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Rothe’s Method for Phase Field Problem
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Abstract In this paper, a phase-field model is considered. Analysis of a time
discretization for an initial-boundary value problem for this phase-field model is
presented. Convergence is proved and existence, uniqueness and regularity results
are derived.
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1. Introduction

Let Q € R* (n < 3) be an open bounded domain with a C? boundary and Q =
Q1% (0,T) the space-time cylinder with lateral surface S = 99 x (0,7). We consider
the phase field equations (P):

Op

or ~ A =wlp = 11— 20) + (¢ = ") F(0) in Q,
tol7) L, 0p .

5% alAld + 0.V = —Ka in @,
g—zj =0, 6=0 on S,
¢(x,0) = po(x),  O(x,0) = bo(x) in €.

Here, £, a, ¢ are positive constants associated to material properties; v(z,y) is a
given function weakly solenoidal; g(s) = s(s —1)(1 — 2s) is the classical double-well
potential; 6 represents the temperature while ¢ is the phase field function determing
the liquid or solid phase (we refer to [1] for a complete description of the phase-field
type model).

As essential tool for the analysis and the numerical treatment of the problem (P)
is Rothe’s Method (see [5]), which essentially reduces such problem to a boundary
value problems of elliptic type. For the stationary phase-field problem we prove
an existence result applying Leray-Schauder degree theory (see [2]), compactness
arguments and LP-theory of the elliptic linear equations.

This paper is organized as follows. In the next section, we introduce a time-
discretization scheme and state the main results of the paper. Section 2. brings
the proof of existence of the discrete solution that is, solution of the corresponding
discretized scheme, as well as certain regularity results. Section 3., contains a col-
lection of estimates, uniform with respect to the time-discretization step. In section
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4. we prove existence, uniqueness and regularity of the solution of the problem (P).
The solution will be found in the space

W Q) = {u 5 u,ug, Dyu, D3u € L(Q)}.

More details about the other classical functional spaces will also be used, with
standard notations and definitions are given in [5].
Moreover, all along this work we will be using the following technical hypotheses:

(Hp) Q CIR", n =2 or 3, is an open and bounded domain with a C? boundary; T
is a finite positive number. @ = Q x (0,T) denotes the space-time cylinder
with lateral surface S = 9Q x (0,7T).

(Hy) v(z,t) is given function in L>(0,T; L?(Q)) N L2(0,T; W(Q)) with dive = 0.
(H2) F € C(IR) is such that |F(:)] < ¢1 < +00.

0
(Hs) o € W2(3/2)+5(Q) for some ¢ € (0,1); % = 0 on 99Q; 0y €W 3(Q), where

n
WP(Q) ={u € Ly(Q) ; D™u € Ly(Q),|m| < p} is the usual Sobolev space.

Finally, we remark that, as usual in this kind of context, throughout the article
we will denote by ¢ and sometimes ¢y, ¢z, ... constants depending only on known
quantities.

1.1. Time discretization

We introduce a time-discretization scheme (see [5] p. 241) for the phase-field equa-
tions (P).

For any N positive integer, we divide the interval [0,T] into N parts by setting
0=ty <t1 <..<ty<..<ty=T where time-step 7 = T/N and t,, = mr,
0<m < N. For m =1,2,..., N, we consider the differential-difference equations
(PD):

5™ — EAP™ = " (™ —1)(1 = 20™) + (" — (¢™)?)F (™) ae. in ),
00™ — aAO™ + 0" VO = —Llop™  ae. in Q,

gnim =0, M =0 a.e. on 09,
with given initial values ©° = ¢q and 6° = 6.
Here, o™, 6™ and v™, m = 1,..., N, mean to be approximations of ¢(x,t,,),
O(x,t,,) and v(x,t,,), respectively, where v™ = 71_/(:;)7 v(z,t)dt. Also, we used

the notation
6t(pm = (‘Pm - @mil)/ﬂ 6,0™ = (9m - emil)/Tv
Moreover, we will understand a generalized solution of (PD) in the same as given
in [4].
The following existence result for discrete scheme (PD) will be proved in the
next section.
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Theorem 1.1. For sufficienty small T there is a unique generalized solution of the
discrete scheme (PD).

With this result we may introduce the corresponding piecewise constant inter-
polator functions ¢., 6 and also the corresponding linear interpolator functions

9/5‘” 0r:

Definition 1.1. Consider a partition P = {to,t1,...,tN—1,tN} such that 7 =T/N

and t,, = m7, 1 <m < N. Then, given Y™ € L*(Q) form = 0,---, N, we define

the interpolations functions v, , 5, : [0,T] — L*(Q) as follows: for a.e x € Q, and
fort e [(m—1)1,m7], we set

~ t— tm

’YT(mvt):’ymv ’YT(xat):’Ym+ (

T

) (Y™ =™,
In section 4., we will prove the following result

Theorem 1.2. Assume that (Hy), (Hy), (Hz) and (Hs) holds. Let ¢, ©r, 0.,
57 be functions given by Definition 1.1, and corresponding to the solution of the
discrete scheme (PD), obtained in Theorem 1.1. Then, as 7 — 0, we have the
following convergences:

or =@ in L*0,T,W3(Q)), ¢r—¢ in  L>®(0,T,W3(Q)),

0, =60 in L*0,T,W3(Q), 6, >0 in L>®(0,T, L*(Q)),
. 4 g,  dyp . 9

or = ¢ in LYQ), Y AE in L*(Q)

pr— ¢ in L*Q),
and the pair (v, 0) is a unique generalized solution of the problem (P). Moreover, if

o € W2 ()N WS/QH(Q) Jor some & € (0,1), and 0y € W2 () then this solution
satisfies ¢ € WqQ’l(Q) and 0 € qu’l(Q) with 2 < g < .

2. Discrete Solution

Our aim in this section is to prove the existence of solution ¢, 6™ for a fixed m,
assuming that ¢™~! and ™! are already known. For this, consider the nonlinear
system (P):

—T&Ap + o =7o(0 =11 -20) + T —p")F(O) + f(x) n Q  (21)
—TaAl+T0.VO0+ 60 =—Lo+g(x) in Q (2.2)
9% _

an 0, 6=0 on 09, (2.3)

where (,0) = (¢™,0™), f(z) =¢™ ! and g(x) = 0™ + L™,

We will apply the Leray-Schauder degree theory (see [2]) to prove the solvability
of problem (P);. For this, we reformulate the problem as T'(1, ¢, 0) = (p, ), where
T()\,.) is a compact homotopy depending on a parameter A € [0,1] defined as
follows.
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Consider the nonlinear operator
0 0
T :[0,1] x Wa (2)x Wi(Q) — WHQ)x Wi()

defined as
T\, é,w) = (p,0), (2.4)
where (¢, 0) is the unique solution of the following problem (Py);:
—TE€Ap + ¢ = A(¢ — 1)(1 — 2¢) + AT(d — ¢*) F(w) + Af(2), in ,
—TalAl + 0.Vl + 0 = =My + Ag(x), in Q,
9 =0, 6=0. on 0f).
I

To verify that T'(),-) is well defined, we observe that ¢(¢ — 1)(1 — 2¢) + (¢ —
#?)F(w) + f € L?(); thus, by the LP-regularity theory for elliptic linear equations
(see [4] Chapter 3), we conclude that the equation (Py); has a unique solution
e € W2(Q) N L3(Q). In addition, v € L*(Q)" with n=2 or 3, » € L*(Q) and
g € L5(Q) imply again by LP-regularity theory for elliptic linear equation that
there is a unique solution § € W2(12) for the equation of (P));.

To check the continuity of T'(A,-), let A, — X in [0,1] and (¢n,w,) — (d,w)

0
in W3(Q)x Wi(Q). Denote T(An, n,wn) = (@2, 000), TN\, ¢p,wn) = (0], 0))
and T(\, ¢,w) = (¢*,01). Thus, from () — o), 9An — 62) and LP-regularity
theory for elliptic linear equations, observing that by Sobolev imbedding (n < 3),
¢ € Wi(Q) c L5(Q) and using the assumptions (H;) and (Hs), we obtain the
following estimates:
2
et — elhwaa < el = Al B6ulZa + 1+ en)ldnllza + 16alla)) +
Fe[An = Al a0

HHQ" - QQHWL}(Q) < cfAn = Al (||(p7>“\an2Q + ||9||2,Q) + A HSO;\L" - 902”2,9'
Since the sequence {\,, ¢, } is bounded in [0, 1] x W3 (£2), we conclude that, as
n — +oo, ||¢p — ‘vaszl(Q) — 0 and, consequently ||63" — H,ALHWI(Q) — 0.
2 2

Again, from (¢} — ¢, 6} — 0*) as before we have the following estimates:

H%\L - <p>\|‘W21(Q) <c (Hdan,sz |én — ¢H6,Q>
+ (I9lls.0 + 1913.0) (IF@n) = F@)ls.a) -
162 =y < (o2 = )
where d,, = 37(¢y, + @) — 27(¢2 + ¢nd + ¢?) — T + TF (wn)(1 — ¢ — ¢) € L3(Q).
Using the assumption (Hy) and (¢,,w,) — (¢,w) in W3 (Q)x I/?/%(Q), we get
Hcpf; — <p>‘HW21(Q) — 0 as n — +4o0. Consequently, HQQ —9’\HW21(Q) —0as n —
400, and we obtain the continuity of T'.

The mapping T given by (2.4) is also compact. In fact, if {(\,, ¢n,w,)} is any
0
bounded sequence in [0, 1] x W3 () x W3(€2), the previous arguments can be applied
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to obtain exactly the same sort of estimates for T'(An, ¢n,wn) = (©n,0r). These
estimates imply that [|¢n ||y (q) < ¢ and [|n]ly1 ) < c.

Applying again the LP-regularity theory for elliptic equations, we obtain, for all
n, that ||g0n|\W22(Q) < cand ||0n||W22(Q) < ¢. These estimates show that the norms of

the elements of the sequence {T'(An, dn,wn)} = {(pn,bn)} are uniformly bounded
with respect to n in the functional space W2 (Q) x W2(Q). Since the imbedding

0 0
of W2(2) x (W2(Q)N W i(Q)) into W4 (Q)x Wi(Q) is compact, there exists a

subsequence of T'(\,,, ¢n,wy) converging in Wy () x I/?/% (©) and the compactness
of T is proved.

In the following, we will show that any possible fixed point of T'(\,+) can be
estimated independently of X € [0, 1], that is, we will show that if (¢, 8) € W3 () x

0
W3(8) is such that T'(\,,0) = (¢,0), for some A € [0,1], then there exists a
constant 8 > 0 such that

||(<Pa‘9)HW21(Q)xW21(Q) <p. (2.5)

0
For this, we recall that such fixed point (¢, 8) € W3 () x Wi(Q) solves the problem
(P)\)Qi
—TEAp + o = Arp(o — 1)(1 = 20) + Ar(p — ") F(0) + M f(z) in Q
—T7aAl +T0.V0 + 0 = Mo + Ag(x) in €,

87@:0’ =0 on ON.
on

If we multiply these differential equations by ¢ and €, respectively, integrate
by parts and use Young’s inequality we obtain in the usual manner the following
estimates:

1 AT 2 2
7'52/ |Vl dz + */ l|? da + */ lo|* dz < Tea |l@llsq + es 1 fllz.0s
Q 2 Jo 2 Jo ’ ’

1
ra [ VoPdst g [ (0P de<e(lla+ Lotk ).
Q 4 Q

Here we also used the assumption (Hs) and that ma§(35 — 5% — 1) is finite.
se

Thus, by taking 7 < 1/2c¢2, we conclude that ||g0||W21(Q) < c||flly.q and, conse-
quently [0y o) < ¢ (||f||27Q + HgHQ,Q>, where ¢ depends on Q, ¢, &, a, 7 ||F||
and max (3s — s? — 1).

s€lR

Thus, to obtain the stated result, it is enough to take any constant

8> max{e|fllq: e (Iflog + l9laq) | - By denoting

0
Ba = {(:6) € WHO WHO) 5 16 O) g apemyion < 5

(2.5) ensures in particular that T'(\, ¢, 0) # (¢, 0), V(p,0) € dBg, VA € [0,1].
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According to property above and the compacteness of T'()\,-), we may consider
the Leray-Schauder degree D(Id—T'(), ), Bg,0), VYA € [0, 1] (see Deimling [2]). The
homotopy invariance of the degree implies

Now, by choosing 8 > 0 large enough so that the ball Bg contains the unique

solution of the equation T'(0, ¢, 0) = (¢, ). Therefore D(Id—T(0,), B3,0) =1, and
0

from (2.6) we conclude that problem (P); has a solution (¢, 0) € W3 (Q)x Wi (Q).

Using the assumption (Hs) and LP-regularity theory for elliptic linear equations
it is easy to conclude that ¢ € W2(Q)NC17(Q) with 0 = 1 —n/4. Now, appplying
the LP-regularity theory for elliptic linear equations in (2.2) with v € L*(Q)",
¢ € L?(Q2) and g € L*(Q2), we obtain § € WZ(2) N CH7(Q) with 0 =1 — n/4.

Moreover, using a standard contradition argument, we can prove the unique-
ness of solutions of problem (P); for sufficienty small 7, completing the proof the
Theorem 1.1

3. A Priori Estimates

In this section we will be interested in obtaining a priori estimates, which are
uniform with respect to 7. For this, if we multiply the first equation of problem
(PD) by §:™, ™ and —Ap™, respectively, integrate by parts, we obtain in the
usual manner the following estimates:

2
/(5@ d:z:+—/V<p — V" Nde + = /( ™4 da
Q
<3 [ lorPlaenldos [ 1omognas + 2 /Isoml o do

/ F(E™)] [o™]|620™| dax + / G E 6™ 6™ | d,

1
*/ (wm—som‘l)@mdxw%z/ \VwmIde+/(tpm)4dx
Q Q

T Jg
< / (3™ — 1— (¢™)?) (¢™)? da + / F(E™)|[™? da + / " PIF (O™ ™) de,
52/ |Aw|dx+9/ |wm|2<som>2dxs/ ™| Ap™ da +/ P Ap™| da
Q Q Q Q
+ / G FO™)]| Ap™ | di + / O E 6™ | Ap™ da + / 16:6™| | Ap™ | do.

Using the assumption (Hs) with max Q(35 — 1 — s?) is finite, Hélder’s, Young’s
se peS

and Poincare inequalities, and applying the following relation

B _ 2 . 2 2
2/Qx(x ¥) de /Qm dz /Qw d:H/QIx $Pdr,  (3.)
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we find

1
Tl 0+ 2 (190 5.0 = 190" 30 + V0™ = V™3 0)

1 4 14 4 2
5= (I o = 1™ ia) < c2le™liq +ele™ I3 (3.2)
1 2 1112 _152 2 1 4
- (”‘PmHQQ - H‘Pm 1”2,9 + H“pm - 1H2,Q) +€ IVe™ 2,0 + 5 le™ 4,0
2
<clle™ 30 (3.3)
m|2 m||2 m |4 m 2
86" g < er (IVe™ .0+ ™40 + 16:0™ 5.0) - (3.4)

By multiplying (3.3) by 4c2 and adding the result to estimate (3.2), we get

il(wni,g e aa + le™ =" 0)

+2 (V6™ 0 = V™ g + Vo™ = Vo3 )
T P L (et Zl
<cle™llq -

By adding these relations and (3.4) for m = 1,2,...,r, with 1 <r < N, we finally
get

T T
I vz + e lia + 2 o™ =™ Mliaey +7 2 196" 30
m=1

m=1 =

r r r
4 2 2 2
+7 ) e laa +7 Y 160 5.0 < clieollia@ +em D le™ 0
m=1 m=1 m=1

T r r T
2 2 4 2
7Y 1A¢" 50 < ¢ <T D IVemllag+7 Y le™lia+T ) |5t<Pm||2,Q> :
m=1 m=1 m=1 m=1

Now, we apply Gronwall’s lemma in a discrete form (see for instance [7] p.413)
to conclude that

1" lwp @) < cllvollwaey — forr=0,1,..,N. (3.5)

By going back to (3.5), we obtain the following estimates:

s
2 2
Jax ey <67 Zl V™|l < e, (3.6)
m=
™ ) r
- 4
Dol =" ey <6 T leMha<e (3.7)
m=1 m=1

r r
2 2
Y G <e T AP <e (3.8)
m=1 m=1
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Now, by multiplying the second equation of (PD) by 6™, integrating over (,
using Green’s formula and relation (3.1) together with Young’s inequality, we get
1
2T€2 )
2 2
S5 [6e0™ [|2,0 + 3 1071150 -

(Hem”g,g . H9m71||§,g + Ham o 9m71||;9> + ||V0m||§,ﬂ

By adding these relations for m = 1,2, ...,r, with 1 <7 < N and by combining
the result with estimate (3.8) and again applying Gronwall’s lemma in a discrete
form we conclude that

167 l5.0 < € (110

We can treat this expression as we did before to obtain the following estimates:

a0+ IIwollm) forr =0,1,...,N.

r r

2 2 —1112

ma e e 7N a e S oo figse (9
m= m=

4. Proof of Theorem 1.2

We start by observing that with the notations of Definition 1.1, we may rewrite the
scheme (P) in terms of ¢, @, 0, 0, as follows.

0%,

o~ &A= er(er = (1= 20r) + (o7 —97) F(67) in Q, (4.1)
00, 08, .

5 alb, +v,..VO, = —/ 9t in Q, (4.2)
65‘;; =0, 6,=0 on S, (4.3)
Gr(2,0) = @o(x),  0-(x,0) = Oo(z) in €. (4.4)

Here v, denotes the interpolation function as in Definition 1.1.

By rewriting the estimates obtained in the last section in terms of the interpo-
lations functions ¢, @ , 0., p., we obtain

Lemma 4.1.

@7l Lo 0, w2 (@) + 187l e 0wz )y T lerllwzo ) + 10 lwzeg) < ¢

||9T||L°°(O,T;W21(Q)) + ||97'||W21’0(Q) s
0,
lorlio + H <e
4,Q ot 2.0

where W2°(Q) = L2(0, T, W2(Q)).

Proof. From (3.6)-(3.8), we obtain

oz N mr N
%) = [ teniad <73 laem g <
Q m=1" (m—=1)T m=1

2

2,
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N
m2 m 2
IVerl20 = Z/ Vo2 dt <73 [Vem|2g < c.

m— T m=1

By similar arguments, using estimates (3.6)-(3.8) and (3.9), we obtain the other
estimates of the statement. O

Now, by using the estimates from Lemma 4.1, there exist subsequences, which
for simplicity we still denote ., 0, ©,, 0., such that as 7 — 0 they satisfy

pr = in L2(0,T,W3(Q), ¢r = ¢ in L>(0,T, W3 (), (4.5)
0, — 0 in L2(0, T, W3 (), 6, =6 in L>(0,T, L*(Q)), (4.6)
@, — ¢ in L*(0,T, W5 (Q)), or — @ in LY(Q), (4.7)
9o | 09 .
N 2 1 R 2
6, — 0 in L2(0,T, W3 (Q)), o o L Q). (4.8)

We must control the differences ¢, — ¢, with respect to suitable norms. From their
definitions,

N
2 72 2
e O e P C S M
—1)7 —1

Therefore, from (3.8), we conclude that [|$r — ¢-||2(q) < 7. Thus, from (4.5)
and (4.7), we obtain ¢ = @, a.e. in Q. This, (4.5) and (4.7) in particular imply
$r — ¢ in L*(0,T5 W5 ().

Using (4.8) and the Aubin-Lions Compactness Lemma (see [8], for instante,) we
derive also the strong convergence ¢, — ¢ in L*(Q).

Now we are ready to pass to the limit in scheme (4.1), (4.2), (4.3), (4.4) and to
verify that (¢, €) is in fact a generalized solution in the same sense as given in [5,
p. 26].

For this, we take ¢ and v in C'(Q) such that ¢(-,T) = (-, T) = 0. We use
them to multiply the suitable equations and integrate over (). Due to the kind of
convergences we have already established, passing to the limit in these terms are
rather standard. So, we briefly describe the process for the nonlinear terms. For
instance, by using the strong convergence, we obtain

/ or(r — (1 - 2p,) dderdt — / oo — 1)(1 - 2¢)  dudt.
Q Q

Consider h, = |F(0;) — F(0)|5. Since F(y) is continuous and (4.6) is valid,
passing to a subsequence if necessary, we know tha h, — 0 almost everywhere in Q.
Also, |h.| < HF(G)HgO a.e. and therefore h, — 0 in L'(Q) by Lebesgue dominated
convergence theorem. Thus, F(0,) — F(0) in L°(Q), what together with (4.7)
implies

[ (or =@ ot~ [ (o - PO 6 dnds
Q Q
Also, it is easily show that v, — v in L*(Q) (see [6]), by using this convergence,

the fact that dive = 0 and (4.6), we can pass to the limit as 7 — 0 in (4.1), (4.2),
(4.3), (4.4) and conclude that (¢, ) is a generalized solution of (P).
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By a bootstrap argument, an interpolation argument (see [5] p.466) and ap-
plying LP-theory of parabolic linear equations (see [5] p.351), recalling the given
smoothness of (po,0p) we conclude that (p,0) € W2'(Q) x W2H(Q) with
2 < g < oo

Moreover, by using the same arguments of [3], we can be prove uniqueness of
solutions of problem (P), completing the proof of Theorem 1.2.
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