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ABSTRACT. Recent developments in the construction of generalized Dirac duals have revealed, within
the structure of the Clifford algebra C⊗C ℓ1,3, the existence of distinct algebraic formulations of spinors
duals with potential applications in quantum field theoretic models. In this work, after reviewing the matrix
formulation, we employ the recent covariant formulation of the generalized spinor dual and establish its
interplay with the algebra C ℓ1,3. We construct dual mappings governed by groups denoted by GΩ and
introduce the notion of Ω-equivalence classes as a tool to classify dual spinors from a group-theoretic
perspective.

Keywords: spinor duals, Clifford algebras, mapping groups.

1 INTRODUCTION

Inner products and related structures, such as quadratic forms, bilinear forms, and metrics, con-
stitute a set of fundamental and essential mathematical ingredients in modern physics. In quan-
tum mechanics, the inner product on Hilbert spaces plays a central role, enabling the extraction
of the theory’s observables, see e.g. [32]. In special relativity, the bilinear form known as the
Minkowski metric facilitated a far more powerful and elegant reformulation of the theory, while
also paving the way for general relativity, where metrics are defined on more general Lorentzian
manifolds [35]. Dirac theory is no exception, as the inner product is also central. The key dif-
ference, however, is that in these other theories, the relevant inner products or metrics are either
fixed and determined by the theory’s structure, as in quantum mechanics and Minkowski space-
time, or determined a posteriori, as in general relativity, through the Einstein field equations. In
Dirac theory, by contrast, the inner product is a choice. A canonical one, since it yields the funda-
mental results of quantum field theory in particle physics, such as the appropriate orthogonality
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2 A UNIFIED APPROACH TO SPINOR DUALS

relations and locality properties for fermionic fields [31]. Yet it remains, ultimately, a choice.
Despite its undeniable importance, this choice may obscure potential avenues for investigating
foundational problems in theoretical physics, such as the dark matter problem and the search for
first-principle candidates to describe it, see e.g. [3, 4, 5], or even as a source for controlled ab
initio Lorentz symmetry-breaking theories. A consistent investigation into the reformulation and
generalization of the dual originally proposed by Dirac must therefore revisit the foundational
aspects of spinor theory [33].

Spinors have played a fundamental role in the physics of fermionic particles since Pauli’s formu-
lation of spin [30] and Dirac’s theory of the electron [21]. The underlying mathematical concept,
however, originates in the classical work of Élie Cartan [15], with a subsequent algebraic version
systematized by Chevalley [18]. Since then, spinor theory has undergone extensive development,
and both its mathematical and physical aspects have acquired great relevance in high-energy
physics [31], geometry [28], and the study of torsion in gravity [22, 24, 27, 34]. As mentioned,
novel duals have emerged in quantum theories proposed as candidates to describe dark mat-
ter [1, 5, 6]. In particular, Elko spinors [5], whose most relevant feature for our present analysis
is that they require a new dual formulation to achieve physical consistency [5]. This necessity
culminated in the development of a systematic theory for spinor duals [2, 3, 14, 20, 26], based on
a careful set of physical and formal requirements. The possibility of defining new duals has also
opened the way to revisiting Lounesto’s classification of spinors [16, 25, 29] and its subsequent
extensions [7, 8, 9, 10, 11, 12, 13, 19, 23].

In this paper, we continue the investigation initiated in [3] and further extended and generalized
in [14,17,26], focusing on generalized spinor duals and the use of algebraic tools in their analysis.
In particular, we employ the covariant form of the generalized spinor dual proposed in [12] and its
relation to Clifford algebras to explore possible dual mappings, as introduced in [17], along with
their associated groups. We argue that these groups can be used to define a spinor classification
based on group-theoretic results.

The paper is organized as follows: in Section 2, we review basic results on Clifford algebras,
algebraic spinor spaces, generalized dual structures, and their matrix and multivector formula-
tions. In Section 3, we revisit the proposal of studying spinor duals via other algebraic structures,
with a focus on the use of Lie groups. We introduce the concept of Ω-equivalence classes and
their application in classifying dual structures, concluding the section with specific examples of
groups. In Section 4, we connect the results from the previous sections and investigate the groups
defined within the algebra associated with the generalized dual, namely C ℓ1,3. Finally, in Section
5, we summarize and discuss the main results obtained.

2 ALGEBRAIC FORMULATION AND GENERAL DUAL SPINORS

In this section, we review the foundational results upon which the contributions of this paper
are built. In particular, we introduce Clifford algebras, algebraic spinors, and the inner products
defined on algebraic spinor spaces. These concepts will serve as the basis for generalizing the

Trends Comput. Appl. Math., 27 (2026), e01897
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R. T. CAVALCANTI and J. M. HOFF DA SILVA 3

Dirac inner product, both in its matrix formulation and its covariant form. The reader is referred
to [18, 29, 33] for foundational results on Clifford algebras, and to [12, 17, 26] for discussions on
general spinor duals.

The formal structure of spinors is most clearly revealed when studied within the framework
of Clifford algebras [29, 33], whose definition and key results, pertinent to our discussion, are
summarized below. Given a real vector space endowed with a symmetric bilinear form g : Rn ×
Rn → R of signature (p,q), denoted by Rp,q, where n = p+q, its associated Clifford algebra is
defined as follows.

Definition 2.1. The Clifford algebra C ℓp,q associated with the quadratic space Rp,q is the unital
associative algebra such that:

(i) The Clifford map γ : Rp,q → C ℓp,q is linear and satisfies

γ(v)γ(u)+ γ(u)γ(v) = 2g(v,u), ∀v,u ∈ Rp,q;

(ii) If (Y ,γ ′) is another unital associative algebra and γ ′ : Rp,q → Y satisfies

γ
′(v)γ ′(u)+ γ

′(u)γ ′(v) = 2g(v,u),

then there exists a unique homomorphism φ : C ℓp,q → Y such that γ ′ = φ ◦ γ .

For convenience, the explicit Clifford map is usually suppressed, and the Clifford product is
represented by juxtaposition. Accordingly, the algebra elements γ(eµ) and γ(eµ)γ(eν) are de-
noted by γµ and γµν , respectively, where {eµ}n

µ=0 are basis elements of Rp,q. Analogously, γ(eµ)

and γ(eµ)γ(eν) are denoted by γµ and γµν , respectively, with {eµ}n
µ=0 a basis of (R⋆)p,q. Here

(R⋆)p,q denotes the dual of the vector space Rp,q.

Within the structure of Clifford algebras, in addition to the classical definition of spinors as
elements of the space carrying an irreducible representation of the Spin group (the Lorentz group
in the case of Minkowski spacetime), there exists an important, albeit less common, algebraic
definition [18]. Algebraic spinors are minimal left ideals constructed from primitive idempotents
of the underlying algebra [18,33]. We recall that a primitive idempotent is a non-zero element f ∈
C ℓp,q such that f 2 = f (i.e., it is idempotent) and it cannot be expressed as a sum f = f1 + f2 of
two non-zero, orthogonal idempotents f1, f2 ∈C ℓp,q, where orthogonality means f1 f2 = f2 f1 = 0
[33]. Given a Clifford algebra C ℓp,q and a primitive idempotent f , the minimal left ideals take
the form C ℓp,q f . Moreover, a division ring K, isomorphic to R, C, or H (the reals, complexes,
or quaternions), depending on the dimension and signature of the vector space, is obtained via
f C ℓp,q f .

The mapping
· : C ℓp,q f ×K −→ C ℓp,q f

(ψ,a) ↦−→ ψ ·a ≡ ψa,

Trends Comput. Appl. Math., 27 (2026), e01897
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4 A UNIFIED APPROACH TO SPINOR DUALS

defines a right K-module structure on C ℓp,q f . Now we have the enough structure to define
algebraic spinor spaces.

Definition 2.2. The above right K-module C ℓp,q f is called the algebraic spinor space of the
algebra C ℓp,q, denoted by Sp,q. Similarly, minimal right ideals f C ℓp,q can be constructed, giv-
ing rise to the space S⋆p,q. The division ring K and the module structure are analogous in both
cases. Notice that the spinor space Sp,q does not depend on the choice of the particular primitive
idempotent f [18, 33].

Definition 2.3. An element of S⋆p,q acts linearly on Sp,q, with image in K. Since S⋆p,q ≃
L (Sp,q,K), one may introduce an inner product

β : Sp,q ×Sp,q →K, β (ψ,φ) = ψ
⋆
φ ,

where ψ⋆ ∈ S⋆p,q denotes the adjoint (or dual) of ψ with respect to β .

Right ideals can be turned into left ideals, and vice versa, through algebra involutions. However,
idempotents are not necessarily preserved. If α denotes an arbitraty involution, then α(C ℓp,q f )=
α( f )C ℓp,q, but in general α( f ) ̸= f . Nevertheless, there always exists an element h ∈C ℓp,q such
that α( f ) = h−1 f h and α(h) = h [18, 33]. This allows one to define

ψ
⋆ = α(hψ) = hα(ψ),

leading to the inner product with the respective adjoint involution.

Definition 2.4. Given an involution α and h ∈C ℓp,q such that α( f ) = h−1 f h and α(h) = h, then

β (ψ,φ) = hα(ψ)φ f ∈ f C ℓp,q f ≃K,

where α is the adjoint involution of β .

When dealing with complexified Clifford algebras C⊗C ℓp,q, the composition of complex con-
jugation with the algebraic involutions modifies the adjoint involution of the inner product. The
relevant situation for us is when the adjoint involution corresponds to Hermitian conjugation in
the matrix representation of the algebra. This is achieved whenever

α
∗(a) = h−1a†h, h† = h, a ∈ C⊗C ℓp,q.

where a† and h† denote the adjoint involution corresponding to Hermitian conjugation in the
matrix representation of a and h, respectively. The general adjoint (or dual) spinor ψ⋆ ∈ C⊗S⋆p,q
is then given by

ψ
⋆ = hα

∗(ψ) = ψ
†h = [hψ ]†. (2.1)

As a complex associative algebra, C⊗C ℓ1,3 is isomorphic to the full matrix algebra C⊗C ℓ1,3 ≃
M4(C). Such isomorphism can be explicitly realized in the Weyl representation of the γ matrices1

γ
µ =

(︄
0 σ̄ µ

σ µ 0

)︄
, γ5 =

(︄
−I 0
0 I

)︄
, σ

µ = (I, σ⃗), σ̄
µ = (I,−σ⃗), (2.2)

1Throughout this work, we shall adopt the Einstein convention for sum and the standard convention for indices in physics,
where Greek indices (µ,ν , . . .) range from 0 to 3, and Latin indices (i, j, . . .) take values from 1 to 3.

Trends Comput. Appl. Math., 27 (2026), e01897
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where σ⃗ = (σ1,σ2,σ3), σ i denote the Pauli matrices and I denotes the identity matrix.

Letting h=η ∆, it can be shown that ∆ does not affect the Lorentz invariance of the inner product,
which is ensured by η = γ0 [3, 26], where γ0 is explicitly given (see Eq. (2.2)) by

γ
0 =

⎛⎜⎜⎜⎝
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎟⎟⎟⎠ , (2.3)

highlighting ∆ as the sole source of freedom in defining a Lorentz-covariant dual.

Theorem 2.1. Defining h = γ0 ∆, the matrix representation of ∆ has the block structure,

∆ =

[︄
A B

C A†

]︄
, with B† = B, and C† =C.

Proof. From h = γ0 ∆, h† = h and γ0 = (γ0)†, follows

∆
†
γ

0 = γ
0
∆. (2.4)

Taking a general complex matrix ∆ = [ai j] and imposing (2.4), direct matrix multiplication yields

∆ =

⎡⎢⎢⎢⎢⎣
a11 a12 a13 a14

a21 a22 a∗14 a24

a31 a32 a∗11 a∗21

a∗32 a42 a∗12 a∗22

⎤⎥⎥⎥⎥⎦ , a13,a31,a24,a42 ∈ R.

Defining

A =

[︄
a11 a12

a21 a22

]︄
, B =

[︄
a13 a14

a∗14 a24

]︄
= B† and C =

[︄
a31 a32

a∗32 a42

]︄
=C†,

the block structure ∆ =

[︄
A B

C A†

]︄
follows immediately. □

Besides being general, the above matrix form is not particularly convenient for analyzing the
influence of the additional parameters. Instead, we aim to preserve the full generality of ∆ while
expressing it in terms of the multivector structure naturally inherited from Clifford algebras,
following [12]. Regarding the Dirac algebra, the isomorphism C⊗C ℓ1,3 ≃ M4(C) guarantees
that there must exist a multivector in C⊗C ℓ1,3 whose matrix representation matches ∆. We
denote this multivector as A. Let us start with a general element of C⊗C ℓ1,3, denoted by Ā. It
can be expressed as a linear combination of all possible grades: scalar, vector, bivector, trivector,
and pseudoscalar components.

Ā = α +aµ γ
µ +Bµν σ

µν + cµνδ γ
µ

γ
ν
γ

δ +β γ
5, δ ̸= µ ̸= ν ̸= δ , (2.5)

Trends Comput. Appl. Math., 27 (2026), e01897
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6 A UNIFIED APPROACH TO SPINOR DUALS

where α,β ∈ C are scalar coefficients, aµ and cµνδ are complex four-vectors and pseudo
four-vector components, Bµν = −Bνµ are components of an antisymmetric bivector, σ µν ≡
i
2 [γ

µ ,γν ] = i
2 (γ

µ γν − γν γµ) form a bivector base and γ5 = γ0γ1γ2γ3 is the pseudoscalar.

Theorem 2.2. Let A denote the multivector form corresponding to ∆. In this setting, A constitutes
an arbitrary invertible element of the Clifford algebra C ℓ1,3.

Proof. Analogously to the derivation of the block structure form of ∆ from the condition ∆†γ0 =

γ0∆, the coefficients of A can be determined by taking it as a general element of C⊗C ℓ1,3 and
imposing the condition A†γ0 = γ0A, which is equivalently expressed as γ0A†γ0 = A. In fact,
taking A as in eq. (2.5),

γ
0A†

γ
0 = γ

0
(︂

α +aµ γ
µ +Bµν σ

µν + cµνδ γ
µ

γ
ν
γ

δ +β γ
5
)︂†

γ
0

= α
∗+a∗µ γ

0
γ

µ †
γ

0 +B∗
µν γ

0(σ µν)†
γ

0 + c∗
µνδ

γ
0(γµ

γ
ν
γ

δ )†
γ

0 +β
∗

γ
0
γ

5†
γ

0

= α
∗+a∗µ γ

µ +B∗
µν σ

µν + c∗
µνδ

γ
µ

γ
ν
γ

δ +β
∗

γ
5.

Thus enforcing γ0A†γ0 = A constrains all coefficients to be real. Moreover, we observe that ∆

carries 16 real degrees of freedom, and the condition det(∆) ̸= 0 ensures invertibility without
altering this count. Similarly, A has 16 real coefficients and remains fully general. Under these
conditions, A corresponds to an arbitrary invertible element of the Clifford algebra C ℓ1,3. □

For the explicit relation between coefficients of A and ∆, see [12]. In Section 4, we explicitly
show via a Lie group isomorphism that A has the same 16 degrees of freedom as ∆.

3 DUAL MAPPINGS AND GROUP STRUCTURES: THE FIRST ATTEMPT

We may now explore the dual construction introduced in the previous section by defining a dual
mapping Ω, a structure that preserves the full generality of ∆ [17]. The main advantage of this
approach is that, once defined in this way, certain unexpected algebraic structures within the
set of mappings Ω emerge naturally. We argue that these algebraic structures can be potentially
useful in classifying theories of dual spinors. The idea is to fix a starting dual and use the map
to connect it to different dual definitions. Our first choice is to adopt the dual introduced by
Ahluwalia in the context of Elko spinors [3]: ψ⋆ = ψ†γ0Ξ, where ψ⋆ denotes the dual spinor.
The operator Ξ is defined as Ξ = m−1G(φ)γµ pµ with pµ the four-momentum of the particle and
m its rest mass. The matrix G(φ), which depends on the azimuthal angle φ , is given by

G(φ) =

⎛⎜⎜⎜⎝
0 0 0 −ie−iφ

0 0 ieiφ 0
0 −ie−iφ 0 0

ieiφ 0 0 0

⎞⎟⎟⎟⎠ . (3.1)

Here, φ represents the azimuthal coordinate in the standard spherical parameterization of the
four-momentum, pµ = (E, psinθ cosφ , psinθ sinφ , pcosθ), where p is the magnitude of the

Trends Comput. Appl. Math., 27 (2026), e01897
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three-momentum, θ is the polar angle, and E is the total energy. The explicit form of Ξ† is
provided in the Appendix.

3.1 General Setting

The Ω mapping is defined as follows.

Definition 3.5. An arbitrary spinor dual ψ⋆ can be defined using the mapping Ω as

ψ
⋆ = [Ωγ

0
Ξψ ]† = ψ

†
γ

0
ΞΩ. (3.2)

To establish the relation between ∆ and Ω, we compare the general dual of Eq. (2.1) (with
h = γ0∆) to the dual map given in Definition 3.5, Eq. (3.2). This comparison yields

γ
0
∆ = Ωγ

0
Ξ ⇐⇒ ∆ = γ

0
Ωγ

0
Ξ, or Ω = γ

0
∆Ξγ

0.

Using Eq. (2.4), one obtains the fundamental restriction on Ω:

Ω
† = γ

0
Ξ

†
∆

†
γ

0 = Ξ∆ = Ξγ
0

Ωγ
0

Ξ. (3.3)

Notice that, as base element, hold (γ0)2 = I. Moreover, using the energy-momentum relation
E2 = pi pi +m2, it follows that Ξ2 = I as well.

We are now in a position to investigate the algebraic structure associated with the mappings Ω.
The first question to address is whether a set of such mappings forms a group. To this end, a
subset GΩ ⊂ GL(4,C) must satisfy associativity, contain the identity element, admit inverses,
and be closed under composition. This leads to the following theorem.

Theorem 3.3. A set of Ωi forms a group if, and only if, every pair of elements in the set comutates.

Proof. Associativity follows directly from matrix algebra. The identity corresponds to the case
∆=Ξ. Invertibility holds since det(Ω) = det(∆) ̸= 0. Moreover, for an invertible Ω obeying (3.3),
one finds

(Ω−1)† = Ξγ
0

Ω
−1

γ
0

Ξ.

Indeed, because Ω† = Ξγ0 Ωγ0 Ξ and (γ0)2 = Ξ2 = I, we have (Ω†)−1 = Ξγ0 Ω−1γ0 Ξ, and thus
(Ω−1)† =(Ω†)−1. The closure property is less immediate and imposes a restriction on admissible
elements of GΩ. Given Ω1 and Ω2, Eq. (3.3) demands

(Ω1Ω2)
† = Ξγ

0
Ω1 Ω2 γ

0
Ξ.

However,
(Ω1Ω2)

† = Ω
†
2 Ω

†
1 = Ξγ

0
Ω2 γ

0
ΞΞγ

0
Ω1 γ

0
Ξ = Ξγ

0
Ω2 Ω1 γ

0
Ξ.

Comparing both expressions implies

Ω1 Ω2 = Ω2 Ω1,

meaning that GΩ must be an Abelian subgroup of GL(4,C). □

Trends Comput. Appl. Math., 27 (2026), e01897
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8 A UNIFIED APPROACH TO SPINOR DUALS

Regarding ∆, the corresponding restriction is

∆1 Ξ∆2 Ξ = ∆2 Ξ∆1 Ξ.

Since Ξ2 = I, this reduces to ∆1 Ξ∆2 = ∆2 Ξ∆1. This approach does not allow one to find a fully
general description of GΩ. However, some specific illustrative cases are explored in the following
subsection.

The key point to be emphasized here is that the groups GΩ may be used to classify admissible dual
theories. In this context, we introduce an equivalence relation that identifies spinor duals related
by the action of GΩ. More precisely, we say that two dual spinors ψ⋆ and ψ⋇ are Ω-equivalent,
written ψ⋆ ∼Ω ψ⋇, if there exists an element gΩ ∈ GΩ such that

gΩ ψ
⋆ = ψ

⋇. (3.4)

The corresponding equivalence classes,

[ψ]Ω = {gΩ ψ | gΩ ∈ GΩ }, (3.5)

collect all elements of S⋆ related by a mapping of GΩ. Distinct dual theories are therefore natu-
rally identified with distinct Ω−equivalence classes, providing a sistematic classification of dual
spinor structures.

3.2 Some Particular GΩ Groups

Once the conditions ensuring that GΩ forms a group have been established, we may now explore
a few explicit particular cases [17]. We shall define group elements that combine only γ0 and Ξ,
as seen in Table 1. The matrix forms of the elements below are presented in the Appendix. From
the elements above, three group structures can be identified. Two of them are explicitly defined
by

GF ≡ {I,G ,F ,FG }, G
Ξ† ≡ {I,G ,Ξ†,G Ξ

†},

whose Cayley tables, presented in Table 2, are computed by means of the usual matrix
multiplication.

Both groups are isomorphic to the classical Klein group K4. In contrast, the other group, de-
noted GH , is generated by I,F ,G ,H ,H −1 and contains GF as a subgroup. For a thorough
discussion of these groups, the interested reader is referred to [17].

4 GROUP STRUCTURES WITHIN C ℓ1,3

In the present section, we analyze the possible GΩ groups using the multivector structure of
Clifford algebras, as introduced at the end of Section 2. Besides providing a more elegant formu-
lation, this approach offers access to a substantially richer set of tools for investigating the GΩ

groups. These tools are inherited directly from the algebraic and geometric structure encoded
in Clifford algebras [33]. We start by establishing a strong, yet straightforward, result in this

Trends Comput. Appl. Math., 27 (2026), e01897
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Table 1: Definitions of elements used to construct examples of GΩ groups. For the explicit form,
see the Appendix.

Element Expression

G (φ)≡ G
m
2E

{γ0,Ξ}≡ m
2E

(γ0Ξ+Ξγ0)

F (θ ,φ)≡ F
m
2p

[γ0,Ξ]≡ m
2p

(γ0Ξ−Ξγ0)

F (θ ,φ)G (φ)
m2

4E p
[Ξ†,Ξ]≡ m2

4E p
(Ξ†Ξ−ΞΞ†)

Ξ†(pµ) γ0Ξγ0

G (φ)Ξ†(pµ)
m
2E

(Ξ†Ξ+ I)γ0

H (pµ) m2ΞΞ†

H −1(pµ) m−2Ξ†Ξ = m−4γ0H γ0

Table 2: Cayley tables for GF ≡ {I,G ,F ,FG } (left) and G
Ξ† ≡ {I,G ,Ξ†,G Ξ†} (right).

GF I G F FG

I I G F FG

G G I FG F

F F FG I G

FG FG F G I

and

G
Ξ† I G Ξ† Ξ†G

I I G Ξ† Ξ†G

G G I Ξ†G Ξ†

Ξ† Ξ† Ξ†G I G

Ξ†G Ξ†G Ξ† G I

context: the largest possible GΩ group. To this end, we replace the dual structure proposed by
Ahluwalia [3], ψ⋆ = ψ†γ0Ξ, with the standard Dirac dual ψ⋆ = ψ†γ0. In this way, the ∆-operator
approach becomes formally equivalent to the Ω-mapping approach, since Ω = γ0∆γ0 = ∆†.

Theorem 4.4. With respect to the general dual of the Dirac algebra C⊗C ℓ1,3, the largest ad-
missible GΩ group, in the sense that it contains every other subgroup, is up to isomorphism, the
group GL(2,H).

Proof. According to Theorem 2.2, the multivector representation of the general ∆ (or Ω, as cho-
sen in this section) constitutes an arbitrary element of the algebra C ℓ1,3. When restricting to the
multiplicative structure, namely, the invertible elements under the Clifford product, the corre-
sponding group is the group of units of the algebra, denoted by C ℓ×1,3 = {ω ∈ C ℓ1,3 | ∃ ω−1 ∈
C ℓ1,3}, which is the largest group in C ℓ1,3. In view of the isomorphism C ℓ1,3 ≃ M2(H) [33],
the group C ℓ×1,3 is represented, at the matrix level, by the group of invertible 2×2 quaternionic
matrices, that is, GL(2,H). □

Trends Comput. Appl. Math., 27 (2026), e01897
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Each quaternion can be represented as a 2 × 2 complex matrix via the standard embedding
H ↪→ M2(C), which induces a natural embedding of GL(2,H) into GL(4,C). Concretely, in a

quaternionic matrix A=

(︄
q11 q12

q21 q22

)︄
each q∈H is mapped to M2(C) by q= a+bi+c j+d k ↦→(︄

a+ ib c+ id
−c+ id a− ib

)︄
, explicitly taking the form

A =

⎛⎜⎜⎜⎝
a11 a12 a13 a14

−a∗12 a∗11 −a∗14 a∗13
a31 a32 a33 a34

−a∗32 a∗31 −a∗34 a∗33

⎞⎟⎟⎟⎠ . (4.1)

Notice that the group GL(2,H), and consequently the multivector A, has 16 degrees of freedom.
Consistent with the freedom of ∆ or Ω.

Definition 4.6. Given the algebra C ℓp,q, the even subalgebra C ℓ+p,q is defined as the set of
elements invariant under the grade involution

C ℓ+p,q = {ω ∈ C ℓp,q | ω = ω̂} (4.2)

where ω̂ denotes the grade involution (also known as the main involution). This involution acts
on a homogeneous multivector ω[r] of grade r as ω̂[r] = (−1)rω[r] and is extended to arbitrary
elements by linearity [33]. Consequently, C ℓ+p,q consists precisely of the sums of multivectors of
even grade.

Corollary 4.4. Restricting ∆ to the even subalgebra C ℓ+1,3 = {ω ∈ C ℓ1,3 | ω = ω̂}, the largest
admissible GΩ group is, up to isomorphism, the group GL(2,C).

Proof. According to the classification theorems of Clifford algebras [33], one has (C ℓ+1,3)
× ≃

C ℓ3,0 ≃ M2(C). In direct analogy with the preceding result, the group of units of the even sub-
algebra, (C ℓ+1,3)

× is thus identified with the group of invertible 2× 2 complex matrices, i.e.,
GL(2,C). □

Trends Comput. Appl. Math., 27 (2026), e01897
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From the perspective of group theory, several relevant subgroups emerge inside (C ℓ+1,3)
× ≃

GL(2,C). The most important is the spin group Spin+(1,3)≃ SL(2,C), which provides the dou-
ble covering of the restricted Lorentz group SO+(1,3). The relationships among these groups
can be conveniently summarized by the following commutative diagram.

C ℓ×1,3 GL(2,H)

(C ℓ+1,3)
× GL(2,C) GL(4,C)

Spin+(1,3) SL(2,C)

≃

≃

≃

The matrix algebra M(2,C) can be natural embedding into M(4,C) by identifying each ele-
ment of M(2,C) with a block matrix acting on a doubled complex vector space. Explicitly, this
embedding is given by

ι : M(2,C) ↪→ M(4,C), A ↦→

(︄
A 0
0 A

)︄
.

Consequently, GL(2,C) may be viewed as the subgroup of GL(4,C) consisting of block-
diagonal matrices with identical 2 × 2 blocks. In this broader setting, additional symme-
tries arise: the Pin group Pin(1,3), which incorporates reflections and is the double cov-
ering of the orthogonal group O(1,3), as well as the full Clifford–Lipschitz group Γ1,3 ={︂

x ∈ C ℓ×1,3

⃓⃓⃓
xvx−1 ∈ R1,3, ∀v ∈ R1,3

}︂
, form intermediate subgroups in the hierarchy of the

Clifford algebras structure,

Spin+(1,3)⊂ Pin(1,3)⊂ Γ1,3 ⊂ C ℓ×1,3. (4.3)

All of the groups discussed here may be used to induce different partitions of S⋆, each cor-
responding to a distinct set of Ω−equivalence classes of dual spinors. The diagram of Fig. 1
summarizes the structural relationships among the groups discussed above.

Trends Comput. Appl. Math., 27 (2026), e01897
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GL(4,C)
Ambient space

C ℓ×1,3 ≃ GL(2,H)

Group of units
Γ1,3

Clifford-Lipschitz group
(C ℓ+1,3)

× ≃ GL(2,C)
Group of even units

Pin(1,3)
Rotations + reflexions

Spin(1,3)≃ SL(2,C)
Connected subgroup

O(1,3)≃ Pin(1,3)/{±1}
Full Lorentz group

SO+(1,3)≃ Spin(1,3)/{±1}
Proper Lorentz group

Figure 1: The structural relationships among the groups discussed in Sec. 4. Solid lines
represent proper subgroup inclusions, whereas dashed lines correspond to quotient structures.

5 CONCLUDING REMARKS

In this work, we advanced the broad investigation of spinor duals originally proposed in [3]
within the context of Elko spinors. After reviewing recent developments on general duals [26]
and the corresponding dual mapping groups [17], denoted by GΩ, we explored these generalized
duals and their associated groups by explicitly employing the rich algebraic structure inherent to
Clifford algebras, as introduced in [12]. This approach, besides being simpler and more elegant,
unveils a variety of possible GΩ groups. Consequently, it enables a new classification of spinor
duals based on the Ω-equivalence classes proposed here.

Having established the concept of Ω-equivalence classes, we are now in a position to interpret
the groups introduced in the previous section within this framework. Each candidate GΩ acts on
the space of spinors by generating orbits that correspond to distinct duality sectors, so that two
dual theories are identified exactly when their defining spinors belong to the same Ω-equivalence
class. Consequently, the various GΩ groups presented here provide different levels of refinement
in this classification scheme: larger groups produce coarser identifications, while smaller ones

Trends Comput. Appl. Math., 27 (2026), e01897
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generate more classes, and therefore may better distinguish between different duals. In this way,
all of the introduced groups serve as natural tools for organizing and distinguishing possible dual
spinor theories according to their group–theoretic equivalence classes.
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APPENDIX: MATRIX REPRESENTATION OF GΩ ELEMENTS

We depict here the explicit matrix form of the terms used in Sec. 3.2 for convenience, starting with the G (φ)
and Ξ(pµ ) operators, given respectively by

G (φ) =

⎡⎢⎢⎢⎣
0 0 0 −ie−iφ

0 0 ieiφ 0
0 −ie−iφ 0 0

ieiφ 0 0 0

⎤⎥⎥⎥⎦
and

Ξ(pµ )≡ Ξ =
i
m

⎡⎢⎢⎣
psinθ −e−iφ (E+ pcosθ) 0 0

eiφ (E− pcosθ) −psinθ 0 0
0 0 −psinθ −e−iφ (E− pcosθ)

0 0 eiφ (E+ pcosθ) psinθ

⎤⎥⎥⎦ .
It leads to

[γ0,Ξ]≡ (γ0
Ξ−Ξγ

0) = i
2p
m

⎡⎢⎢⎣
0 0 −sinθ e−iφ cosθ

0 0 eiφ cosθ sinθ

sinθ −e−iφ cosθ 0 0
−eiφ cosθ −sinθ 0 0

⎤⎥⎥⎦= i
2p
m

F (θ ,φ)

and

{γ
0,Ξ} ≡ γ

0
Ξ+Ξγ

0 =
2E
m

⎡⎢⎢⎢⎣
0 0 0 −ie−iφ

0 0 ieiφ 0
0 −ie−iφ 0 0

ieiφ 0 0 0

⎤⎥⎥⎥⎦=
2E
m

G (φ).

Along with

F (θ ,φ)G (φ) =

⎡⎢⎢⎢⎣
−cosθ −e−iφ sinθ 0 0

−eiφ sinθ cosθ 0 0
0 0 cosθ e−iφ sinθ

0 0 eiφ sinθ −cosθ

⎤⎥⎥⎥⎦ .
Furthermore, it can be seen that

m2
ΞΞ

† =

⎡⎢⎢⎣
E2 +2pcosθE+ p2 2e−iφ Epsinθ 0 0

2eiφ Epsinθ E2 −2pcosθE+ p2 0 0
0 0 E2 −2pcosθE+ p2 −2e−iφ Epsinθ

0 0 −2eiφ Epsinθ E2 +2pcosθE+ p2

⎤⎥⎥⎦= H

and

m2
Ξ

†
Ξ =

⎡⎢⎢⎣
E2 −2pcosθE+ p2 −2e−iφ Epsinθ 0 0

−2eiφ Epsinθ E2 +2pcosθE+ p2 0 0
0 0 E2 +2pcosθE+ p2 2e−iφ Epsinθ

0 0 2eiφ Epsinθ E2 −2pcosθE+ p2

⎤⎥⎥⎦= H −1.
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