 1.€.,

Li 12+ Lit1)2

hi = ’
2

0<i<N (L_i/2=0, Ly41/2=0). (1.2)
The corresponding numerical schemes to be considered are then cast in the form

~D(K-Go") + q-o" = f, (1.3a)

agvg — 1Ko (Gv")o = Ta,  fovn + BiKn- (Go")y = T, (1.3b)

for appropriate difference operators D (“discrete divergent”), G (“discrete gradient”)
and discrete functions K, g, f (or, in more pedantic notation, K" ¢" f*, with super-
script h referring to the grid) that represent (“project”) K, q,f on appropriate grid
points; solving (1.3) for v gives the approximation sought for the exact values u”.

For example, the standard finite-difference formula®

K;_ K;_ K;
B 1/2 . < vz +1/2
Li 12

K;
+ Qihi> Ui — +1/2 Vit1 = hifi, (1.4a)

Li_1/2 Lit1)2 Liy1)2

with 1 <4 < N — 1, plus the boundary terms corresponding to (1.1b) above, has
D, G given by
Wit1/2 — Wi—1/2

D i = 5 i— = N 1.4b
(Dw) h (Gz)i—1/2 Lo ( )
while the so-called mimetic method [2], [5]
K;_ K;_ K; K;
*T_ll Ui—3/2+(hi_11 + I + %—1/2Li—1/2>’0¢—1/2 Tivi—i-l/Q = Li_1/2fi—1/2,
(1.5a)
with 1 <+¢ < N, corresponds to?
Wi — Wi—1 Zit1/2 — Ri—1/2
(Dw )i—1/2 L1 (G2) h, ( )
Of foremost importance here are the errors e := v — u" (“solution error”),

E":= Gov" — (u)" (“gradient error”), which are related to 7 (“truncation error”)
defined by
~D(K-Gu") + g-u" = f+ 1" (1.6a)

at the internal nodes or cell centers, according to the particular scheme, and

apuy — a1 Ko- (guh>0 =T, + Ty 60 Uy + ﬁlKN' (guh)N =TIy + TN (16b)

3Given w : [a,b] — R, we denote w; := w(z;), w;_1 /2 1= W(T;_1/2), w} := w'(z;), w;lﬁ-l/2 =
W' (x;41/2), etc. Cell averaged values (as in finite element schemes) can also be used. Grid function
values at particular grid points are denoted in this work without superscript h (v;, Wi_1/2, etc.).
4Although (1.4) and (1.5) look similar, they may behave quite differently (see below and [4], [5]).
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at the endpoints zo = a, x5 = b. The relevance of 7" can be seen from the equations
~D(K-Ge") + q-e = — 7" (1.7a)

ageg — arKo- (Ge")o = =7, Boex + P1Ey- (Ge')y = — 7, (1.7b)

relating 7" to e". In particular, it is a fundamental result that, as the grid is

infinitely refined (“h — 07), condition 7" — 0 (“consistency”) is sufficient to assure
el — 0 (“convergence”)?, although it is by no means necessary [2], [4], [7], [8]. One

example is given by scheme (1.5), for which®

hi + hi—1 1 hi —hi_
e = Ko (1= G700 ) = Rl S 2
1 (1.8)
- ZKZ{A/Q wj_q g (hi—hi-1) + O(Lz{?}/z) + O(L?71/2) + O(L?H/z)

for 1 < i < N: not only 7" does not decrease uniformly as h — 0, it may well
grow unboundedly! In spite of such odd behavior, (1.5) turns out to have some
nice convergence properties and even a few advantages over the more standard,
consistent formula (1.4) [2], [5], [8]. However, it is in general extremely difficult to
investigate the behavior of convergent inconsistent schemes by traditional numerical
analysis, particularly on rough grids”[4]. One nice feature of our approach is that
it can handle many such problems almost as easily as it does in case of problems
that are simple enough to be satisfactorily tackled by classical analysis. In the next
sections, this will be illustrated by applying our procedure to the derivation of sharp
error estimates for the mimetic scheme (1.5). The results are easy to describe: one
obtains®

1
67;71/2 = —g Ull(l’l',l/g) L?71/2 + O(fLZ), 1 < ) <N (19&)
o = O(R), en = O(K) (1.9b)
E; = O, 0<i<N (1.9¢)

with all O(%?) terms having size bounded by C'h? for some positive constant C' that
depends on the solution u but is independent of 7 or the particular grid considered,
where £ is the grid spacing parameter given by

N
YL, (1.10)

j=1

This is precisely the exact behavior observed in numerical experiments [1], [5], [8].

50ne must note that, in our present setting, consistency is also sufficient for zero-stability [8].

SExpressions (1.8), (1.9) are valid provided that K € C3([a,b]), u € C*([a,b]). If K, u are less
smooth, then these must be changed accordingly.

7Similar comments apply to the investigation of supraconvergence phenomena in general [3], [7]-
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2. Error Analysis for q =0

Our analysis of discrete schemes (1.3) begins with the fundamental case ¢ = 0.
To shorten our exposition, let us discuss the Dirichlet problem only, the other
boundary problems being treated in a completely similar way. The starting point
in the analysis is to estimate the quantity Ge”. Because

N
Ki(Ge")i = KEn(Ge")n = Y Lj1/a (D(K-Ge"))j1y (2.1)
j=i+1

for all 0 < i < N, we obtain, using (1.7) and recalling that q = 0,

N
Ki(geh)i = KN(geh)N — Z Ljfl/Z Ti—1/2 0<+<N. (2.2)
j=i+1
Now, from (1.8), we get
N N
hi_1+h;
Z L 1/27j 172 = o(r*) + Z Kj—1/2u;‘/_1/2(Lj—1/2 - %)
1 & 1 &
] Z K;—1/2“;/—1/2Lj—1/2(hj *hj—l) 6 Z Kj—1/2u;//—1/2(h?*h§—1)
j=i+1 j=i+1

and we proceed by estimating the sums on the right hand side of (2.3): for the first
one, setting w(z) = K(z)u”(x), we have

N
hi_1+h;
S K (e - )
j=i+1
| X
- 1 Z wi—12{ (Ljz12 = Lj—1y2) — (Lj—1j2 — Lj—sp2) }
j=i+1

{wj (Ljy172—Lj—1y2) — wim1 (Lj—1y2 — Lj—s/2) }
1

Il

|
e
.Mz

<
Il
+

+ {(wj —wj_1/2) (Ljt1y2 — Lj—1)2)

=
'MZ

—+

1

= - (wjfl —Wj;_3/2 ) (Lj—l/z - Lj—3/2 ) }

N
1
t31 Z (wj—1/2 —wj—3s2) (Lj—172 — Lj—3/2)

j=i+1
1 1
= ZwN71/2LN71/2 + Zwi71/2(Li+1/2 —Lzel/z)
1 N
T 8 Z w1 (L?—1/2_L§—3/2) + O(1?)
j=i+1

1 1
= 1 WN-1/2 Ly_1/2 + 3 W19 L?V—1/2 t g Wi-1/2 (Lit172 — Li—1/2)
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1
- éwz{Lz‘Qfl/2 + O(K)

1 1
= 4wNLN—1/2 + Zwi(Li+1/2 —Li_12) — 8w§Li—1/2Li+1/2 + O(1?),

so that we obtain

N
hi_1+h;
> OKjapufyy(Liyy - L2 5 L) =
j=i+1 (2.4a)

1 1
= 4KNUX7 Ly_1/2 + ZKiugl(Li-&-l/Q_Li—l/Q) +

1
— gK;u;’Li,l/sz/g -3 iuf' Li_1j2 Lit12 + O(R?).

In a similar way, for the second term in (2.3), setting w(x) := K'(z)u” (x), we get

N
Z K]/'—l/2u;/—1/2 Lj1j2(hj—hj—1) =
j=i+1

N
1 i )
=7 2@ Lisyphy = W1 Lisaphia b+ O(F)

j=i+1 N
= WnLy_1/2hny — Wi Li_1/2hi — Z Wi (Lj—1/2 — Lj_3/2) hj1
) j=i+1
+ O(%%)
N
- . 1 - .
= wNLN—l/Z hN — w; Li—1/2 hz - 5 Z {’U}j L§71/2 — Wj—-1 L?*S/Z}
) j=i+1
+ O(%%)
1
= _gwiLi—l/Q Lit1/2 + O(1?),
that is,
N
1
DK et g Liays (hy—hj) = - g Kiw! Licijs Livajs + o(h?).
j=itd (2.4b)
Finally, for the third term in (2.3), we get
N
1
Z Kj1/2 ugl—l/z(h? *h?—l) = ZKN—1/2 “%—1/2 L?v-1/2 - K;u' b
j=i+1
2.4
o) (24

so that we have, from (2.3) and (2.4a), (2.4b), (2.4c),

al 1
Z Li 127 172 = ZKNUJIJ(/ Ly_1/2 —
j=it1
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(2.5)
1 1 1
+ Z K; U;I (Li+1/2 — Li—1/2 ) — g K; U;;// Li—1/2 Li+1/2 + 6 K; u;;// hzz + O(ﬁ?)
Now, for (2.2) to be useful, there still remains to estimate (Ge")y = — en—1/2/hN-
Solving (1.7a) for ey_1/, (using, say, Gaussian elimination), we obtain

953]—101\171 ol 1
" o0 Z o Li_1/2Tj—1/2 (2.6)
CN N-1N-1 j=1 V;21C51

EN-1/2 = —

where ¢; = K;/h; and

[O]:hi(ihf)l <i<N 2
0, %, ZKe ., 0<i<N. (2.7)
=0

The sum on the right hand side of (2.6) can be computed as in (2.3) —(2.5) above:

setting

Nooh boq
b= 2w S /7@” + O(1?), (2.8)
J; K; . K(z)
we get
N
! hj—1+h;
2. T K (Lime = =) =
—~ g .
J J 1 J 1 1 1 2
= ZINKNUNLN_l/Q -+ O(h )7
N
> o Kt B (hy = hya) = O()
9l . j—1/2 Wj_1/9 Lj—1/2 15 -1 ’
j=1"Yj-1%-1
N 1 :
o Kt (= 1) = gy Kl Lz + O(F),

so that we have

al 1 1

Z miLjfl/Zijl/2 = ZINKN’U/](]LNfl/Z +

i=1 95216 ) (2.9)
- ﬂJNKNu']G L1/ + O(F?).

Also, from (2.7) and (2.8),

0
9%-101\171 _ 1 _ hn _ hn
0 = T o m C Ivkx 210
ey + Oy 1y Lt eyy - Kny =+ NEN
e=0 e=0 ¢

which immediately yields, from (2.6) above,

1 1
€N71/2 = hN{_4UXILN1/2 + ﬁu%L?V—l/Z + O(ﬁ2)} (211)
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Therefore, we obtain, for (Ge")y,

1 1
(GM)y = Jul Ln-1jz = g7ul Ly 1o + O(H), (2.12)

so that we get, from (2.1), (2.5) and (2.12), the fundamental estimate

1 1
(GeM)i = — ZU;/(LZ'H/Q — Li_1/2) — 21 U;//(Lz{l/z — Li1/2Liy1)2
(2.13)
+L?+1/2) + O(h?)

for all 0 <i < N. In particular, because E" satisfies

E; = (Ge")i + (GuM); — )

1 1 L |+ L
= (geh)i + iug/(LiH/g —Lifl/Z) + @ugu 1/2 " +1/2 + O(ﬁQ),
we obtain
E; = O(h?), 0<i<N, (2.14)
as claimed. Finally, from the trapezoidal quadrature rule, we have
i—1
1
€i-1/2 = ~ 3 U//(!Ei—l/z)L?q/z + O(Li’/z + . +L?A/z) + Z h; E;
j=0
for all 1 <7 < N+ 1. so that (2.14) gives
1
€is12 = — gug/_l/sz_l/z + O(h?), 1<i<N. (2.15)

3. Error Analysis for g > 0

We now derive similar estimates for nonnegative q € C°([a,b]), and same smooth-
ness assumptions on K, u. Given such q, the corresponding solution error will
hereafter be denoted by eld to distinguish from the case q = 0. Writing (1.7a) as

Ap(@)e = —L,7" Ap(q) = An(0) + Qu(a), (3.1)
where Lj = diag(L1/27...7LN71/2), Qn(a) = diag(q1/2L1/27~-~7QN71/2LN71/2)7
and recalling that Ah(O)e[O] = — L, 7" we obtain, for the difference el@ — el9 the

linear algebraic equation
Ap(q) (el — €)= — el (3.2)

Reducing (3.2) to triangular form, we obtain Au(q) (el — el®) = ¢, where ¢ is
given by
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2 : 91[(1—]1%71 0 .
Ci71/2 = _Z[q]i []LJ 1/295-1/2¢ ‘[7]1/2a 1<i<N, (3-3)
j=1 93‘—10]‘—1
with \V[Q] | <1 for all 4,7, and positive Gq] Gq] ... given recursively by 9([)0'] =1
and

01 + g1 Lo
gl — G-l G2 Ricl2 oy, (3.4)

Ci—1 91‘71 + ¢+ qi1y2 Lic1y2

Thus, we have

; 0
|Gi—1/2| < 102 1 Z [q Li_1/2]9]sup | 621/2 |
j=1 y 1651
i h 1
¢ )
zlcz 1||q||bupz ZLJ 1/2|€] 1/2‘ 1<i<N,
that is, =170 =1

N

; 0 .

Gl € 0%y Iy lallue 3 Lisialey pl 1<i<N,

j=1

where || g ||sup denotes the supnorm of q on [a,b]. This immediately gives

N
0 .
I e oy < Iyllalluw D Limjelefly . 1<i<N, (35)
j=1

so that || el — €l .., = O(K?) by (2.15). Therefore,
1
e, = — g @) Lo + O, 1<i<N (3.6)

where the size of the constant in the term O(h?) depends on the values of q, K,
1/K and of derivatives K, u+) 0 < ¢ <3, on [a,b].

It still remains to estimate E'9 Gel% and, now that (3.6) has been obtained,
this can be done as in Section 2: from (2.1), we have, for 0 <i < N,

N
Ki(Ge)i = Kn(Gel)y = 3~ Lioappqjoapesy ) — ZLJ 127172 (37)
j=i+1 j=i+1

where the first sum has size O(h?), by (3.6), and the last has already been com-
puted, see (2.5) above. As to Ky (Gel®)y, we proceed as we did before, computing

eg(\],] 1/2 to third order accuracy. From (3.1), we have A(0)el = b(u) — Qp(q)eld),

where b(u) := — L, 7"; after elimination, this becomes Ax(0)eld = b(u) — ¢, with
¢ = (¢12, -, Cn—1/2) given by

p g c; .

Ci—1/2 = - Z LLj—l/qu—l/Qe‘gqll/Q, 1<i <N,

0% ¢

j=1 Y2161
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where cg i= Ky /hy. This gives | (i_1/a| < 0101, In Il allsup 3 Ljcryz | el |

and therefore, by (2.10), j=1
A 2 GE?Z] 16N—1 al [q]
(Ah(o)_lé- )N—1/2 S 7[0] IN || q HSUP Z Lj*1/2 | ejq71/2 ‘
cy + eN 1°N—-1 j=1

= = |\q||mpZL] alel Ll

j=1

For el = A,(0)~'b(u) = A(0)~'b(u), we get 653]_1/2 o " (Ah(orlé)Nfl/Q,
so that, by (2.6), (2.11) and (3.6), we obtain

1
653] 1/2 == hN{ 4UNLN 1/2 + 2471/,](]/.[/]\7 1/2 + O(hQ)} (38)
This gives
1 1

(Gl = Jul Lyoaje — S ulf Ly 1ys + O(), (3.92)

so that we obtain, from (2.5), (3.6), (3.7) and (3.9a),

1 1
(Geld); = — Zugl(LH—l/Q —Li_yp2) — QZU///(LZ 172 — Licij2Lit)2

(3.9b)

+ L) + O
for all 0 <i < N. Since E9 = Gel9 + Gu" — o/, we finally obtain
d - o), 0<i<N, (3.10)

and the argument is complete.
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Resumo. Neste trabalho é apresentado um procedimento de anélise simples para a
investigagado detalhada dos erros de aproximagado em malhas arbitrarias decorrentes
de métodos de diferengas finitas usados na discretizacao de problemas de Sturm-
Liouville unidimensionais. Como ilustragdo, um esquema inconsistente (mas con-
vergente) é examinado, com estimativas precisas dos erros de solugio e gradiente.
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