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Abstract. In this paper we introduced a general model for the Hybrid Dynamical
Systems and for such systems we introduced the usual concept of Lyapunov stability.
Furthermore, we established two Principal Lyapunov Theorems and a converse
theorem.
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1. Introduction

Hybrid systems are capable of exhibiting simultaneously several kinds of dynamic
behavior, such that continuous-time dynamics, discrete-time dynamics, logic com-
mands, and so forth.

At the present time, there does not appear to exist a satisfactory general model
for hybrid dynamical systems which is situable for the qualitative analysis of such
Systems.

In the present paper we give a definition of hybrid dynamical system which cov-
ers a very large number of classes of hybrid systems and which is suitable for the
qualitative analysis of such systems.

2. Hybrid Systems

2.1. Hybrid dynamical systems

Definition 2.1. Given the set X, < C X x X it is an order relationship in X if
for any x,y,z € X such that (z,y) E< < <y

(1) x < x;

(i) if x <y and y < x then x = y;

(ti) if ¢ <y and y < z then x < z.

Definition 2.2. We say that a function ¢ € C[[0,7],R*] (respectively ¢ € C[RT,RT])
belongs to class K (¢ € K), if $(0) = 0 and if ¢ is strictly increasing on [0,7] (re-
spectively on RY).
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Furthermore, we say that a function ¢ € K defined on RT belongs to class KR if
lim, o ¢(r) = +00.

Definition 2.3. A metric space (T, p) is called a time space if:

(2) T is completely ordered with order < ;

(#i) T has a minimal element tyn € T, that is, for any t € T and t # tpmin, it is
true that tmin <t ;

(ii) for any t1,ta,t5 € T such that t1 < to < ts, it is true that p(ty,t3) = p(t1,t2) +
p(t27 t3);

(iv) T is unbounded from above, that is, for any M > 0, there exists at € T such
that p(t, tmin) > M.

Definition 2.4. Let (X,d) be a metric space and let A C X. Let (T,p) be a
time space, and let Ty C T. For any fixed a € A, tg € Ty, we call a mapping
p(,a,to) : Taty — X a motion if p(to, a,to) = a, where Ty ={t € T : to < t}.

Thus, we define hybrid dynamical systems:

Definition 2.5. Let S be a set of motions, that is, S C {p(.,a,to) € A : p(to,a,ty) =
a}, where A = Uqipye(axtyy{Ta, — X} The five-tuple {T, X, A, S, To} is called
a hybrid dynamical system.

2.2. Some qualitative characterizations

Definition 2.6. Let {T, X, A, S, To} be a hybrid dynamical system. A set M C A is
said to be invariant with respect to system S (that is, (S, M) is invariant) if a € M
implies that p(t,a,to) € M for allt € Ty, and all tg € Ty such that p(.,a,ty) € S.

to

Definition 2.7. We call xy € A an equilibrium of a hybrid dynamical system
{T, X, A, 8,10} if (S,{z0}) is invariant.

Definition 2.8. (Lyapunov Stability) Let {T,X, A, S, Ty} be a hybrid dynamical
system and let M C A be an invariant set of S.

(i) We say that (S, M) is stable if for every e > 0, and to € Ty there exists a § =
0(e,to) > 0 such that d(p(t,a,to), M) < € for allt € Ty, and for all p(.,a,t) € S,
whenever d(a, M) < 4.

(13) We say that (S, M) is uniformly stable if § = §(€).

(wi)If (S, M) is stable and if for any to € To, there exists an n = n(ty) > 0 such
that, for every € > 0, there exists a t. € T such that d(p(t,a,ty), M) < € whenever
teT andt. 2 t, for all p(.,a,ty) € S whenever d(a, M) < n, then (S, M) is called
asymptotically stable.

(i) We call (S, M) uniformly asymptotically stable if (S, M) is uniformly stable
and if there exists a 6 > 0 and for every ¢ > 0 there exists a 7 = 7(€) > 0 such
that d(p(t,a,to), M) < € for allt € {t € Ty, : p(t,t0) > 7}, and all p(.,a,tg) € S
whenever d(a, M) < 6.

(v) (S, M) is said to be exponentially stable if there exists a > 0 such that for every
e >0 and to € Ty, there exists a § = d(¢) > 0 such that d(p(t, a,to), M) < ee~P(t:t0)
for allt € T, 4, and for all p(.,a,ty) € S, whenever d(a, M) < 6.
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Observation : The exponential stability of (S, M) implies the uniform asymptotic
stability of (S, M).

Indeed, if (S, M) is exponentially stable then for every € > 0 and to € Ty, there
exists @ > 0 and § = &(e) > 0 such that d(p(t,a,to), M) < ee=**(t:10) for all t €
To, and for all p(.,a,t9) € S, whenever d(a, M) < ¢, therefore d(p(t, a, o), M) <
ce~@P(bto) < ¢ and (S, M) is uniformly stable.

Furthermore, for all ¢ € T, ;, it is had d(p(t,a,tp), M) < ee~*(b10) thus, for any
7 =7(e) > 0 such that t € {t € Ty, : p(t,to) > 7}, d(p(t,a,ty), M) < ee~P(bto) <
e and then (S, M) is uniformly asymptotically stable.

2.3. Embedding of hybrid dynamical systems into dynamical
systems defined on R*

Any time space T can be embedded into the real space R™ by means of a mapping
g : T — R*, having the following properties:

(1) g(tmin) = 0, where t,,, denotes the minimum element in T}

(”) g(t) = ,D(t, tmin) for t # tiin -

If we let Ry = g(T'), then g is an isometric mapping from 7" to R;. Indeed, given
r € Ry, there exists t € T such that r = g(¢) and if g(t1) = g(t2), for t; < to, since
P(tminst2) = p(tmin, t1) + p(t1,12) it follows that g(t2) — g(t1) = p(t1,2) and then
t1 = to. Thus, g is a bijection from T onto R;, furthermore, for ¢t; < to it is had
d(g(t1),9(t2)) = |g(t2) — g(t1)| = |p(t1,t2)| = p(t1,t2), therefore g is an isometric
mapping from T to Ry = g(T).

Definition 2.9. Let {T,X,A,S,To} be a hybrid dynamical system, let © € A be
fized and let g : T — RT be the embedding mapping defined previously . Suppose
that p(.,a,to) € S is a motion defined on Tyy,. Let p(.,a,ro) : R — X, where
]Rj; ={r e RT :r > rg}, be a function having the following properties:

(i) ro = g(to);

(i) p(r,a,m0) = p(g~1(r),a,to) if r € Ry = g(T);

(iii) p(r,a,ro) =z if r & Ry = g(T').

We call p(.,a,ro) the embedding of p(.,a,to) from T to RT with respect to .
Definition 2.10. Let {T,X,A,S,To} be a hybrid dynamical system and let x €
A.  The hybrid dynamical system {Rt,X,A,S R} is called the embedding of
{T,X,A,S, Ty} from T to R with respect to x, where R§ = g(Ty) and S is the set
of all p(.,ap,70), such that p(.,ap,ro) is the embedding of p(.,aq,to) with respect to
x and p(.,a0,t0) € S.

In view of the previous definitions, any hybrid dynamical system defined on an
abstract time space T can be embedded into another hybrid dynamical system de-
fined on real time space RT.

Furthermore, it should be noted that the various stability definitions given in sub-
section 2.2 for general hybrid dynamical systems {T, X, A, S, Ty} with invariant set
M C A translate in a natural manner to the case of dynamical systems
{R*,X,A,S,R{} . For this is enough take the metric space (Rt,d) with usual
metric d(z,y) = |z —y|, z,y e RT and < = < .
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Proposition 2.1. Suppose that {T, X, A, S,To} is a hybrid dynamical system. Let
M C A be an invariant subset for S, and let x be any fixed point in M. Let
{R*, X, A,S, R} be the embedding of {T, X, A, S, Ty} from T to R with respect
to x. Then M is also an invariant subset for system S, (S, M) and (S, M) possess
identical stability properties and S and S have identical boundedness properties.

Proof. See [5]. O

2.4. An example

Consider the following problem of initial value

z(t) —bx(t) =0

2(0) =129 >0

where z € C[RT,R] and b < 0. This differential equation determine the dynamical
system {T, X, A, S, Ty} = {RT,R*, {x0}, 5,0}, with S = {p(.,20,0) : RT — Rt}
such that p(t, 7o, 0) = zoe’’. We have the follows results:

(1) (S,{0}) is invariant, since p(t, zg,0) = p(t,0,0) = 0 = 0 € {0} for all t € R*.
(ii) For every € > 0, let 0 < § = € and then d(p(t,z¢,0), {0}) = zoe? < deb* =
e’ < ¢, whenever d(zg, {0}) = 2o < 6. Therefore (S, {0}) is uniformly stable.

(#i) (S,{0}) is asymptotically estable, since if d(zg,{0}) = o < 7 < 1 then
limy_ o d(p(t, 70, 0), {0}) = lim; o0 p(t, 70, 0) = lim;_, o, Toe?* = 0.

(iv) Given € > 0, for & > 0 and o > —b, let 6 = d(¢) > 0 such that § = e.
Then, d(p(t,z0,0), {0}) = p(t, z0,0) = zoe’ < ee < ee~*!, whenever d(x, {0}) =
xo < 6. Thus (5, {0}) is exponentially estable, and then uniformly asymptotically
estable.

3. Principal Lyapunov Theorems

To follow we presented two Principal Lyapunov Theorems for the class of discon-
tinuous dynamical systems.

Definition 3.1. We will call a dynamical system defined on RT whose motions are
not continuous with respect to time a discontinuous dynamical system.

Theorem 3.1. Let {RT,(X,d), A, S,R{} be a discontinuous dynamical system and
let M C A be closed. Assume that there exists a function V : X x Rt — RT and
functions 1,199 € KR such that

Yr(d(z, M)) < V(z,t) < ¢a(d(z, M)),

forallz € X andt € RT.

(a) Assume that for every p(.,a,75) € S, V(p(t,a,78),t) is continuous on RY, =
0

{t e RT : t > 7§} except on a set of discontinuities Ev () C E,, where E, =

{78, 70, 0 <7l <77 < ..} is the set of points of discontinuities of p(.,a,y).
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Also, assume that there exists a neighborhood U C A of M such that V (p(t,a,78),t)

is nonincreasing for all a € U and all t > 7§, and assume that there exists a

increasing function h € C[RT,R*], with h(0) =0 such that
Vi(p(t,a,75),t) < h(V(p(7ys a,75), 7)), t € (75 Th1)-

Then (S, M) is invariant and uniformly stable.
(b) If in addition to the assumptions given in (a) there exists a function ¥3 € K
defined on R™ such that

Dv(p(T]fa(I)T(I)))?T]f) S _1/)3(d(p(T]€)aaaT(])j)?M))7
foralla € U, k € N, where
DV (p(ry,a,75),74) =

1
T Vi b)) = Vet o).} (3.)

then (S, M) is uniformly asymptotically stable.

Proof. (a) We will prove that (S, M) is invariant. If a € M, then
Vp(r,a,78),78) = 0 since V(p({,a,7),70) = Vi(a, 1) < to(d(a, M)) and
d(a, M) = 0. Therefore, we know that V(p(7},a,7),7) = 0 for all k > 0
since V(p(7},a,73), ;) is nonincreasing for all @ € M and 77, > 73 and V(X x
R*) C R*. Furthermore V(p(t,a,7)),t) = 0 for all ¢ > 7§ since V(p(t,a,78),t) <
h(V(p(r},a,75), 7)) = h(0) = 0. This implies that ¢ (d(p(t,a,78), M)) <
V(p(t,a,75),t) = 0 and then d(p(t,a,78), M) = 0, that is, p(t,a,75) € M for all
t > 7f, since M is closed. Therefore (S, M) is invariant.

Since h is continuous and h(0) = 0, then for any € > 0 there exists 6 = d(e) > 0
such that h(y) < ¢1(€) as long as 0 < y < §. We can assume that 6 < 11 (e). Thus,
for any motion p(.,a,7}) € S, as long as the initial condition d(a, M) < 15 *(6) is
satisfied, with a € U, it follows that V(p(7f,a,78),78) = V(a, 1) < ¢a(d(a, M)) <
Va3 1)) = & and V(p(rF,a,78),7F) < & for all k, since V(p(7F,a,78),7F) is
nonincreasing and then

d(p(T,f,a,Tg),M) < w;l(V(p(Tlf,a,Tg),T]f)) < wfl((s) <e€.
Furthermore, for any ¢ € (71, 7/, ), we can conclude that
Vip(t,a,75),t) < h(V(p(7y, a,75), 7)) < h(6) < 1 (e)

and
d(p(tva’Tg)7M) < 1/)1_1(‘/(17(15’ ang)’t)) < 1/)1_1(7/}1(6)) = €.

Therefore (S, M) is uniformly stable.
(b) Letting 2§ = V(p(1f, a,78), 74 ), with a € U, we obtain from the assumptions of
the theorem that

—(8 1 = T (s () = —(Tfay — s (85 (V(p(F, 0, 76), 7)) =
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_(T]€)+1 - Tlf)w?)(d(p(T]f’ a, Té))a M)) Z
V(p(T,erl, a, Tg)lengl) - V(p(T,;:,a,Tg),T,f) = z£+1 - Zﬁ

If we denote 9 = 3 0 9y ! then ¢ € K and the last inequality becomes
Zhpr — 20 < — (T — V()
It follows that

p p p p P
Z,., — 2 zZn — & Z
P(h) < K ThH 20 TRl o 0 (3.2)
= P P =P P =D D
k+1 k k+1 k k+1 k

Now, consider a fixed § > 0. For any € > 0, we can choose a 7 > 0 such that

wz( )

max{th; (5~ (20)) (220

and 77, — 75 > 7 for all k. Let a € U C A with d(a, M) < § and 7§’ € R{ any.
For any ¢t > 7§ 4 7, t must belong to some interval [7f, 7, ) for some k. It follows
from (3.2) that

,(/)(Zp) < Zg — V(p(T(])?7a’7Tg)7Tg) — V(a’Té)) <
k)= p P R ) I
k+1 k k+1 k k+1 k
_ V) _ wa(d(@ M) _ ()
T - T T

which implies that
¢2( )

2 = Vit ), 7)< () (33
and 5
Vol a0 < WV o)) < (20 3
if t € (1,7/,1)- In the case when t = 7/, it follows from (3.3) that
)
Ap(e], 0,79, M) < U Vot ), 7)) < o (2 <

In the case when ¢ € (17, 7;,,), we can conclude from (3.4) that

¥2(9)

T

d(p(t,a,75), M) < 7' (V(p(t,a,78), 1)) < 97 (M~ ( ) <e.

This prove that (S, M) is uniformly asymptotically stable. O

Theorem 3.2. Let {R*,(X,d), A, S,R{} be a discontinuous dynamical system and
let M C A be closed. Assume that there exists a function V : X x Rt — RT and
positive constants c1,co and b such that

cr(d(z, M))* < V(z,t) < co(d(z, M),
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for all = in some neighborhood X, of M and t € RT.

(i) Assume that for every p(.,a,78) € S, V(p(t,a,78),t) is continuous on R;E, =
{t e RY 1t > 70} except on a set of discontinuities Ev(,y C E,, where E, =
{76, 77,...: 0 <78 < 7 < ..} is the set of points of discontinuities of p(.,a, 7).
Moreover, assume that there exists a function h € C[R*,RT], with h(0) = 0 such
that

V(p(t, a, Tg)v t) < h(V(p(T,f, a, 7—5)7 Tlf))a

fort e (77, T];:+1), and such that for some positive constant q, h satisfies

) _y,

r—0 "I‘|q o

(#i) Suppose that there exists a constant cz > 0 such that
DV (p(ri,a,70), ) < —es[d(p(r, a,78), M)]",

for all a € Xy and k € N, where DV (p(7},,a,75),71) is defined in (3.1).
Then (S, M) is exponentially stable.

Proof. See [5]. O

4. Converse Theorem

Now we presented a converse theorem of the theorem 3.2 in the following sense:

Theorem 4.1. Let {R*,(X,d), A, S,R} = RT} be a discontinuous dynamical sys-
tem and let M C A be a closed invariant set, where A is a neighborhood of M.
Suppose that :

(i) every p(.,a,75) € S is continuous everywhere on [rf,00), except on a set
E, = {r5,1,.. i 715 <710 < ..}, being | = infpes{rp , — 7/} > 0 and L =
ubpes (Tl — 1L} < 50

(ii) for any p(.,a, ) € S is true that p(t',p(t,a,78),t) = p(t',a,78) for all t € Ry
and t' > t. Furthermore, p(t',a,t) € M if a & M, therefore d(p(t',a,t), M) > 0 for
allt! >t ifa g€ M, since M is closed.

Let (S, M) be exponentially stable. Then there exists a neighborhood Xy of M such
that X1 C A, and a mapping V : X1 x RT — R which satisfies the following
conditions:

(a)there exist 11,19 € K defined on RT such that

wl(d@:’M)) < V(.Z',t) < "/J2(d(xaM>)7

for all (z,t) € X1 x RT.
(b) there exists a constant ¢ > 0 such that for every p(.,a,78) € S,

Dv(p(TlfvaaTop)lef) S 7cv(p(7_]f’a77_(§))77—]f)a
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for k € N, where a € X7 .
(c) there exists a function h € C[R*,RT], with h(0) = 0 and limg_g+ héf) =0 for
some constant q > 0, such that

Vi(p(t,a,75),t) < h(V(p(7¢, a,70), 7.,
for every p(.,a,75) € S, t € (7,70 ,), a € X1 and 7§ € RT.

Proof. Since (S, M) exponentially stable, for every € > 0 there exists a« > 0 and rg =
ro(€) such that d(p(t,a,78), M) < ee=*(*=76) for all p(.,a,7¥) € S and all t € T,
whenever d(a, M) < ro. Let ¢ € K defined on [0,rg] such that ¢(d(a,M)) > €
if a ¢ M, then d(p(t,a,78), M) < ee=*t=70) < ¢(d(a, M))e=*t=75). If a € M,
p(t,a,7t) € M therefore d(p(t,a,78), M) = 0 < ¢(d(a, M))e~**=76) = 0, thus

d(p(t,a,78), M) < ¢(d(a, M))e=*t=75). (4.1)
Let X1 ={z € A:d(xz, M) <ro}. For (z,t) € X; x R, define

V(x,t) = sup{d(p(t', z, t), M).e** D}

>t
For a € X; and 7} € R*, we have

Vi(p(t,a, Té’), t) = Sup{d(p(t/, p(t, a, 75)7 t), M).ea(t/_t)}
>t

= sup{d(p(t', a, %), M).e** 1)} (4.2)
>t
therefore

Vp(rliya,8),mi4y) = sup {d(p(t',a,78), M) 7))

/> P
t ZTkJrl

= sup {d(p(t', a,7), M)ea(t,_Tf)e_o‘(Terl_Tlf)}

t,ZTIf+1

= e T sup {d(p(t', a,78), M)e* )}

’ v
t 27’1c+1

<e o sup {d(p(t',a,78), M)et'—T}

p
V2T

< e sup {d(p(t', a,7), M)e " TR} = eV (p(rf, a, 7). 7).

t'>7p
Letting ¢ = (1/L)(1 — e~!), we obtain

1
Dv(p(TgvavTé))lef) = m(v(p(75+1aav7—g)aT£+1) - V(p(Tlfvaa Té)),’l']f))
k+1 k

1

S p(l_e_al)v(p(Tlfva’Tg)szf)
Te+1 — Tk
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1

< ——

- L

Also, for all (z,t)

(1 — e_al)V(p(T,f,a,Tg),T,f) =—cV(p(ry,a,78), 7).
€ X1 x R* (4.1) imply that

V(,t) = sup{d(p(t', @, 1), M)e* "' 1)}

< sup{@(d(w, M))e D)} = sup{g(d(w, M))} = Bld(w, M)).

Letting ¢ € K defined on R such that ¢ (r) = ¢(r) if 7 € [0, 7¢], then
V(z,t) < a(d(z, M)).
Furthermore

V(x,t) = sup{d(p(t', z,t), M)eo‘(t/_t)} > d(p(t',x,t), M) > 1y (d(x, M))

t'>t

for some ¢, € K defined on R*. By (4.2) we have for every t € (7}, 77, ), 7 € RT
and a € X,
V(p(t’ a, Tg)’ t) = Sup{d(p(tl7 a, Top)7 M)ea(t _t)}

t'>t

= sup{d(p(t', a, 78), M)e* ¥ =) =TV < sup{d(p(t', a, 78), M)e**' ~7)}
t'>t t'>t

< sup {d(p(t', a,78), M)V =T} = V(p(rF, a, 78), 7F).
t’ZT,f

Letting h € C[RT,R"] such that h(r) = r and ¢ = £, it follows that limg_o+ 0(9) =

=0 and

ol

0
V(p(t,a,78),t) < V(p(rt,a,78),7) = h(V(p(7}, a, 1), %)).
O

Resumo. Neste trabalho introduzimos um modelo geral para os Sistemas Dinamicos
Hibridos e para tais sistemas introduzimos o conceito usual de estabilidade de Lya-
punov. Além disso, estabelecemos dois Teoremas Principais de Lyapunov e um
teorema de conversao.
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