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Unique Continuation for the Kawahara Equation

P.N. da SILVA! Departamento de Anélise, Rua Sao Francisco Xavier, 524, Sala
6006, Bloco D, 20550-013 Rio de Janeiro, RJ, Brasil.

Abstract. We establish a unique continuation property for the Kawahara equa-
tion. To state such property, we use a Carleman inequality for a linear differential
operator related to the Kawahara equation.

1. Introduction
We consider the Kawahara equation

Up + Ugge + NMggrrs + Uty =0 (11)

where t € (=T,T), z € Q,  is an open interval in R, and n # 0.

This equation is related to one-dimensional evolution of small amplitude long
waves in several problems arising in fluid dynamics. Nonlinear dispersive prob-
lems have been object of intensive research (see, for instance, the classical paper of
Benjamin-Bona-Mahony [1], Biagioni-Linares [2], Menzala et al. [4], Rosier [5] and
the references therein).

This work is concerned with a unique continuation result for the Kawahara
equation. Let L be the following operator

We assume that L acts on functions defined on some open connected set Q of
R? = R, x R;. L is said to have the unique continuation property (UCP) if every
solution u of Lu = 0 which vanishes on some nonempty open set O of Q vanishes
in the horizontal component of O in Q, that is, in {(x,t) € Q, Jz1, (x1,t) € O}.
We establish the UCP for the following operator
0 03 o° 0

and, as a consequence, we establish our main result:

Theorem 1.1. Let Q the cylinder Q x (=T,T), where Q is an open interval in R.
Let L be the operator defined by (1.2). Letu € L*(—T,T; H5(Q))NL>(=T,T; L% .(Q))
be a solution of Lu = 0, that vanishes in some open set O C Q. Then u vanishes

at the horizontal component of O.
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Kenig [3] pointed out that the UCP obtained by Zhang [9], by means of the
scattering theory argument, may not be applied for a Kawahara type equation.

In this paper, we follow from close the work by Saut and Scheurer [6] on UCP,
especially the treatment for linear dispersive operators of one space dimension. Our
analysis is based on a Carleman type estimate for a linearized equation associated
to (1.1).

In Section 2., we give some notations and we present an useful corollary of the
Treves’ inequality. In Section 3., we give some useful technical results: we establish
a Carleman type estimate for two linear operator related to operator (1.2); we prove,
for these operators, that if a solution vanishes in a ball in the xt plane, which pass
through the origin, then it also vanishes in a neighborhood of the origin. We also
obtain result that provides an uniform control in that neighborhood of the origin.
The Section 4. contains our main result and its proof. In Section 5., we apply the
UCP result for a Kawahara system in a bounded interval (0,T).

2. Notation and Treves’ Inequality

In what follows we are going to use the notation D; = %, 1 <5 < n, and
J

D = (Dy,...,Dy). If X = (Xy,...,Xpn), let C[X] be the algebra of polynomials
in n variables. If P € C[X] and P has constant coefficients and degree m, then
we consider the differential operator P(D) = 2, <., @aD® of order m, where
D* =D -+ Dy and |a| = Y7, ;. By definition, P@)(X) = -22PX) wwhere
i b0z
B is given by g = (617 s 7ﬁn) e N™.
In this section, we follow from close the arguments of Shang [7].

Theorem 2.1 (Tréves’ Inequality). Let P = P(D) be a differential operator of
order m with constant coefficients. Then, for any multi-index o € N", £ € R™ and
¢ € C§°(R™) we have the inequality

|
Z g | [POD)6P ey, ©)dy < Clm,a) | [PD)S exp((y, €))dy (2.1)

where ¥(y, &) = Y y2E2, 2% = ffo” cE20n ith € = (&1,...,&,). The constant
Sup\r+o¢|§m (Tza)7 |OZ‘ <m
0, la| >m
al=a! o, ifa=(ar,. .., qn).

where a,7 € N® and

C(m,a) is given by C(m, o) = {

Corollary 2.1. Let P = P(D) =P (a%, %) be a differential operator of order m

with constant coefficients. Let 0,7 > 0 be any positive real numbers and ¢(x,t) =
(x — 0)% + 62t2. Then the inequality

22|a\

L rlelges [ P (D)o exp(2re)dy < Clmoa) [ [P(D)OF exp(zrioldy (22
! R2 R2

holds for all ¢ € C§°(R?) and o = (a1, a2) € N?, such that |a| < m.
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Proof. We use the Treves’ Inequality for the differential operator given by
Q(D) = P(D+a) = P(% —|—a,%) where a = 276, 7 > 0. That is, y = (x,t),

€ = (&,&) = (V27,6v/27). Multiply both sides of inequality (2.1) by exp(27462)
and by exp(+470x) to obtain

9lal

- g2 /R ) | exp(2762) P (D + a)¢|? exp(27 (2% — 26 + 6% + 6%t%))dxdt

< C(m,a) |exp(2702)P(D + a)¢|? exp(27((x — 6)? + 6%t?))dxdt
R2

Choose ¢ igexp(f%'éz) where 5 € C§° (RQ).~The proof is complete if we note that
P(D + a)[¢ exp(—270z)] = exp(—276z)P(D)¢ and P)(D + a)[pexp(—276x)] =
exp(—276x) P(*) (D). O

3. Technical Results
In the proof of our main result (Theorem 1.1) we use the following result.

Theorem 3.1. Let O be the cylinder Q x (=T,T), Q an open interval in R.
Let L be the operator defined at (1.3). Assume that r € L°°(=T,T;L? (Q)). Let

u € L3(=T,T; H5(Q)) be a solution of Lu = 0, that vanishes in some open subset
01 C O. Then u vanishes on the horizontal component of Oy.

In the next subsections, we deduce results that will be useful in the proof of
Theorem 3.1. In Subsection 3.1., we deduce a Carleman estimate, in Subsection 3.2.,
we obtain a UCP for a solution that vanishes in a ball in the xt plane, which pass
through the origin and prove Theorem 3.1.

3.1. Carleman Estimate

Now, we deduce a Carleman estimate.

Proposition 3.1. Let Q be an open interval in R that contains the origin and
O=Qx(-T,T7),0<T < co. Consider the differential operator

3 5
Li:gi O 1p2

0
ot T a3 T T (@Y

%7

where r € L (—T,T, L*(Q)). Then, the following inequality

7'/ || exp(2T0)dxdt + 7'2/ |prae|? exp(2T@)dxdt + 7'3/ |pes|® exp(27¢)dxdt
o o o

+ 7'4/ |6 |? exp(27¢)dxdt + 7'5/ |p|% exp(27¢)dxdt < %/ |L+¢|? exp(27¢p)dxdt
(@) O O
(3.1)
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holds for all ¢ € C§°(O) , where p(x,t) = (x —6)?> + 22 with0 <5 <1, 7> 0
such that

1
> max { Ol gy ACUR + 1P e L e b 32

and C' is the embedding constant of H () into L>(12).

Proof. We use Treves’ inequality for the operators Py = % + 775%. With the
notation of Section 2., we have Py (&1, &) = & £néS. For a = (k,0) and r = (rq,72),
with k,71,70 € N, we have T—;a = (Tl(_;]g’)rﬁ = (TTIIT?!ZZ! = (:}:kli)!. Thus
the coefficients C'(5, ) for a = (1,0), (2,0),...,(5,0) are equal to 5, 10, 10, 5 and
1, respectively.

From the estimates obtained by using inequality (2.2) for « = (1,0), (2,0),...,
(5,0), we deduce that

T / || exp(2T@)dxdt + T2 / |paz|? exp(2T@)dxdt + 73 / |pee|? exp(27@)dxdt
o o o
+ 7 / |pe|? exp(27p)dxdt + 7° / |6|% exp(27¢)dxdt
O O

< 3
— 2012

/ 160 £ 16 sanse | exp(2rg)dudt,
(@]

Since
1706l explaroldad < IOl 0162 explre -
< Ol 1)y 1 exp(70) s e
< ClIr(, 1) 220y [n% exp(r) 33 oy + 7 sup 4o = 36, explri) o
162 exp(re) 320y

if 7 satisfies (3.2), we have

/Q |r(, ) p|? exp(2r)dadt < 720 || pu exp(T0) |72 () + 2707 |2 exp (1) [|72 (-
(3.4)

Thus, by (3.3) and (3.4),
/[|¢xm|2 + |7’(x,t)¢x|2] exp(27p)dxdt < %/ bi £ Nbrwwe)® exp(27@)drdt (3.5)
O O

Since

|¢t =+ n¢xxxxx|2 = |Li¢ F Qzaz F T(zat)¢x|2 < 3|Li¢|2 + 3‘¢xww|2 + 3|T(1‘,t)(bx‘2,
(3.6)
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the right hand side of (3.5) is bounded by

9 9
—/ |L+6|? exp(27¢p)dadt + 7/ [|[Prza|? + |7(2, )P0 | exp(2T@)dxdt.  (3.7)
10 o 10 O

Now, from (3.5) and (3.7), we may deduce that

/ [|¢xm|2 + ‘T(Z‘,t)¢$|2] exp(27¢)dxdt < 9/ |Li¢|2 exp(27)dxdt.
o o

Returning to inequality (3.3), using the above estimate and (3.6), we complete the
proof. 0

Corollary 3.1. LetT > 0. Under the assumptions of Proposition 3.1, the inequality
(3.1) holds if we replace ¢(x,t) by a function v(x,t) such thatv € L*(—=T, T, H>(Q))
with vy € L*(=T,T, L} .(Q)) and such that the support of v is a compact subset of
0.

3.2. Proof of Theorem 3.1

Now we prove Theorem 3.1 following the steps indicated by Saut and Scheurer [6].
We make several reductions in order to apply the Carleman estimate (Proposi-
tion 3.1). The steps consist in:

1. Change of Variable We consider a noncharacteristic curve x(z,t) = 0 that
satisfies x(0,0) = 0 and %(0,0) # 0. The equation x(z,t) = 0 can therefore
locally be written as x = ¢(t). By the change of variable (z,t) — (z—1(t), t),
one can suppose that ¢ = 0.

2. Holmgren Transform We are then reduced to prove the uniqueness in the
Cauchy problem across the curve = 0 and in a neighborhood of the origin.
This curve is convexified by the Holmgren transform (x,t) — (x + t2,t)

3. Carleman Estimate We shall apply the Carleman estimate (Proposition 3.1)
for the resulting operator.

4. Connectiveness The final result follows by connectiveness.

In Lemmas 3.1 and 3.2, we fulfill steps 1 and 2, in order to apply the Carleman
estimate and obtain the UCP for a solution that vanishes in a ball in the zt plane,
which pass through the origin.

Lemma 3.1. Let Q2 be an open interval of R which contains the origin and let
O0=Qx(-T,7), with 0 < T < co. Consider the differential operator (1.3) where
r € L®(=T,T; L} .(Q)). Let u = u(z,t) be a solution of Lu = 0 in O such that
u € L2(=T,T, H5(Q)). Let~ be a circumference passing through the origin. Suppose
that w = 0 in the interior of the circle (with boundary ) centered in (o, 3), with
a < 0, and contained in O. Then, there exists a neighborhood O1 of the origin (in

the xt plane) such that u =0 in Oy.
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Proof. The curve v is given by (z —a)? + (t — 8)2 = a? + 3% # 0, a < 0. Let us
define
gty =a+ /> +F —(t=P)%, tel=(B-Va2+p 8+ /a?+p)

Since u = 0 in the interior of the circle centered at («, 8) with radius v/a? + 52,
then « = 0 in the region {(z,t), a <x < g(t), t € I'}.

Let us consider the change of variables: (z,t) — (v — g(t) +t2,t) = (w,t). Let
q(w,t) = u(z,t). Since Lu = 0, we have

G + Guww + Nwwwww + (26 — g'() +r(w + g(t) — t2,1))qw

= Ut + Ugga + NUzzzre + 7"(95, t)um =0

Thus, Eq = 0 where L is given by L= % + aaT:jB + naa—u; + ?(w,t)a%7 with
T(w,t) = 2t — ¢'(t) + r(w — t2 + g(t),t). We also have ¢ = 0 in the region R =
{(w,t), 2 — /a2 + 52— (t — B)2 <w < t?}.

Let 0 < § < 1 and Bs = {(w,t) € R?, w? +1* < §%}. Let h € C§°(B;s) such
that h = 1 in a neighborhood O; of the origin; let v = v(z,t) = hq. It follows that
v € L?(~T,T,H5(0)) and v has compact support in Bs.

If (w,t) € BsNsupp v, then (w—4d)? 4§22 < §2. Thus, supp (v) C {(w, ), (w—
8)2 + 6%t2 < 6%} = {(w,t), o(w,t) < »(0,0)}, where p(w,t) = (w — §)% + §2¢%.
Assume 7 satisfies (3.2). Since h =1 in a neighborhood O; of the origin, it follows
by Corollary 3.1 that

7'5772/ [v|? exp(27¢)dwdt < 5/ |Lv|? exp(27¢)dwdt. (3.8)
Bs Bs—01

Consider the sets A = ([B; \ O1] N {(w, t), * < w}) and B = {(w,t), p(w,t) =
©(0,0) = 62}. Note that the intersection of A and B is the empty set. Therefore,
there exists € > 0, (¢ < 62) such that p(w,t) < 62 — ¢ for all (w,t) € A. Now, let
O be a neighborhood of the origin such that ¢(w,t) > §%2 — ¢ in 0. Using (3.8),
we deduce that

KeZT(‘Sz*E)/ |v|2dwdt§/ \Ev|262”"dwdt§627(527e)/ |Zv|2dwdt,
(92 B,;*Ol Béfol

where K = 75—4 That is

5 ~
/\Wmmgj/ Lo2dwdt (3.9)
02 T JBs—0,
If we take 7 — oo in (3.9), we conclude that v =0 in Os. Since ¢ = v in Oy C Oy,
then the proof of Lemma 3.1 is complete. O

Lemma 3.2. Let ) be an open interval of R which contains the origin and let
O =Qx(-T,T), with 0 <T < co. Consider the differential operator (1.3) where
r € L>®(=T,T;L? .(Q)). Let u = u(x,t) be a solution of Lu = 0 in O such that
u € L2(=T,T, H*(Q)). Let+ be a circumference passing through the origin. Suppose
that uw = 0 in the interior of the circle (with boundary ) centered in (o, 3), with
a > 0, contained in O. Then, there exists a neighborhood Os of the origin (in the

at plane) such that u =0 in Os.
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Proof. The curve v is given by (z — a)? + (t — 3)2 = a? + 32 # 0, a > 0. Consider
the change of variable (z,t) — (—w,t).
In the new variables, the operator L is written as
0 o? ° 0
L=v - 2 i —F(w,t)—, 3.10
o o Taws gy (3:10)
where 7(w, t) = r(—w, t).
Let v(w,t) = u(x,t). Then Lv = 0 (L given by (3.10)) and v = 0 in the interior
of the circle (with boundary ), center (—c, 8) with —a < 0, which is a subset of
0.

Arguing as in the proof of Lemma 3.1, we can prove Lemma 3.2. O

At the connectiveness step of the proof of Theorem 3.1, we should guarantee
that given a ball of radius r;, we can choose as the neighborhood O3 of the origin
the ball B((0,0),r — |3]), where r? = a2 + $%. In the next lemma, we obtain the
desired result if r; is sufficiently small.

Lemma 3.3. Let 2 be an open interval of R which contains the origin and let
O0=Qx(-T,T), with 0 < T < co. Consider the differential operator (1.3) where
r € L®(=T,T; L} (). Let u = u(z,t) be a solution of Lu = 0 in O such that
u € L2(—=T,T, H*(Q)). Let~ be a circumference passing through the origin. Suppose
that w = 0 in the interior of the circle (with boundary ) centered in (o, 3), with

a # 0, contained in O and r} = o® + 32 < 72 where T is given by

\/ 7+ 2V5F = min r*(é),5(2_ 26(4_6))71 ,

with v*(8) defined on (3.12). Then u =0 in B((0,0),m7 — |8]) N O.

Proof. We argue as in proofs of Lemmas 3.1 and 3.2. For sake of simplicity, we
assume that o < 0. Let 7 = r; — |8]|. After performing the change of variables
presented at Lemma 3.1, it is possible to show that the B((0,0),7) in the original
xt plane is mapped into a subset of B((0,0),r,)N{|t| < 7} of the ¢ plane considered
after the Holmgren transform step, where r, = \/7 + 2v/57.

We want to choose 1y, 0 < 1, < § < 1, that guarantees the existence of a point
(wp,tp) € {(m,1);0(x,t) = @(rp,0)} N {z = t?} such that ||(x, )| < 6.

First we note that {(z,t); p(z,t) = @(ry,0)} N {z = t?} # ( if there exists a real
root of the equation

22+ 256 —2) + 6% — (rp, — 6)? = 0. (3.11)

5(2-1/6(4-9))

2
positive root of equation (3.11) given by s; =

. For 0 < § < 2, let s; be the real
M. Let 2

That is, we must have r, <

= s; and t% = xp.

It remains to show that we have [|(z,t)|| < . Let us define x5 = —1EV 1207

Observe that (zs,/Z5) € B((0,0),0) N {z = t*}. If we have 0 < z;, < x4, we obtain
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(s, tp)]|> < 6°. Indeed, first we note that lim,, .oz = w = 0.
Therefore, for 0 < § < 1,
there exists r* > 0 such that for 0 < r, < r*, we have z}, < (3.12)

Given 0 < § < 1, we argue as in the proof of Lemma 3.1. At the end of the
proof of Lemma 3.1, we take O; = B((0,0),r2) N{f —r1 <t < B+ r1} where

ro = ||(zp, tp)|, b = $1, t» = /To. By construction, we can conclude that u
vanishes in the interior of the ball B((0,0),r) for any r < r1 — |8]. Thus, it also
vanishes in B((0,0),r; — |3]). The case a > 0 is analogous. O

Proof of Theorem 3.1

We denote the horizontal component of O by H;. Note that Oy C H;. Let
A ={(x,t) € H; suchthat w =0 in a neighborhood of (z,t)}.

We want to show that A = H;. Suppose they are not equal. That is, there
exists Q = (Z,t) € H1 \ A. Since Q € H;, there exists z; € O such that
P = (x1,t) € O1. Let I' be the curve parameterized by f : [0,1] — H;, with
f(s) = (x1 + s(T — 1),t). We have f(0) = P and f(1) = Q. Let ro > 0,
ro < dist(T',0H;) (where OH; denotes the boundary of H;) such that B(P,rg) C
A, Let r; < min{%,?(lﬂ)}7 7 given by Lemma 3.3. Consider the set Ay =

{(z,t) € A suchthat u = 0 in B((x,t),r1) N Hy}. Let 59 = sup{0 < s <
1, such that f(7) € Ay whenever0 < 7 < s}. We claim that so = 1. In fact, first
note that B(f(s),2r1) C Hy for all s € [0,1]. We also have f(sg) € A;. Finally, let
us suppose that so < 1. Let € > 0 be such that

~ . 71

6<m1n{1 S0, 5 }
Consider W, = f(sg + €) for some ¢ such that 0 < ¢ < £. Now, we argue that u
vanishes in B(W,,r1) for all 0 < e < £. This contradicts the definition of sy.

Let F = {w € Hy, ||lw— f(so0)| = r1} N B(f(so+¢€),r1). For each element
wo = (xo,tp) of F, by Lemma 3.3, we have v = 0 in B(wyg, d2(wp)) for da2(wg) =
r1—|to|. The family {B(wo, d2(wo)) }weer is an open cover of the region B(W,,r1)\
B(f(s0),r1) except by the points wE = (z1 + (so +€)(T — 1), £r1)

For each n € N, we can extract a finite cover from the family {B(wy, d2(wo)) }woer
for the compact set

B, = B(W.,r)\ (B(f(so),rl)UB<wj1,Tll> UB (wi))

We also have v = 0 in each B,,. On the other hand, since B(W,, 1)\ B(f(s0),71) =
U, B,, we obtain that u vanishes in B(W,,r1) for all 0 < ¢ < & Thus, H; = A and
the proof of Theorem 3.1 is complete.
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4. Unique Continuation Property for the Kawa-
hara Equation

In this section, we prove our main result

Theorem 4.1 (UCP). Let Q be the cylinder Q x (=T,T), where Q is an open
interval in R which contains the origin. Consider L the operator defined by (1.2):
ou  Bu ° ou

ot "o Vo T an
If u € L=®(—=T,T; H5(Q)) N L>°(-T,T; L}, .(Q)) is a solution of Lu = 0, that va-
nishes in some open set O C Q, then u vanishes at the horizontal component of
O;.

=0.

Proof. Consider the differential operator (1.3), where r(z,t) = u(x,t). We have
r € L°(=T,T,L% (). Since Lu = 0 and considering that u that vanishes in
the open set 01 C Q; by Theorem 3.1 we obtain that u vanishes at the horizontal
component of O;. O

Remark. Consider the operator
o 82k+1 o o
L=— - t, — N t, — 4.1

where R (ac t, &E) is a differential operator of order < 2k given by R (x t, ax) =
S con iy, With vy € L(=T,T; L3, () and N (z,t, &) u = 29 wherep > 1
is an integer.

We point out that arguing as in the case of the Kawahara equation, it is possible
to get the following result

Theorem 4.2. Let Q be the cylinder Q x (=T,T), Q an open interval in R which
contains the origin. Consider the operator L given by (4.1). Assume: r; € LS (Q).
If u € L*(=T,T; H**+1(Q)) N L®(~T,T; L;".(Q)) is a solution of Lu = 0 that
vanishes in some open set O C Q, then u vanishes at the horizontal component of

0.

5. Kawahara System

We consider the Kawahara system in a bounded interval (0,T")

Ut + Ugzr + NUzzaaa + )\uua: = 0; in ( ) (07 )7

uw(0,t) = u(L,t) =0, for all t € (0,T), (5.1)
uz(0,1) = ug (L, t) =0, for all t € (0,7, '
Uy (L, t) =0, for all t € (0,7,

where n < 0, A >0 and T > 0.
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n [8], Vasconcellos studied this system and pointed out UCP results for the
Kawahara equation are important and useful. Here, we consider, as described by
Vasconcellos [8], a solution of the system (5.1) which vanishes on w x (0,7") where w
is a non-empty subset of (0, L). We establish the following UCP for the system (5.1).

Theorem 5.1. Let Q the set (0,L) x (0,T) and L be the operator

ou  u A ou
Lu=28 4 2% 00 T .
U= T oms T T e,

Assume that u € L*(0,T; H*(0,L)) N L*(0,T; HZ(0, L)) N L>(0,T; L% (0,L)) is a
solution of Lu = 0, that vanishes in the open set O1 = w x (0,T), where w is an

open, non-empty subset of (0,L). Then u vanishes at (0,L) x (0,T).

Proof. Let v(z,t) = u <$+L,t7) V2 —-1)L) and Q = Q x (-T,T).
We have that v € L2(=T,T; H5(2)) N L2( T T HZ()) N L>(=T,T; L*(Q)) and
v satisfies Lv = 0 where

EU =Vt + Vgzg + ﬁvazmzzz + }v\vvm

with 77 = 3%/1 and \ = V/4X\. We also have that v = 0 on the subset O; = I(w) x
(=T,T) where I(w) = {I(x) =zl ¢ w}.

\3/5 ’
Using the regularity of u and the fact Lu = 0, we have that r € L> (=TT, L?(Q)).
Consider the differential operator (1.3), where n = 7 and r(x,t) = Av. Since Lv = 0
and v vanishes in the open set O C Q, by Theorem 3.1, we obtain v vanishes at

the horizontal component of each connected component of O;. That is v vanishes
at Q. Thus v vanishes at (0, L) x (0,T). O
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