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ABSTRACT. Many mathematical problems involve some kind of subjectivity. This paper studies the
problem of variational calculus with fuzzy initial condition and free final condition. The solution is obtained
by applying the Zadeh’s extension to the classical solution, with respect to initial condition. Using a partial
order relation of for fuzzy numbers, a theorem that ensuring the optimality of this solution is proved.
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1 INTRODUTION

The calculation of variations constitutes a generalization of the elementary calculation of maxima
and minima of real functions of one variable. While, the of variations deals with optimization of
functional in function spaces, while ordinary calculus deals with real variables. Functional can,
for example, be formed by integrals involving an unknown function and its derivatives. The
interest is in extreme functions - those that make the functional reach a maximum or minimum
value.

The variational problem with free final condition is commonly stated as
min _J(x) = Ji/ F(t,x,%)dt
xeC([to.t7])
(1.1)
x(0) =xo and x(tf) is free,
where F is a real function, xo is a real number and %1[t0,tf] is the space of continuously

differentiable functions from the closed interval [rg, ] to R.

Problems in variational calculus, as well as optimization problems in real spaces, have been in-
vestigated within fuzzy environments, although the literature in this area is still relatively limited.

*Corresponding author: Jonathas Douglas Santos de Oliveira — E-mail: jonathas.math.oliveira@gmail.com
1CEFET—MG, MG, Brazil https://orcid.org/0009-0001-9486-7793
ZUNICAMP, SP, Brazil https://orcid.org/0000-0002-5219-5319



2 ON VARIATIONAL CALCULUS WITH FUZZY INITIAL CONDITION AND FREE FINAL CONDITION

In [9], the authors introduce a version of the necessary optimality conditions (Euler—Lagrange
equation) for fuzzy variational problems using the Buckley—Feuring derivatives. In [8], an Eu-
ler—Lagrange equation is also obtained, this time based on the concept of a-differentiability.
In [7], the generalized Hukuhara derivative is employed to derive Euler—Lagrange conditions
for both unconstrained and isoperimetric problems. Furthermore, using Caputo-type fractional
derivatives, [13] presents a variant of the Euler-Lagrange equation for fuzzy fractional variational
calculus, relying on the strongly generalized Hukuhara derivative.

In this article, we address variational problems subject to a fuzzy initial condition and a free final
condition. Based on the idea developed in [5], which studies the variational problem with a fuzzy
initial condition but with a fixed terminal condition, our goal is not to establish necessary or
sufficient optimality conditions through any specific notion of fuzzy differentiability. Rather, we
demonstrate that, under a prescribed partial order on fuzzy numbers, the classical solution of the
variational problem generates, via Zadeh’s extension principle, the corresponding solution in the
fuzzy setting. In this sense, we show that the Zadeh extension with respect to the classical initial
condition fully characterizes the solution of the fuzzy variational problem with free terminal
condition.

2 PRELIMINARIES

The concepts and results described here on fuzzy set theory, as well as more details, can be found
in[1,3,11,15].

Definition 1. (Fuzzy set). Let U be a (classic universal) set. A fuzzy subset it of U is defined by a
Sfunction @y, called the membership function of u.

@;: U—[0,1].

The value of @;(x) € [0, 1] indicates the degree to which the element x of U belongs to the fuzzy
set U.

Definition 2. (Support). The classic subset of U
suppi ={x € U : ¢z(x) > 0}

is called the support of u.

The support of & has a fundamental role in the interrelation between classical and fuzzy set
theory. Interestingly, unlike fuzzy subsets, a support is a crisp set.

Definition 3. (o.-cut). Let u be a fuzzy subset of U o € [0,1]. The a-cut of the subset U is the set
[4]* of U defined by

W*={xecU:@s(x)>a} para O<a<l

and [i)° = suppa.
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J. D. S. OLIVEIRA and R. C. BASSANEZI 3

Definition 4. (Zadeh’s Extension Principle). Let f be a function such that f : X — Z and let u be
a fuzzy subset of X. Zadeh’s extension of f is the function f which maps to u gives us the fuzzy

-~

subset f (1) of Z with the membership function given by

-1
(Pf(ﬁ)(Z) :{ SUp,— 1) Palx) se [T () # D o

0 se flo)=02

where f~1(z) = {x: f(x) =z} is the pre-image of z.

Note that if f is bijective, then the membership function of /(&) is given as follows

Pra (@) = sup. Pa(x) = @a(f ' (2))

where f~! is the inverse function of f.

Definition 5. (Fuzzy Number). A fuzzy subset u is called a fuzzy number when the universal set
on which @y is defined is the set of all real numbers R and satisfies the following conditions:

(i) all the a-levels of w are not empty for 0 < o < 1;
(ii) all the a-levels of i are closed intervals of R;

(iii) suppi ={x € R: @z(x) > 0} is bounded.

Definition 6. A fuzzy number U is said to be triangular if its membership function is given by

0 se x<a
=4 se a<x<b
a(x) ¢ ba P (2.2)
= e b<x<c¢
0 se x>c¢

where a,b,c are given numbers. Let us denote a triangular fuzzy number by (a,b, c).

The definitions 7 and 8 present two partial order relations for real intervals. These two relations
will be used to define a partial order relation for fuzzy numbers.

Definition 7. Let [a,b] e [c,d] closed intervals. We say that [c,d] = [a,b] if and only if, c < a e
d < b (Order of Kulish-Miranker).

Definition 8. Let [a,b] e [c,d] closed intervals. We say that [c,d] < [a,b] if and only if,

(c<a,d<b)or(c<a,d<b).

Definition 9 establishes a relation of partial order between fuzzy numbers, and is this relation of
order that we are using to optmize a fuzzy functional.

Trends Comput. Appl. Math., 27 (2026), 01902



4 ON VARIATIONAL CALCULUS WITH FUZZY INITIAL CONDITION AND FREE FINAL CONDITION

Definition 9. Let & and V fuzzy numbers. We say that uw <V (u < V), if and only if, [u]* < [V]*
([@* < p1%), va € [0,1].

Theorem 1. ( Nguyen’s Theorem) Let f : X — Z be a continuous function, X,Y € R. and u a
Sfuzzy subset of X. So for all a € [0, 1]

[F@]" = ra@®).

According to [2] and [10], Nguyen’s Theorem is also valid for Hausdorff topological spaces, in
particular when X = R2, as given below.

Theorem 2. Let X and Y Hausdorff spaces. If f : X — Y is continuous, then the extension of
Zadeh f : 4 (X) = F0 (Y) is well defined and for all a. € [0, 1]

~ o
[F@]" = rae).
where 7 (X) denotes the family of all fuzzy subsets of Z with compact and non-empty -level.

Definition 10. Let x; be a real function, continuously parameterized by A € [Ar,Ag] C R and
differentiable for each fixed A € [A,Ag]. We define the derivative of the extension of x) (t) in
ML,AR] as

= 2.3)

where, A € F (M, Ag)) and

d; (1)
d

— is Zadeh’s extension of dxﬁ—t(t) inA.

Definition 11. Let x; be a real function, continuously parameterized by A € [Ar,Ag] C R and
integrable for each fixed A € [Ar, Ag|. We define the integral of the extension of x (t) in [Ar, Ag]
as

o~

b b
/ % (1)dt = / x; (1)di 2.4)

where, A € F([AL, Ar)) and ffx;L (t)dt is Zadeh’s extension offabx,l (t)dr in A.

Theorem 3 establishes necessary and sufficient conditions of optimality for problems of
variational calculus whose objective functional is convex. These conditions sum up the
Euler-Langrange Equation (2.5) together with a condition of transversality (2.6).

Theorem 3. (See [14]) Let D be a domain in R? and for given xy, set
2 = {x € €' [to,t7] : x(t0) = xo0: (x(t),%(t)) € D}.

IfF(t,x,z) is (strongly) convex on [t0,1f] X D, then

.
I = [ F(tx,0)de

fp
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is (strictly) convex on D. Hence each x € D for which

3—1; (t,x"(2),x"(t)) — % (?91; (t,x*t),)é*(t))) =0, (2.5)

with the initial condition x(ty) = xo and the transversality condition

JoF .
g (tf7x(tf)7x (l‘f)) =0. 2.6)
on (ty,ty), minimizes J on D (uniquely).

Remark 4.

* X(t) denotes the derivative of x with respect to t.

e Equation (2.5) is called Euler-Lagrange Equation.

The next theorem establishes sufficient conditions ensuring the monotonicity of the solution with
respect to the initial condition. A detailed proof can be found in [4].

Theorem 5. Consider the following variational problem:

. . I 2 . N2
xeclln(l[(r)l,z_/])J(x) _/0 (ax(t)> +bx(1)x(t) + k(1)) dt, 2.7

subject to the boundary conditions

x(0) = xo, x(tr) is free.
If one of the following four conditions holds:

i) If a and c are nonzero, they have the same sign and b = 0; or

ii) If a and ¢ are nonzero, they have the same sign, b # 0 and |b| < 2+/ac; or

bt

iii) Ifa=0,c#0, and 0 < bi; —2¢

<1, forallt € (0,t7); or

iv) If a and c are nonzero, have opposite signs, b # 0, and

0<t\/?<
a

then the solution x(t;x0) of problem (2.14), whenever it exists, is monotone increasing with

, forallt € (0,ty),

SR

respect to the initial condition.
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6 ON VARIATIONAL CALCULUS WITH FUZZY INITIAL CONDITION AND FREE FINAL CONDITION

3 FUZZY FUNCTIONAL

The formulation of variational problems under uncertainty requires an appropriate extension of
the classical notions of functional and extremum. When the initial condition or system parame-
ters are modeled by fuzzy numbers, the value of the functional also becomes an imprecise quan-
tity, whose evaluation must respect the structure of fuzzy logic. Thus, to assign meaning to the
functional associated with the variational problem, it is necessary to understand how a mapping
defined on function spaces can be extended to the fuzzy setting.

In this section, we present the procedure for computing the fuzzy value of a functional associated
with a variational problem with fuzzy initial data. The main idea is to decompose the classical
functional into a composition of real-valued functions and mappings between function spaces,
and then apply Zadeh’s extension principle to each stage of the composition. This allows us to ob-
tain the fuzzy functional value directly through its a—cuts, while preserving essential properties
such as continuity, compactness, and connectedness.

With this approach, we show that the resulting mapping is well defined and yields a fuzzy
number, enabling a rigorous treatment of variational problems in nondeterministic environments.

Given the problem
min _J(x) = i/ F(t,x,%)dr
w1 (o))
3.1
x(0) =xp x(tf) is free,

where F is a real function, X is a fuzzy number and %' [to,17] is the space of continuously
differentiable functions from the closed interval [rg,f] to R.

In this section we will see how to calculate the value of the fuzzy functional (3.1). In summary,
we can get this value by doing a Zadeh’s extension of compound functions as follows

t
20 2 () 2 Fex ) 25 [T F(,x,0)de = T(x(x0)). (3.2)
fo
Where,
01 2 x5, 28] C R — €'to, /], (3.3)
(])2 : (gl [to,tf] — %[to,tf] (3.4)
and

¢3: €ty 7] = R (3.5)

Thus, by applying the Zadeh’s extension in each of the functions, we obtain:

—

o o -~ ~ Iy ~ ~
%o 25 %, () 2 F(,5%) &/ F(t,%3)dt = JE(, %)) (3.6)
fo
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Proposition 1. Let ¢1 R — &1 [to, 7] be a continuous function and Xy a fuzzy number. Then the
Zadeh’s extension § : Ty — F .y (€ [to, t7]) is well defined and for all o € [0,1]

~

[3(e, %0))* = X(1, [%0]“)-

Proof. Initially note that R and €'([to,#/]) are Hausdorff spaces and we have ¢; is a contin-
uous application. The a-levels of the elements of .# are compact sets, since they are closed
intervals of R. For us to use Theorem 1 we must show that $1 is well defined, the a-levels of
F . (€[to,ty]) are compact and non-empty.

For each 0 < a < 1, we show that [(5 (%0)]* is compact and not empty. Note that to show that
[x(¢,%0)]* # O requires just to show that [x(¢,X0)]! # 0. In fact, since Xy is a fuzzy number, then
[%o]' # 0 and since each function in [X(¢,%))]! is obtained from the initial condition at [x(z,%))]' #

0.

In order to show the compactness, take X, a sequence in [x(#,Xp)]%, as each element of [x(z,Xp)]*
is a function x(z,x¢) € C;, which depends on the initial condition, so we can write X,, = x(#,xo,),
where xg, is a sequence in suppxo = [x5,xE], as is an interval closed in R, then xo, has a
subsequence X, which converges, say to Xo.

Define the subsequence X,; = x(#,xpu), then using the continuous dependence on the initial

condition we have

lim X, = limX(t7xOnk) =X(t, limXOnk) = X(l‘7f()).
This shows that X, has a subsequence X, that converges, so [x(,%))]* is compact VO < o < 1.0

Proposition 2. Let ¢, e ¢, be defined in 3.4 and 3.5, continuous functions and Xy a fuzzy number
. Being ¢, e ¢3 the Zadeh’s extension of the ¢, e ¢3, respectively, then

KN CEDID)

Proof. The proof of this proposition follows the same lines as the 1 . It is enough to show that

~ o
{J ()?(t,ﬁ)))} are compact and non-empty sets 0 < @ < 1 and use Theorem 2. O

Given the propositions 1 and 2 let us show that J(x(r,%p)) is a fuzzy number, since The order
relation to be used is for fuzzy numbers.

Theorem 1. Let X € Fr e ¢1,02 ¢ @3 be continuous functions, then J(X) defined by the
composition of Zadeh extensions below

" S R

T2 5 (1) 2 Fr f,x)&/ F(1,5,%)dr = J(&(t,50)).

0
J1y

is the fuzzy number.
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8 ON VARIATIONAL CALCULUS WITH FUZZY INITIAL CONDITION AND FREE FINAL CONDITION

Proof.

~ o
1. Since Xy a fuzzy number, by propositions 1 and 2, [J()?(t,)?o))} = J([x(#,%)]%) =
J (x(t,[x0]%)), then [xp]* are closed intervals of the R, then closed and connected sets, since
@1, ¢, and ¢3 are continuous functions and the image of closed and connected by continu-

~

o
ous functions are connected sets ( [12]). then [J ()?(t,)?o))] are connected and closed sets
V0 < o < 1. Since the only closed and connected sets of R are the closed intervals, then

~ a
[J()?(t,)?o))} are closed intervals VO < o < 1.

2. Still, by propositions 1 e 2

[Fe.5)] =1 (80.5)") =7 (xt0. o))

[xo]! # @ because X is a fuzzy number, so J (x(z,[xo]')) # 0 e consequently ¢-niveis are
non-empty, VO < a < 1.

3. supp(Er.5))) © TR0 7) = [780.5)]
=J ([x(t,%0)]°) = J (x(t,[x0]%))
since Xp a fuzzy number, entdo [xo]%* are closed intervals, thus bounded sets, and sin ¢, ¢,
e ¢3 3 are continuous functions and the image of bounded sets by continuous functions are
bounded se ( [12]),then J (x(z,[x0])) ) are bounded. So, supp(J(X(t,%))) C J (x(t,[x0]°))
is bounded.

4. Again, as xj is a fuzzy number then, VO < a < f <1 = [)?o]ﬁ C [x0]*. So, using the
propositions 1 and 2, we have
0<a<B<le P cR)*e [ ,%)P cx,50)]*
& [(E0,%))]P C [J(=(,%))]*,

~

So, J(X) is a fuzzy number.

4 RESULTS

Definition 12. We define feasible set (or admissible) for the problem (3.1) as the set of all fuzzy
subsets of functions X(t,Xy) such that there is a continuous application that associates elements
of [%0]° to the elements of [x(t,%)]°.

Theorem 1. Consider the problem

min  J(x)= [ [F ,x,X) | d
vec ([0.47]) (x) = f¢ [F(z,x,%)]dt .

x(0)=xo e x(t7) is free

Trends Comput. Appl. Math., 27 (2026), e01902
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with Xy € FR. If

1. F(t,x,x) is continuous with respect to all variables;
2. The functional J(x) is convex;

3. The solution of the classical problem is continuous with respect to and monotonic non-

decreasing with respect to the initial condition.

Then x*(t,x0) is minimizer of Problem 4. Ifor all X(t,Xo) belonging to the feasible set of 4.1
according to a minimizer definition given in 2.9.

Proof. Note that a solution of the classical problem x(¢,xp) is monotonically increasing with
respect the initial condition, then we can make an extension of Zadeh with respect to xy. We

must show that J(x*(#,xp)) < J(X(¢,X0)), for all x(z,xp)) belonging to the feasible set of (4.1) and
satisfying the boundary conditions.

~ ~

First, we must verify that J(x*(¢,Xp)) and J(x(¢,X0)) are fuzzy numbers, and so we can use the
relation of order defined in 2.9. By hypothesis, we have F(t,x,:) is continuous with respect
to all variables and that the solution of the classical problem is continuous with respect to the
initial condition, by Theorem 1, J(x*(¢,%)) is a fuzzy number. In addition, any admissible fuzzy
solution is supported by a set of admissible solutions that depend continuously on the initial

solution, so we can guarantee that J(X(¢,Xp)) is also a fuzzy number, so we can use the order
relation defined in 2.9.

Therefore, we have to show that Vo € [0, 1], we have

@ (8,%0)f = J(R(0,%0)) and J(&(1,%))F = J(%(t,%))5 (4.2)

Let x(z,%p) be a function belonging to the admissible set of the problem. Initially we will
demonstrate that the first inequality of (4.2) is valid.

~

Given J(x*(¢,Xp)) a fuzzy number, its a-levels are closed intervals, so we have:
T (@, 5)f = min [7(2(0.5))] @3)
Using the proposition 2 we have
min [7(2(1,%))]* = minJ (% (1.5))%) 4.4)
Using the same rationale for x(z,Xp) we have to
min [/(7(1,))]* = minJ (&, 7)) 45)

Since the solution and any function belonging to the feasible set of (4.1) are continuously
dependent on the initial condition then by the proposition 1 [x*(¢,%0)]* = x*(z,[x0]*) and
[%(¢,50)] = x(1, [x0] ), thereby

TG (1,%0)% = min [f(;*(t,;a)))} Y mind (B, 5)]%) = mind (K (1, o)) 4.6)

Trends Comput. Appl. Math., 27 (2026), 01902



1 O ON VARIATIONAL CALCULUS WITH FUZZY INITIAL CONDITION AND FREE FINAL CONDITION

and
J(x(t,%0)% = min [f()?(t,fo))] = min/J ([x(¢,%)]%) = minJ ([x(¢, [x]*)]) (4.7

Let x*(t,x;) e x(t,Xo) be the arguments that minimize respectively J([x*(z,[x0]%)]) and
J ([x(z, [x0]*)]), note that Xo € [xo]%, soon x(,%o) € [x*(7,%)]* and we can write

J (¥ (,x9))) <J (x"(2,%0)) (4.8)

In addition, since the functional is convex, x* (¢,Xp) is the global optimal solution for the classical
problem with initial condition Xy, hence

J(x"(t,%0)) < J (x(1,%0)) 4.9)

So,
T (1508 = I (¢ (1.45)) < (¢ (150)) < J (x(0.50) = TERER)E (@10)
The second inequality is proved analogously. d

Example 4.1. In this example, we solve the following minimization problem:

2
- _ 2 a2
Xeglll(l[l(‘)lyz]).](x)—/o [x(1)* +x(1)*] dt

x(0) =xo and x(2) is free,

@.11)

where Xy is the triangular fuzzy number (1;1.5;2).

First, note that J(x) is a quadratic functional and, comparing it with problem (2.7), we have
a=c=1and b =0. Therefore, by item (a) of Theorem 5, the solution of problem 4.11, whenever
it exists, is monotone increasing with respect to the initial condition.

By Theorem 3, the necessary condition of optimality for the classical problem is the solution of
the Euler-Lagrange equation:

Ed(t,x(1),4(1)) — - (Fx(t,x(2),%(1))) - = 0, (4.12)
2x(t)—%(2)'c(t)) ~ o, .13)
(1) —(t) = o. (4.14)

Thus, a necessary condition for x*(¢) to be a solution to problem 4.11 is that it satisfies the
second—order differential equation
x(t)—x() =0,

whose general solution is

x¥(t) = c1€ +cre".
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To determine the constants ¢ and ¢, we use the initial condition x(0) = xg:
1+ c2 = Xo,

together with the natural boundary condition

Fi(ty,x(tp), %(ty)) = 0,
Cy &> — cze_2 =
Therefore,
X0 x()e4
cl = ——— CHh = —
T e 2T T4t
and consequently, the classical solution depending on the initial condition is
* _ X0 t 4—t
X (t)—m(e +e*). (4.15)

Note that:

* F(t,x,%) = x(t)> +%(t)? is continuous with respect to all variables.

* The classical problem is convex.
Indeed, in this case F'(¢,x,x) = x2 + 2. Therefore,

Fo=2, Fu=0=Fu, Fu=2,

b

is positive definite, which implies that F(z,x,x) is strictly convex (and hence convex).

and the Hessian

Consequently, the classical problem associated with 4.11 is strictly convex. By Theorem
??, problem 4.11 has a unique global solution, namely the one given in (4.15).

* X0
c )= 1+e*

respect to the initial condition.

(¢' +¢*!) is continuous on [x5,x8] = [1,2] and monotone increasing with

Indeed, x*(¢) is linear in xo, and therefore continuous for all xo € [1,2]. Moreover, we have
already shown that the solution is monotone increasing with respect to the initial condition.

Therefore, all hypotheses of Theorem 1 are satisfied, and we can conclude that the Zadeh exten-

sion of x*(r), with respect to xo, is a fuzzy set of functions that solves the corresponding fuzzy
variational problem. Figure 1 illustrates the solution.

Trends Comput. Appl. Math., 27 (2026), 01902



12 ON VARIATIONAL CALCULUS WITH FUZZY INITIAL CONDITION AND FREE FINAL CONDITION

mﬂ(ia i'O)

Figure 1: Optimal solution of 4.11 with fuzzy initial condition Xy = (1;1.5;2).

To compute the optimal value of the fuzzy functional, we first compute the optimal value of
the classical functional and then apply Zadeh’s extension principle with respect to the initial

condition xg.

2 2 2
J(x(t,%0)) = /0{110& (e’+e4—’)] +{1i0e4 (ete4_t)} dt (4.16)
2 2 2% | 82t
X3 8
- ). (4.18)

Note that the optimal value of the fuzzy functional depends on the initial condition. We can see
the corresponding optimal value of the fuzzy functional in Figure 2.

4 1.2
35
1t
3
_08f
=25 =
2 Zos
~ 2 B
04
1.5
1 02¢
L L L L | ) L L L d
05 1.2 1.4 16 1.8 2 0 1 2 3 4 5
@y J(z)
Evolution of the optimal value with respect to Optimal value of the fuzzy functional

the initial condition

Figure 2
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We now perform comparisons to verify that the fuzzy value of the functional for the optimal
solution x*(z,xp) is smaller than the value of the functional evaluated at any admissible fuzzy
function x(#,%p).

* Comparison 1:
Consider the following admissible function, dependent on the initial condition:

- e’ 1
x(t,xo) = X0 m - 5 t+xp (419)
Thus, the value of the objective functional, dependent on the initial condition, is J(u) =
6.12784)%. Applying Zadeh’s extension principle to x, we obtain the fuzzy solution shown in
Figure 3.

@ (t, &)

Figure 3: Plot of x(¢,Xo) and comparison between x*(¢,Xp) and X(#,X).

~ ~ ~ ~
N

Figure 4 shows the comparison between J(x*) and J(X), confirming that, indeed, J(x*) < J(X)

0.2

o

02 1 1 1 1 1 1 1 1 1 ]

~ ~

Figure 4: Comparison between J(x*) and J ().
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14 ON VARIATIONAL CALCULUS WITH FUZZY INITIAL CONDITION AND FREE FINAL CONDITION

* Comparison 2:

We now compare with a function that satisfies the boundary conditions and oscillates around the
initial function. To this end, consider the following feasible solution, dependent on the initial
condition:

X
o (4.20)

x(t,x9) = [ T

(¢ +e4’)} [Sin(]om) + 1]

The value of the objective functional is J(x) = 829.561)%. Applying Zadeh’s extension principle
to x, we obtain the fuzzy solution shown in Figure 5.

2.5
2
WA 1.5
VR =
— ! v \\\ g
= \
< NN =
< osl OQ 5
: AN 1
\/ \
0.6 VA i
\/\\M 0.5
0.4Ff 7N
0.2 L L L 0
0 0.5 1 15 2

t t

Figure 5: Comparison between the optimal solution with xp = 1.5 and a perturbation X(z,xp),
with xp = (1;1.5;2).

~ ~,

Figure 6 shows the membership function of the fuzzy numbers J(X) and J(X*), respectively,

confirming that J(x*) < J(X)

1 . . . : : 1
08 0.8
S 06 ad)
= S
< oal :f 0.4
0.2 02l
0 L L L L L 0 !
500 1000 1500 2000 2500 3000 3500 1 2 3 4 5

-~ ~

Figure 6: Comparison between J(X) and J(x*).
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5 CONCLUSIONS

We study Problems of the variational calculus with fuzzy initial condition and free final condi-
tion. Following the idea developed in [5, 6], we used Zadeh’s extension of the classical solutions
with respect to initial condition and, thereby, the functional was also obtained via extension. Un-
der some hypotheses we show that the fuzzy value of the functional is a fuzzy number and with
this, we use a partial order relation to show that under certain conditions the Zadeh’s extension
of the classical solution minimizes the fuzzy functional. The hypothesis of functional convexity
was required so that we could guarantee global optimum solution. A example is done to illustrate
the result.

Data availability
Do not apply.

Associate editor: Benjamin Callejas Bedregal

REFERENCES

[1] B.Bede. “Mathematics of Fuzzy Sets and Fuzzy Logic”. Springer (2013).

[2] M.S. Cecconello. “Sistemas Dindmicos em Espacos Métricos Fuzzy — Aplicagdes em Bio-
matemadtica”. Ph.D. thesis, Universidade Estadual de Campinas — IMECC, Campinas, Brasil
(2010).

[3] L.C. de Barros, R.C. Bassanezi & W.A. Lodwick. “A First Course in Fuzzy Logic, Fuzzy Dynamical
Systems, and Biomathematics”. Springer-Verlag Berlin (2016).

[4] J.D.S. de Oliveira. “Sobre cdlculo variacional e controle 6timo fuzzy com aplicacdes: On fuzzy
variational calculus and fuzzy optimal control with applications”. Ph.D. thesis, [sn] (2018).

[5] M.M. Diniz. “Otimizagdo de funcdes, funcionais e controle fuzzy”. Ph.D. thesis, Instituto de
Matemdtica, Estatistica e Computacao Cientifica (IMECC), UNICAMP (2016).

[6] M.M. Diniz, L.T. Gomes & R.C. Bassanezi. Solution to Convex Variational Problems with Fuzzy
Initial Condition Using Zadeh’s Extension. In “North American Fuzzy Information Processing Society
Annual Conference”. Springer (2018), p. 431-438.

[7] O.S. Fard, A.H. Borzabadi & M. Heidari. On Fuzzy Euler-Lagrange Equations. Ann. Fuzzy Math.
Inform., 7(2) (2014), 447-461.

[8] O.S. Fard & M.S. Zadeh. Note on Necessary Optimality Conditions for Fuzzy Variational Problems.
J. Adv. Res. Dyn. Control Syst., 4(2) (2012), 1-9.

[9] B. Farhadinia. Necessary Optimality Conditions for Fuzzy Variational Problems. In “North American
Fuzzy Information Processing Society Annual Conference”. Springer (2018), p. 431-438.

Trends Comput. Appl. Math., 27 (2026), 01902



1 6 ON VARIATIONAL CALCULUS WITH FUZZY INITIAL CONDITION AND FREE FINAL CONDITION

[10] L.T. Gomes, L.C. de Barros & B. Bede. “Fuzzy Differential Equations in Various Approaches”.
Springer International Publishing, New York (2015).

[11] G.Klir & B. Yuan. “Fuzzy Sets and Fuzzy Logic”. Prentice Hall, New Jersey, 4 ed. (1995).
[12] E. Kreyszig. “Introductory Functional Analysis with Applications”. Wiley, New York (1978).

[13] J. Soolaky, O.S. Fard & A.H. Borzabadi. Generalized Euler—Lagrange Equations for Fuzzy Fractional
Variational Calculus. Mathematical Communications, 21(2) (2016), 199-218.

[14] J.L. Troutman. “Variational Calculus and Optimal Control: Optimization with Elementary Convexity”.
Springer Science and Business Media (2012).

[15] L. Zadeh. Fuzzy Sets. Information and Control, 8(3) (1965), 338-353.

How to cite

J.D.S. Oliveira & R.C. Bassanezi. On Variational Calculus With Fuzzy Initial Condition and
Free Final Condition. Trends in Computational and Applied Mathematics, 27(2026), ¢01902. doi:
10.5540/tcam.2026.027.e01902.

S)ey

Trends Comput. Appl. Math., 27 (2026), e01902



