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ABSTRACT. In this paper we present a mathematical analysis of a one-dimensional effective model pro-
posed by A.M. Mateo and V. Delgado concerning Bose-Einstein condensates in the presence of harmonic
confinement. Among the properties presented, we mention: existence, “uniqueness”, orbital stability, sym-
metry and Gaussian asymptotic decay of ground-state solutions in the repulsive case. We also report for-
mule for the minimal energy E, and the associated chemical potential u as functions of A, which is
a parameter related to N (the number of atoms) and/or a (the s-wave scattering length). By considering
Taylor’s development of the non-quadratic term of the energy and using appropriate gaussian functions as
approximations for the ground state, we present some numerical experiments to illustrate our results.

Keywords: Bose-Einstein condensates, stability of ground states, analytical approximate formule,
repulsive or attractive interatomic interactions.

1 INTRODUCTION

It is well known that, based on the statistics proposed by Bose [2] for boson gases, Bose-Einstein
condensates were predicted by Albert Einstein in 1924 (see [8, 9]) and experimentally realized
only seventy years after his prediction, by confinement of different species of gases in magnetic
and/or optical traps at extremely low temperatures [1, 7]. In addition to scientific interest, this
phenomenon has attracted the attention of many scientists, especially in recent years, due to its
relationship with superfluidity and superconductivity in metals (see [10]).
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2 MATHEMATICAL ANALYSIS OF A MATEO-DELGADO MODEL

From a theoretical point of view, the dynamics of an ultracold atomic gas composed of N in-
teracting bosons of mass m confined by an external potential Vi (2) can be described by the
evolution equation (see Eq.(2) of [4]),

0¥ n
05 (1) = | 3-8+ Ve(@) + [ P y)V (0 - 9)P(0,y)dy | Plr.),

where 7 is Dirac’s constant, W is the macroscopic wave function of the condensate (the expecta-

tion value of the field operator), V(x — y) is the interatomic potential (the two-body interaction
field).

At near absolute zero temperatures, where thermal excitations can be neglected, the macro-
scopic wave function ¥(¢,2) can be accurately described by the three dimensional (3D)
Gross-Pitaevskii equation (GPE) [11, 18], namely

0¥ n? 2
ih—(t,z) = | —=—A+Veu(x) +gN|P(t, )| | (1, ), (1.1)
ot 2m
where g = 4nh’a /m is the interaction strength determined by the s-wave scattering length a
(a < 0 when interatomic forces are attractive and a > 0 for repulsive interatomic forces), for

which it is characterized by the ground-state solutions.

It is common to apply external potentials Vey(x) to trap the condensate. In the case of 3D
magnetic ones, we have V(x) = wx + wpy + waz, which is associated to the constant force
f =—-VV = (wi1,wz,w3), where the standard harmonic trap is given by

1
Vexi(x) 1= Em(w%x2 + w3y + w%zz).

With this choice one can manipulate the condensate using different frequencies along the three
directions. The flexibility over the choice of the confining frequencies may be used to control
its shape. For example, the strongly anisotropic case with @, := @, = @3 > @ is particularly
interesting as it is related to effective quasi-one-dimensional (1D) BEC.

Under certain choices of the physical parameters, the transverse confinement of the condensate
is so tight that the dynamics of such a cigar-shaped BEC can be considered to be effectively 1D.
However, this dimensional reduction should only be considered as a 1D limit of a 3D mean-field
theory, instead of a genuine 1D model (see [14] for a rigorous mathematical discussion). More-
over, since the numerical resolution of (1.1) is a heavy task that requires considerable computa-
tional effort, several authors have looked for more effective one-dimensional models to analyze
the behavior of cigar-shaped BECs (see Eq. (8) of [19] and Eq. (2) of [15]).

This is the case for the one-dimensional model proposed by A. Mufioz Mateo and V. Delgado in
[16]. They assume that the axial degrees of freedom evolve so slowly in time in comparison with
the transverse degrees of freedom in such a way that, at each instant ¢, correlations between axial
and radial motions are negligible and the wave function can be factorized such that ¥(z,z) =
®(y,z,n1)¢(t,x), where n; is the axial linear density,

ny (tvx) ::NAZ |q)(t7x7))7z)|2dydz :NM)(I,)C)‘Z,
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R. CIPOLATTI, Y. M. LIRA, and G. SAISSE 3

with both @ and ¢ normalized to unity. This procedure allows us to decompose the equation (1.1)
in such a way that

at 2m 9x2

where (1) (n1) is the local chemical potential satisfying the stationary transverse GPE

2 32
8¢ ( " d +iw1x +H¢(’l1)>¢,

o(d*  9? 1 )
3tz +—(w2y + 032 ) + g |0 | D = pi (n)®

After a cumbersome procedure using decomposition of generalized Laguerre polynomials and
physical considerations, they have derived that

(1) = hoo, 1+ 3yan;

ny) = _

uy (m LA Toyan,’

where o and 7y denote positive parameters (see Eqs.15,16,18 of [16]). This leads us to the
following equation for the axial dynamics in the x direction,

90 M % 1 1+3yaN|¢|*
Mo = 2w gw a0t s (2

In this paper we are interested in the mathematical analysis of ground-state solutions of equation
(1.2), i.e., the standing wave solutions of minimal energy: ¢ (z,x) = @o(x) e~ /" which leads
us to consider the equation

1 d% gy 55 14 37aN|¢o|?
—— 5 + —OX P+ W) O ————=x P = .

To proceed in this goal, we consider the dimensionless formulation of the previous equation,

which takes the form ) Lo
d 1+3
o o 1HOE

as’ VRSV
where, for Iy := \/h/mao;, we set s :=x/ly, @(s) := @o(lps) and
_ M 200 yaN

ha)l ’ @ (0] ’ ’ l()

= uo, (1.3)

)

with sign(A) = sign(a), i.e. A positive (negative) for repulsive (attractive) interactions,
respectively.

Note that the solutions of (1.3) can be viewed as standing waves of the following dimensionless

time-dependent GPE

d 9% 1+ 32 uf?
i—u:——u—l—szu—&—C +3AJu]

T ds? /T+2AJu |2 '

We organize the paper as follows: in Section 2 we prove that every complex solution of equation
(1.3) has the form y(s) = e (s), where 8 € R and ¢ is a real solution that decays at infinity

(1.4)
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4 MATHEMATICAL ANALYSIS OF A MATEO-DELGADO MODEL

as gaussians. We prove the existence and uniqueness of ground states for every A > 0 and that
these solutions are orbitally stable. As mentioned in [16], the authors state that equation 1.2 is
also valid in the attractive case (A < 0), although a rigorous mathematical analysis of this case is
quite delicate in view of the strong A-dependence in the nonlinear term of the equation (see the
Remark at the end of Section 3).

In Section 3 we deduce a general formula relating the minimal energy and the associated chem-
ical potential as functions of the parameter A. In Section 4 we present some numerical results
and, finally, in Section 5, we present an extension for the present context of Thomas-Fermi’s
approach.

2 EXISTENCE AND STABILITY OF GROUND STATES IN THE REPULSIVE CASE
>0

Since the solutions of (1.4) are in general complex-valued functions, and because we are in
dimension one, Sobolev’s embedding theorems alow us to restrict our analysis of the existence
of ground states for real valued ones, as we can see by the following lemma, where H'(R)
denotes the usual Sobolev space (the space of finite energy).

Lemma 2.1. If v € H'(R) is a complex solution of (1.3) (which means W = u+ iv with u,v €
H'(R)), then there exists a real function U(s) solution of (1.3) and a real number 0 such that

w(s) = ePU(s).
Proof. To simplify the notation, we define f; : [0,+) — R as

1+3Ap2
= ——_— \/1+21 2.1
f(p) 1—5—2/1p2 P 1+2/1p 1)

Then the equation (1.3) is read as

2
() +29(5) +Cofi (19(5)) 0(s) = Ho(s), sER @2

If = u+ iv is a complex solution of (2.2), it follows that

fl“+s utCofy(l@hu = pu,
2 2.3)
d¥+s v+Cofi(lol)y = uv
Now, multiplying the first equation in the above system by v and the second by u, we get
d*>v  d’u dv  du
— —Vv—=0 = ——v—=C, VseR,
Y2 TV as “as T Vds g

for some real constant C. As it is well known that H!(R) C Co(R), where Co(R) is the space of
continuous functions which tend to zero as s — oo, we conclude that C = 0 and hence

2 a0 > &0)
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R. CIPOLATTI, Y. M. LIRA, and G. SAISSE 5

Therefore, u = Bv, B € R and each one of the equations of (2.3) reduces to

d2
— S5 5Pt Cofy (14 B)Jul)u = .
Now, considering U (s) := (1+ B2)"/2u(s), it follows that U s) is a real valued solution of (2.2)
and
. 1 ip i0
Y=u+iv= + U=¢"U,
<\/1+B2 \/1+B2>
where 6 := arctan 3. O

Remark. Although Lemma 2.1 is sufficient for the present study, it is interesting to note that the
proof can be interpreted as a rephrasing of well-known results on the Schrodinger equation and
the nonlinear extensions that preserve the symmetry of the U(1) group, i.e., the phase change:
¥ 5 e9% 9 c R. In fact, if we consider the equation

. 0¥ n?
1h§(t,a:)— —%A—FV(QZ,‘T([,ZL‘)D lP(t’a;)’ (24)

where V is a real potential (possibly depending on |¥|), the symmetry U (1) allows us to deduce
the following quantum continuity equation:

p
o +divd =0, (2.5)

with probability density p and probability current density J given by

p(t.3) = W 2)P, J(z)= % (V2 V(. 2) —¥(.2)VE2)).

Indeed, if we multiply Eq. (2.4) by 2¥(¢, ) and take the real part, we obtain

—J¥ [/
2R (Tat) =——3 (PAY).
Since
e L 3 — R N _
o5 = 293(‘1‘?) and 3 (PAY) = oH (PAY —PAY) = 2ia’zv (PVY -¥VY),

we get the conservation equation (2.5).

The continuity equation (2.5) is important in the study of Quantum Mechanics. In our particular
context, it allows us to restrict one-dimensional standing waves P(t,s) = ¢'%@(s) to real func-
tion ¢@. Indeed, assuming that @ (s) = u(s) + iv(s), with uv # 0, the U (1) symmetry gives %—’; =0

and, consequently, %J =0, where

N

J(t,s) = —% (q)(s)d(glis) — (p(s)dgo(s)> — _Eg <(p(s)d¢(s)> .

ds
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6 MATHEMATICAL ANALYSIS OF A MATEO-DELGADO MODEL

Therefore, there exists a real constant 8 such that
de dv du 2 d ( ) _
3 ((p ds ) “as T Vas U ds =5
and we get, as in the end of the proof of Lemma 2.1, u(s) = Bv(s), for which we can write

@(s) = ¢'%R(s), with 6 =arctan(1/B), and R(s) € R.
In the sequel we denote || y/||, the usual norm of y € LP(R).

Lemma 2.2. If y € H'(R) is a real solution of (1.3), then L > 1+ C,.

Proof. Indeed, let ¢; : R — R be the function

o1(s) = %ﬁexp(—sz /2). 2.6)

which is the ground state of the harmonic oscillator corresponding to (1.3) with C, = 0. Indeed,
it is easy to see that ||@; ||, = 1 and that — @] (s) +s>@i(s) = @i(s). This means that ¢; is an
eigenfunction of the operator L := —57 + 5% corresponding to the eigenvalue A; = 1. In fact, L
has an infinite sequence of eigenvalues A} < A» < ---, where A4, = (2n+ 1), n € N, and the Her-
mite functions are the corresponding eigenfunctions. It is also known that A; has the following
variational characterization,

Ja=min{ [ |y +21wo)P) ds: vl =1} @7)

So, if we multiply (1.3) by ¢ and integrate on R, we get

ulglB = [ (166 +%106) P +CosilloGIo))) ds
Since f; (p) > 1 for all p > 0, we get from (2.7)
uloli > (ki +Co)llell = p>1+Co.

O

An important property of solutions of (1.3) is their Gaussian asymptotic decay at infinity, as
asserted in the following result.

Theorem 2.1. Let ¢ € H'(R) be a solution of (1.3). Then ¢ € C*(R) and there exist constants
ko € (0,1) and C(ko) > 0 such that

|9(s)] < C(ko)exp[—kos*/2] Vs € R. (2.8)

Proof. We proceed as in [12]. Since ¢ € H'(R), it follows from Sobolev embedding that ¢(s) is
a continuous function satisfying
lim ¢(s) =0. (2.9)

|s|—=+e0
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R. CIPOLATTI, Y. M. LIRA, and G. SAISSE 7

If we denote g(s) := s> — u +Cqp f3, (\(p(s)

(9":0)=1(g9:9), V¢ cDR). (2.10)

Let h(s) := |@(s)|. By Kato’s inequality we have h” > sign(@)@"” in the sense of distributions.
So, by multiplying (2.10) by sign(¢), we get

), it follows from (1.3),

(H": ) > (sign(@)@": 9) = (glo|: 9), Vo €D(R), ¢ >0,

which means that
—HK" 4 gh <0 in the sense of distributions on R. (2.11)

On the other hand, if we set @i (s) := e K%/2 4 simple calculation gives
— () +8(5)9x(s) = [(1 = &%)s* + &k — L+ Co f (|0 (5)])] @x(5)-
Since f; is a positive increasing function on [0, +c0) and f; (0) = 1, it follows that
—03(s) +8()px(s) = [(1 = k%) + kK~ +Co | Px(s), Vs ER.

Note that, by Lemma (2.2), we have £ > Cg + 1, so that we can choose ky € (0,1) and Ry > 0
such that (1 — &§)R} + ko + C — 1 > 0 to assure that

—(p,'c/o(s) +8(s)Pi,(s) >0, for |[s| > Ro. (2.12)

From (2.11), (2.12) and the Maximum Principle, we conclude that i(s) < @, (s) for all |s| > Ry.
So, we can choose C(kp) > 1 large enough such that A(s) < C(ko) @y, (s) for all s € R to conclude
the proof. O

2.1 Existence of ground states in repulsive case

Let us firstly consider, for A > 0, the real function G, : R — R defined as

1
Ga(p) = 57 [(1 +2Ap2)¥2 -1 +2Ap2)'/2} = /1+24p2p>. 2.13)

It is clear that p — G, (p) is a positive, convex and C* function such that G, (0) = 0 and that

Gy (p)=2f(p)p, VpER.

Let us introduce now the functional framework which allows us to prove the existence and
stability of ground states for Eq. (1.3). To do so, let 2~ be the space defined by

3&”::{WEHI(R);/R(|l//(s)|2—|—s2|l,l/(s)|2> ds < oo} (2.14)

The space 2 is a real Hilbert space if endowed with the following usual inner product
01v) = [ (V(©)9'(5)+y()9(5)) ds,

Trends Comput. Appl. Math., 27 (2026), e01918



8 MATHEMATICAL ANALYSIS OF A MATEO-DELGADO MODEL

having the Hermite functions as a Hilbert orthogonal basis. Then, the associated norm is given
by

WIE = [ (VP +21we)P) ds

It is well known that the embedding of 2" into L”(IR) is compact for all p > 2 (see Proposition 6
of [12]).

We define the energy E; : 2~ — R and the charge Q : & — R, respectively by

{EJL(V’) =[xV (s)Pds+ [ s*|W(s)[Pds+Cop J /14 2Aw(s)[?|w(s)[ds 015)

O(y) = ful(s)ds

and we denote X := {1// € Z;0(y) = 1}. By the embedding 2~ C LP(R), it follows that
E) (y) is well defined because

L V/1+ 22962 6rds < [ [w(s?+24w()" ds = [yI3-+ 22l

With these ingredients we look for solutions @i, of Eq. (1.3) that minimizes the energy E)
among all functions in X;. More precisely,

Theorem 2.2. Let A > 0 be given. Then, there exists @i, € X1 such that

Puin €1 and  Ej (Qpin) = min{E; (¥); y € X1 }. (2.16)

Proof. We denote E, := inf{El (v);yex } Since Ej (w) > 0 for all w € 27, it follows that
Emin > 0 and there exists a sequence of minimizing functions {, },en in X1, i.e., a sequence in
¥ such that lim,_ 1o E3 (W) = Enin-

Note that G, (p) > 0 for all p € R implies ||y, || < E; (w,) and consequently, {y, }nen is a
bounded sequence in Z". So, by applying the Banach-Alaoglu Theorem, we have a subsequence
{ Wi, tken of { Wy }nen converging to some @i, in the weak topology of 2" (which we write
symbolically as Y, — @nmin). To simplify the notation we still write s, for the elements of this
subsequence.

On the other hand, since 2~ is compactly embedded in 1? (R), it follows that @, € X and

1im/ |1//,,(s)\2ds:/ | Qmin(5) 2 ds.
R R

n—yoo

Since the functional E; is continuous and convex, the Banach Theorem assures that E is semi-
continuous for the weak topology of 2, which means that

E)L ((Pmin) < l;g}rlgofE)L (l//n) = Enin

and consequently, @p;, satisfies (2.16). O

Trends Comput. Appl. Math., 27 (2026), e01918



R. CIPOLATTI, Y. M. LIRA, and G. SAISSE 9

Corollary 2.2. Each solution of (2.16) satisfies the equation (1.3)

Proof. This follows directly from the fact that E; (y) and Q(y) are continuously differentiable
functionals in 2. In fact, by a consequence of the Lagrange Theorem, there exists 4 € R (a
Lagrange multiplier) such that

E//l (@Qmin) = .UQ/((Pmin)»

where E} (y) and Q'(y) are the Fréchet derivatives of Ej and Q at y € .2, respectively. Note
that this last equation is the same as (1.3). This completes the proof. O

2.2 Uniqueness of positive ground states

Let us denote by ¥, the set of ground states, i.e., &, = {l// EXEN(y) = Emin}. It follows
easily from ||y]| 2~ < E, (y) that %), is a bounded set of 2" and we have the following properties:

Theorem 2.3. Assuming A > 0, there exists a unique positive symmetric function @, € X1 which
is decreasing in the interval [0,+0) (with gaussian asymptotic decai at infinity). Moreover

gl = {eie(pmin; 0 € R}

Proof. For uniqueness, we proceed in two steps.

Step 1: Let us assume for the moment that there exist two positive functions @;, ¢ € ¢,. Then,
for 0 < v < 1, we define

Yy (s) == (v (s)2 + (1= v)ga(s)?) 2.
It is clear that y, € X and that
[ woPds=v [ Sloi)Pds+(1=v) [ Slpa(s)Pds. 2.17)
Since p — G, (p) is strictly convex, it follows that
Ga(wy) <VGi (1) + (1= V)Gar(92). (2.18)

Moreover, by differentiating both sides of Y2 = v@? + (1 — v)@? and using the Cauchy-Schwarz
inequality, we get for each s € R,

W ()Y (s) = ver(s)@1 (s) + (1= v)@a(s) 92 (s) < v (s)\/ Vo[ (s)2+ (1= v)py(s)%,
from which it follows that
W ()] < VI@i(s)* + (1= v)[@3(s)]*. (2.19)

Therefore, we have from (2.17)—(2.19) that Ej (¥y,) < VEupin + (1 — V)Enin = Emin, Which is
impossible by the definition of Ey;, and we conclude that @; (s) = ¢@a(s) for all s € R.

Trends Comput. Appl. Math., 27 (2026), e01918



1 O MATHEMATICAL ANALYSIS OF A MATEO-DELGADO MODEL

Step 2: We know by Theorem 2.2 that there exists at least one real function @y, € ¢, . Since
|@min| € X1 and the fact that 2~ C H'(R), we have %|(pmm| = %(pmm almost everywhere in R.

This implies that E) (|@min|) = Emin and s0 |@min| € 4, is the unique positive solution of (2.16)

In order to prove that | @, | is decreasing and symmetric, let @, (s) be the symmetric-decreasing
rearrangement of |@min(s)|. As it is well known (see [13, 17]), @, is a positive and symmetric
function on R such that, for every increasing function H : [0, +e) — R and every p > 1,

/H 0. (s ds—/H |Qumin(s)|)ds  and /|y/ \pds</\(pmm WPds.  (2.20)

Hence, from (2.20) with H(p) = pz, we get @, € X. On the other hand, if ¢ > 0, it follows from
the Hardy-Littlewood inequality,

L= lomn)Pds < [ (e )9 (5| ds.

which gives

C\ﬁ 'Sz— S2S .\ﬁS2 'S2— S2S
[ (0P ~lo.00P)as < [ (g ~lo.0)P)as. @20

Therefore, using the L’ Hospital rule and (2.8), we get for £(s): = |@min(s)|* — |0« ()|,

\/E
tim e [ 7(5)ds == lim ¢ [/(VE) (=)

c—+Foo Cc—>+o0

=— lim ¢ [|(Pmm(\ﬁ)|2_|q)min(_\ﬁ)|2] :0,

C—r-oo

which implies from (2.21) that

[ 105 ds < [ #lguin(s)Pds < e (2.22)
R R

So, from (2.20) with H = G, together with the second inequality in (2.20) with p =2 and (2.22),
we get E; () = Emin, which means that @, € ¢, and, by uniqueness, |@min(s)| = @« (s) for every
s € R and the proof is complete. g

We will denote ¢, € ¥ the unique real ground state for which the minimal energy En, is
explicitly given by

EA(QA)ZA(Q () +S (Pl ds+Cw/ \/1+2}1.(P/1 (P/l 2dS (2.23)

The next lemma gives a characterization of the chemical potential y as function of @, .

Lemma 2.3. Let @ be the unique real function of 4,. Then

(2.24)

p(pn) =Ep(9p) +Col /\/ﬁd

Trends Comput. Appl. Math., 27 (2026), e01918



R. CIPOLATTI, Y. M. LIRA, and G. SAISSE 11

Proof. We know that ¢, € X; satisfies the equation
" 2 —
— @) +5° 03 +Cofi (02) P = 1(92) 92
By multiplying the above equation by ¢, and integrating on R, we get
ipn) = /R (94.(5)* +5702(5)*)ds +Cop /]R £ (@1(5)) @a.(s)ds. (2.25)

However, it follows from (2.1) that

fH(p)p? = V1+2Ap%p% +1

2
i P
PP \/1+2/1p2]

(2.26)
= 1+2A FA——
p2p? %2 p2
and we get (2.24) directly from (2.25) and (2.26). ]

2.3 Stability of ground states

First of all, let us consider the complex extensions of 2", i.e., 3? =2 +12 . Note that it can be
identified with 2~ x 2", which is a real Hilbert space embedded with the cartesian inner product.

In order to prove the stability of ground states of (1.3), we consider the Cauchy problem

183(;) _ %Ei (1), (0,5) = vo(s). 2.27)

where E} (v(7)) denotes the Fréchet derivative of £, on v(7) in Z forall TR, ie.,

2
By (v(1) =2 (- T35 4 24(5) + Cati (WA

It is well known [3] that the Cauchy problem for (2.27) has a unique solution that is global in
time. In other words, for any vy € % there exists a unique v € C ([O +oo), & ) satisfying (2.27).
In particular, if ¥ € 4, the unique solution u of (2.27) such that u(0,s) = y(s) is the standing
wave given by

u(t,s) = e Hly(s).

Taking into account the non uniqueness of ground-states, we consider here the orbital stability of
9., which means that, if the initial datum v € 2 is close enough to y € ¢, in 2, the trajectory
v(T) € 2 remains close to 4, as 7 varies in R. More precisely,

Definition 2.1. We will say that 9, is orbitally stable if, for each € > 0, there exists 6 > 0 such
that, if vo € 2" satisfies infgc(o 277 [[vo — ef ¢, | 7= < 8, the solution of (2.27) satisfies

s inf 7) — e H(P2)7 ¢i0 > €.
ek (eel[o,m”v() ¢

Trends Comput. Appl. Math., 27 (2026), e01918




12 MATHEMATICAL ANALYSIS OF A MATEO-DELGADO MODEL

In order to prove the stability of ¢, , we follow Cazenave-Lions [5], where the orbital stability is
a direct consequence of the well known conservation laws that hold for all solutions of (2.27): if
v(t,s) is a solution of (2.27) such that v(0,s) = vo(s), then, for each T € R, we have

Q(v(1)) =Q(w) and  Ej (v(1)) =Ej(vo)-

The above identities are known respectively as conservation of charge and conservation of energy
and are easily obtained by multiplying the equation respectively by the complex conjugates of

—iv(7) and dv(t)/d7.

Theorem 2.4. Assuming A > 0, the set 9, is stable in the sense of the Definition 2.1.

Proof. We argue by contradiction. If ¢, is not stable in the sense of Definition 2.1, there exists
& > 0 such that, for all n € N, we can find vy, € 2 satisfying

. 1
inf N 2.28
66[072”'_]”‘/% e (PXHK«[ n ( )

and
su inf [|va(7)— € 27600, || ~| > &, 2.29
sup (it () AR 29)

where v, € C(R; 35/”\) is the unique solution of (2.27) with initial datum v, and W, := u(@y).

Let 6, € [0,27] such that ||v, — €% ¢, | 7= < 1/n. By compactness, there exist 8 € [0,27] and
a subsequence of {6, },en (for simplicity still denoted by {6, },,en), such that 8, — 6y € [0,27],
from which we may infer that

lim v, — % gy | =0,

which means that vy, converges to ¢ ¢, in 2.

Since €% @, € %, and E,, Q are continuous in 2", we have

{ O(von) — Q) =1,

. 2.30
Ej(von) — Ej(€%@y) = Epin. (230

On the other hand, it follows from (2.29) that we can select a sequence {7, }sen in R such that

. f — —iIJlTn i0 ;\> 2 v GN 231
061[51.27:]”\/,1(17”) € € ‘PAHJ,&)/ s n ( )

Now, denoting y, := "4 ™y, (1,), we have from (2.31)

Iy — e®op)l 7> /2, VO €[0,2n], VneN. (2.32)

From the conservation laws, we get, for n — oo,

O(v) =0(von) — O(e®p1)=1
E)L(Wn):EA(VOn) — El(eie*(Pl):Emim
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Note that the sequence {E3 (W) }nen is convergent and as ||y, || ;= < Ej (), there exists a sub-
sequence still indexed by n that converges to some V., in the weak topology of 3?, i€, U — Vo
in 7. By remembering that Zis compactly embedded in LP(RR) for all p > 2, it follows that
VW, — VYo in LP(R) and we have y., € ;.

Note that the functional J; (y) := [ G3 (w(s))ds is convex and well defined in V := L*(R) N
L*(R), which is a Banach space for the norm || ||y := || |2 + || ||s. So, J; is continuous in V and
then J) (W) = J3 (Ww) as n — 4. Moreover,

||‘I/°°||2 <hmmf||‘//n||A— hm(Ek(‘/’n) CwJ(‘//n))_ min — CooJ (Yoo

Therefore, we have E(y..) = ||l//°o||2gf—|— CwJ) (Weo) < Emin, which implies that y., € ¢, and,
consequently, 1nf || Vo, — € (p;L | 7= 0. But this contradicts (2.32), because

lim ||wn||37= 1im (Ex (W) —CaJ (Yir)) = Enin—Cad (yo) = | Yool %=

implies that ¥, — Y., in 2 and

(| Weo — eie¢l|\5?:r}i£§°\\wn— @l 7> /2, V6 €[0.27].

3 A RELATION BETWEEN CHEMICAL POTENTIAL AND ENERGY AS FUNC-
TIONSOF A >0

In this section we report the relations between the minimal energy E) (¢, ) and the corresponding
chemical potential (¢, ) as functions of A, which are well defined from the uniqueness of @,
for all A > 0. More precisely, let Eqin, Umin : [0,+2) — R be the functions defined by

Emin(A) :=E3 (@) and  fnin(A) := p(@y)-

Lemma 3.4. The function E,;, is a positive, increasing and concave function such that

lim E,;p (L) = eo. 3.1
A—+eo

Assuming that the curve A — @y € 2 is continuously differentiable in (0,~+c), we have

d
Epin € CH(0,+00) and ——Epin( / e ds (3.2)
( ) dA 7/ 1+ 22, (p;L
Moreover, Wy, is continuous, satisfy the same limit in (3.1) and is related to E,;,, by
mm / ,umm (3 . 3)
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14 MATHEMATICAL ANALYSIS OF A MATEO-DELGADO MODEL

Proof. For each ¥ € ¥ and s € R, the map A — G, (y(s)) is increasing and concave, which
imply that A — E, () is also increasing and concave. As it is well known that the minimum of
a family of increasing and concave functions is itself increasing and concave, the same is true for

Emin(A).

To prove the limit (3.1), let us proceed by contradiction. Since Ey, is increasing, if (3.1) does
not hold, we have limy_, | o, Enin(A) = L for some L > 0. In particular, for A, := n, the sequence
{@n}nen is bounded in 2. Hence, there exists Q.. € 2 such that ¢, — @ in 2" and, by the
compact embedding, .. € LP(R) for all p > 2. So, ¢ € £; and

L> Epin(n /\/1+2n<pn 20,(s)%ds > V20| Qa3 V€N,

which is impossible.

From the definition of the minimal energy, we have

4 e v=2 [ o) o / 20 (5)- L 4
dlEmm(ﬂL)_Z/R(p,l(s)dl(pl(s)ds—i-Z [ () e (s)ds+Co HA), B
where H(A Je V1+220,(s)2@x (s 2ds By direct calculation we get
1+31¢;(s) /
d 3.5
/ W #(s) dl"" W 8 )

Now, remembering that

1+ 30y(s)?

=2y (s) 425 +2C
Vi) + 2 )+ 20
it follows from (3.4) and (3.5) that

d

o Enin(2) = < "(oa): da"’*> /\/W

where <> denotes the duality product in 2" x 2. Since E' (@) = £(1)Q'(¢;,) and Q(¢; ) =
for all A > 0, we have

(B0 Sp0) =) (Q(00): S0 ) = i) 570(03) =0

from which (3.2) is proved.

On the other hand, by Lemma 2.3, it follows that fiyin(A) > Emin(4) for all A > 0, which implies
that Ui, has the same limit as Eyy;, at infinity. Furthermore, from (2.24) and (3.2) we get

ummm:Emm(A)H T Enin(A) = (AEM))

dr

from which we obtain (3.3) after integrating the above identity on [0, A]. g
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Remark. The parameter A in our context is related to the s-wave scattering length a (or the
product aN) and, as inferred in [16], the model (1.2) is also valid for the attractive case (a < 0).
So, it would be important to assure this fact from a mathematical point of view, which means to
prove that (1.3) admit solutions for A < 0. Therefore, from the definition of the energy, one must
be assured that 24 ¢y (s)? 41 > 0 for all s € R and for A in a certain interval (—A.,0) for some
Ay > 0.

4 APPROXIMATION FORMULZA

Based on the exponential decay as proved in Theorem 2.1 and the properties presented in
Theorem 2.3, we are led to consider the curve I'j C X defined by

Lpo={yi(s) == (/) *exp(—ks?/2), K> 0} 4.1)

as trial functions to evaluate the minimal energy Epi, ().

Note that if A = 0, it follows from (2.15) that Eo(y) = ||y||%- + Co| W|)3, which reaches its
minimum at @ (s) = (1/71:)1/46_32/2 and £ (1) = (1) = 1+Cyp.

A direct calculation of the energy at y, € I' gives

1 1
Ep () = 2 <K+ K‘) +Ca)/]R \/ 1"'21‘//1((5)2‘//1((5)2“"?' (4.2)

By the same argument in the proof of Theorem 2.2, we can show that there exists a unique
k(A) > 0 such that

Eup(A) := Ep (W) = min{Ey (y): k > 0}. 4.3)

Unfortunately, there is no explicit solution of the integral in (4.2) to calculate k(A) from this
variational problem involving a simple real function of k (see [6] for a general model where we
have an exact solution for x(4)). To overcome this difficulty, we consider the Taylor series of
G, (p) defined in (2.13).

The direct calculation gives

Gi(p) = ﬁ [%92 + 22 (_nl!)n ((2:__;))!! zzznn,z (ZQLPZ)H] :

which converges absolutely and uniformly for 24 p? in compact subsets of (—1,1).

For p = yi(s), we have

1 1 -
Ex(vi) = 5 (K-l— K) +Cg (1 +) an},"_lic(”_l)ﬂ) ,
(

n=2

a4, — —1)" 2n—4)! /n (1>(n—1)/2’

n! (n=2)! 272 \nx

4.4)
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1 6 MATHEMATICAL ANALYSIS OF A MATEO-DELGADO MODEL

which is convergent as long as k < 7/442.

To illustrate our numerical results, we assume that Cg, = 1. Then, from (4.4), we have

d _1 1 SRl P Gy S
dK.EA(WK)_Z(l K2)+,;z A"k =0, 4.5)

or equivalently,

d (=)
263y (W) = ko = 14 Y (n—Dand" kD2 =0,
n=2

This development up to order n = 3 allows us to recover the energy of a cubic-quintic model [20].

By considering Taylor’s approximation up to orden n = 6, we get
d
27 Bz (Yi) =0 <= f(A, 1) =1, (4.6)

for f(A,x) 1= apA x> /? + (1 +2a3A%) > +3a4 A3 K>/2 + 4asA* 13 4+ Sag A3 k7/?, where

1 1 1 V5 7v6

= —, =——, = —, = ——, = — 4.7
CEr BT o YT a7 s T Boym “.7)

In the sequel, we denote E,,,(A) and papp(A) respectively the energy and the corresponding
chemical potential, with approximation up to order n = 6. We present their graphics based on
determining the solution k(1) of Eq. (4.6), which are unique for any A > 0 (even for 1 < 0 if
|A] is not very large). Figure 1 shows the graphic of the function A — k(A4).

1.5
------- K(A
0.5
-2.0 -1.0 0.0 1.0 2.0

A

Figure 1: Graphic of k(4) for A € [—2,2]. The solid line corresponds to Eq. (4.6) in the interval
of convergence of (4.4).

By using the values of k(A4) in the Eq. (4.2) and numerical integration of the non-quadratic term
with Wy(3), we obtain the graphics of Eup,(A) for A € (—Aupp, 2], where Ay, 2 0.78. Similarly,
by using the values of E,p,(A) and numerical integration in Eq. (2.24), we obtain the graphic of

Happ(2).
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3.0 T T T T -
Wapp (}V),—’

2.5+ T _oe-T

" Eap (V)

20 -

1.5¢ -

1.0+ -

0.5+ -
| | | | |

-1.0  -0.5 0 05 1.0 15 20
A

Figure 2: Graphics of Eyp,(4) (blue) and papp(4) (purple) for A € (—Aqpp,2]. In both cases, the
solid lines correspond to the interval of convergence of (4.4).

We can calculate the function k(1) by considering the implicity derivation of Eq. (4.6). More
precisely,

d _9f  dfdx
ﬁ (A,K(l))—ﬁ+ﬁﬁf 5

which allows us to determine the function k(1) as the solution to an initial value problem for
ODEs, namely,

dk  Of [of\ !

—=—= == k(0) = 1.

dA ar (81( ’ ©)
This method produces similar results as before if A is restrict to the interval of convergence of
4.4).

(4.8)

5 GENERALIZED THOMAS-FERMI APPROXIMATION

Under the condition that the kinetic energy be small enough, i.e. if

L1o/©Pds <Co [ fi(o) o) ds

the term @” is negligible, which means that, for A > 0 large enough, the equation is reduced to

filo(s)) = , 5.1

Trends Comput. Appl. Math., 27 (2026), e01918



1 8 MATHEMATICAL ANALYSIS OF A MATEO-DELGADO MODEL

Where fl (p) = %\/ 1+224p2 — 2\/#71’)2

It is clear that p — f3 (p) is strictly increasing in [0, +c0) and its inverse can be easily calculated.

Indeed, from its definition we can write f; (p) := h(+/1+24p?), where & := h(n) = (31 —

%) , whose inverse is

Therefore, from (5.1) we get

_ 2 2 2\ 2 302
Ji+22e6)2 = (B2 A (S 15 1 3%
+209(s)>2=h <Ca) 3C, “—i— m +M2 ;

or equivalently,

212 2\ 2 2 2\2 302 1
-0 )4
(0]

From the fact that y is large if A > 0 is large enough (see Lemma (3.4)), we can assume that

3C(20 / u? is negligible to get the following (first) approximation

42 2\* 1
1+27L(p(s)2:92,2(1—:;) +3 (5.2)
[0)

Hence, considering that f_‘/\% @ (s)%ds ~ 1 (and remembering the symmetry of @), we get

2 .1
WVE G g B (5.3)

9C2, o 3

On the other hand, instead of simply discard the term 3Cg,/u?, we can consider the
approximation of \/x 4 as /x +h/2+/x, with x = (1 —s?/u)? and h = 3C% /u?, to get

4p? 2\* 2
1+27up(s)29£f2<1su) +3 (5.4)
[0

which gives the (second) approximation

v/ 212 VE

The solutions of (5.3) and (5.5) provide good approximations for y as functions of A — the
generalized (first and second) Thomas-Fermi approximations —, as shown in Figure 3 (where we
still have considered C, = 1 for numerical calculations).
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0 1 2 3 4 5 6 7 8 9 10

Figure 3: Graphics of u(A) for A € (0,10] by Thomas-Fermi approximation. The red line corre-
sponds to Eq. (5.3) and the blue one, to Eq. (5.5).

6 CONCLUSIONS

In this paper we present some important mathematical properties of the ground-state solutions of
one-dimensional effective model proposed by A. Mufioz Mateo and V. Delgado to describe the
cigar-shaped Bose-Einstein condensates in harmonic trap potentials. In Section 2, we prove, in
the case of repulsive interatomic forces (4 > 0), that there exists a unique positive and symmetric
ground state @p;,, decreasing for s > 0 (Theorems 2.2 and 2.3), which is orbitally stable in the
Hilbert space of finite energy functions (Theorem 2.4). Moreover, like any other solution of
Eq. (1.3), such ground state has a Gausssian-like exponential asymptotic decay (Theorem 2.1).
In section 3 we describe the minimal energy E,;, and the corresponding chemical potential i,
as functions of the parameter A, for which some general properties are shown (Lemma 3.4). All
theses properties suggest that Gaussian functions could be used as approximations of those BECs.
Based on this idea, we present in Section 4 some numerical examples. Finally, in Section 5, we
describe an extension of the Thomas-Fermi approach to calculate the chemical potential in the
context of large A > 0.

Data availability
All data generated or analysed during this study are included in this published article.
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