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Abstract. In this paper we present a construction technique of cyclic, BCH,
alternat, Goppa and Srivastava codes over a local finite commutative rings with
identity.

1. Introduction

Linear codes over finite rings with identity have recently raised a great interest
for their new role in algebraic coding theory and for their successful application in
combined coding and modulation. Thus, in this paper we address the problems of
constructing of new cyclic, BCH, alternant, Goppa and Srivastava codes over local
finite commutative rings with identity. These constructions are very similar to the
ones over finite fields and these constructions requires working on Galois extension
rings, where some properties of the Galois extension fields are lost.

Recent developments have contributed toward achieving the reliability required
by todays high-speed digital systems, and the use of coding for error control has
become an integral part in the design of modern communication systems and dig-
ital computers. Moreover, we mention that the investigation of codes over finite
alphabets (for example, finite rings) which are less structured than finite fields may
be more appropriate to use for computer-to-computer communication.

This paper is organized as follows. In Section 2, we present a construction
technique of cyclic codes over a commutative ring with identity. In Section 3,
we present a construction technique of BCH and alternant codes over local finite
commutative rings with identity. In Section 4, we describe a construction technique
of Goppa and Srivastava codes over local finite commutative rings with identity.

2. Cyclic Codes

Let A be a commutative ring with identity. The structure of ideals in the ring R =
Alz]/(x™ — 1), have recently raised a great interest for their successful applications
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in algebraic coding theory. We recall to the reader that a linear code of length
n over A is an A-module in the space of all n-tuples of A™ and a linear code C
over A is cyclic, if whenever v = (vg,v1,...,v,_1) € C, every cyclic shift v(1) =
(Un—1,V0y--.,0p—2) € C, with v; € A, 0 < i <n—1. A work by Calderbank [6]
has shown that the ring R = Z,[z]/(2™ — 1), where ¢ is a power of a prime p, is
a principal ideal ring and early work by Interlando [9] had given the structure of
principal ideals in the ring R = Z,,[z]/{z™ — 1), where m is a positive integer.

Theorem 2.1 ([1, Theorem 2.1]). In the ring R = Alz]/{z™ — 1), a subset C is
a cyclic code if and only if C is an ideal of R.

Proof. Suppose that the subset C is a cyclic code. Then C is closed under addition
and under multiplication by x. But then it is closed under multiplication by powers
of z and linear combinations of powers of z. That is, C is closed under multiplication
by an arbitrary polynomial. Hence C is an ideal. Now suppose that the subset C
is an ideal. Then C is closed under addition and closed under multiplication by a
scalar. Hence C is an .A-module. It is also closed under multiplication by any ring
element, in particular under multiplication by z. Hence C is a cyclic code. O

Let R = Alx]/{(f(x)) be the set of residue classes of polynomials in z over A
modulo a monic polynomial f(x) of degree n over A. This ring is also a commutative
ring with identity. It is useful to represent the elements of R by the polynomials
a(r) =ap+ax+---+a, 12" '. A particularly simple kind of ideal is a principal
ideal, which consists of all multiples of a fixed polynomial g(z) by elements of R,
called generator polynomial of the ideal. Now we will prove some results that
will indicate a method of obtain the generator polynomial of a principal ideal. This
method will serve as basis for the construction of principal ideals in the ring R. We
will also show conditions to decide when a ideal B is principal.

Lemma 2.1 ([2, Lemma 1]). Let B be an ideal in the ring R. If the leading
coefficient of some polynomial of lowest degree in B is a unit in A, then there exists
an unique monic polynomial of minimal degree in B.

Proof. Let g(z) be a polynomial of lowest degree m in B. If the leading coefficient
@ of () is a unit in A, it is always possible to obtain a monic polynomial gi(z) =
@mg(z) with the same degree in B. Now, if g(x) and h(z) are monic polynomials of
minimal degree m in B then the polynomial k(z) = g(x) — h(x) is a polynomial in B
and has degree lower than m. Therefore, by the choice of g(z) follow that k(z) = 0,
and therefore g(z) = h(z). O

Theorem 2.2 ([2, Theorem 2]). Let B be an ideal in the ring R. If the leading
coefficient of some polynomial g(x) of lowest degree in B is a unit in R then B =
(G(x)), i.e., B is a principal ideal.

Proof. Let a(x) be a polynomial in B. By euclidean algorithm for commutative
rings there are unique polynomials g(x) and 7(x) such that a(x) = q(z)g(x) + 7(z)
where 7(z) = 0 or degree(7(z)) < degree(g(z)). By the definition of an ideal,
7(z) € B. Thus by the choice of g(z), we have that 7(z) = 0 and therefore, a(x) =
q(x)g(z). Thus every polynomial in B is multiple of g(z), i.e., B = (g(x)). O
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Lemma 2.2 ([2, Lemma 2]). Let r(z) be a polynomial in Alx]. If r(x) # 0 and
degree(r(z)) < degree(f(z)), then 7(z) #0 in R.

Proof. Suppose that 7(z) = 0. Therefore there is g(z) # 0 in A[z] such that
r(z) = f(x)q(x). Since f(x) is regular and r(z) # 0 it follows that degree(r(x)) =
degree(f(x)) + degree(q(x)) > degree(f(x)), which is a contradiction since we had
already assumed that degree(r(z)) < degree(f(z)). Therefore 7(z) # 0. O

Theorem 2.3 ([2, Theorem 3]). Let B be an ideal in the ring R. Let g(x)
be a polynomial in Alx] such that degree(g(z)) < degree(f(z)) and the leading
coefficient of g(x) is a unit in A. If g(x) € B and has lowest degree in B then g(x)
divides f(x).

Proof. By euclidean algorithm for commutative rings there are unique polynomials
q(z) and 7(z) such that 0 = g(z)g(z) + 7(x) where 7(x) = 0 or degree(F(z)) <
degree(g(z)). Thus 7(z) = —g(z)g(x), i.e., 7(z) is in B. Therefore by the choice
of g(z) follows that 7(x) = 0. Also, by euclidean algorithm for commutative rings,
there are unique polynomials ¢;(z) and 71 (x) such that f(z) = g(z)q1(z) + r1(z)
where r1(z) = 0 or degree(ri(z)) < degree(g(z)). Therefore 0 = g(x)qi(x) +
71(z) = g(z)g(z) + F(x). Thus g1(z) = g(z) and 71 (x) = F(x) = 0. By Lemma 2.2
it follows that r1(x) = 0 and therefore g(z) divides f(x). O

Example 2.1. Let R be a ring given by R = Z4lx]/{f(x)), where f(x) = 2% — 1.
Let B={0,1z + 1,2z + 2,3z + 3} be an ideal of R. By Theorem 2.2 we have that
B = 3z + 3) and by Theorem 2.3 we have that g(x) = 3x + 3 divides f(x).

Theorem 2.4 ([2, Theorem 4]). Let B be a ideal in the ring R. If g(x) divides
f(z) and g(x) € B then g(x) has lowest degree in (g(z)).

Proof. Suppose that there is b(x) i
Since b(z) is in (g(x)), then b(x) =
g(@x)h(z) is in < f(z) >, ie., b(z) —

in (g(x)) such that degree(b(x)) < degree(g(z)).
(x)h(z) for some h(z) in R. Thus b(z) —
(£)h) = J(a)a(a) or some ) n Al
From this, we have that b(x ) g(x)h(z) + f(z)a(x). Since g(z) divides f(z), w
have that g(z) divides g(x)h(z) + f(z)a(z), which implies that g(z) divides b(w),
a contradiction since we had already assumed that degree(b(x)) < degree(g(z)).
Therefore g(x) has lowest degree in (g(z)). O

Example 2.2. Let R be a ring given by R = Z[z]/{x3+2*+x+1). Let B be an ideal
in R such that g(x) = 1z +1 is in B. Since g(x) = x+1 divides f(x) = 23 +x?+x+1
we have by Theorem 2.4 that g(x) has lowest degree in (g(x)).

3. BCH and Alternant Codes

In this section we present a construction technique of BCH and alternant codes
over local finite rings. First, we review the key properties of Galois extension rings,
which serve to characterize these codes.

Throughout this section we assume that A denotes a local finite commutative
ring with identity, maximal ideal M and residue field K = % = GF(p™), for
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some prime p, m a positive integer, and A[z] denotes the ring of polynomials in
the variable z over A. The natural projection A[z] — K[z] is denoted by u, where
w(a(z)) = a(z). Let f(x) be a monic polynomial of degree h in A[x] such that
u(f(z)) is irreducible in K[z]. Then f(z) also is irreducible in Afz] [10, Theorem
XII1.7]. Let R be the ring Alz]/{f(z)). Then R is a finite commutative local ring
with identity and is called a Galois extension of A of degree h. Its residue field
is Ky = R/M; = GF(p™"), where M is the maximal ideal of R, and K is the
multiplicative group of K, whose order is p"™" — 1.

Let R* denotes the multiplicative group of units of R. It follows that R* is an
abelian group, and therefore it can be expressed as a direct product of cyclic groups.
We are interested in the maximal cyclic group of R*, hereafter denoted by G, whose
elements are the roots of z° — 1 for some positive integer s such that ged(s,p) = 1.
There is only one maximal cyclic subgroup of R* having order relatively prime to
p [10, Theorem XVIIL.2]. This cyclic group has order s = p™" — 1.

Definition 3.1. Let n = (a1, -, ay,) be a vector consisting of distinct elements of
Gs, and let w = (w1, wa, -+, wy,) be an arbitrary vector consisting of elements (not
necessarily distinct) of Gs. Then the set of all vectors

(wlf(a1)7w2f(a2)7"'7wnf(an))7 (31)

where f(z) ranges over all polynomials of degree at most k — 1, k € N, with coeffi-
cients from R, defines a shortened code C of length n < s over R.

Remark 3.1. Since f has at most k — 1 zeros, the minimum distance of this code
s at least n — k + 1.

Definition 3.2 ([3, Definition 2.2]). A shortened BCH code C(n,n) of length
n < s is a code over A that has parity check matriz

Q1 Qg o Qg
a% a% DY agl
H= (3.2)
) op o,
for some r > 1, where n = (a1, 9, -, 0ay) = (aF1, a2 ... akn) is the locator

vector, consisting of distinct elements of Gs. The code C(n,n), with n = s, will be
called a BCH code. In this case, 1 is unique up to permutation of coordinates.

Lemma 3.1 ([4, Theorem 7]). Let o be an element of Gs of order s. Then the
differences o't — o!? are units in R if 0 < 4 #1l <s—1.

Proof. Note that o!' — a2 can be written as —a!2(1 — a/17!2), where 1 denotes
the unity of R. The first term in the product, namely —a'2, is a unit. The second
term can be written as 1 — o/ for some integer j in the interval [1,s — 1]. Now,
if the element 1 — o, 1 < j < s— 1, were not a unit in R, then 1 — a? € M,
and consequently, (u/(a))? = p/(1) for j < s, which is a contradiction. Thus
-/ eR*, 1<j<s—1. O
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Theorem 3.1 ([3, Theorem 2.4]). The minimum Hamming distance of a BCH
code C(n,n) satisfies d > r + 1.

Proof. Suppose c is a nonzero codeword in C(n,n) such that wy(c) < 2¢t. Then
cHT = 0. Deleting n — 2t columns of the matrix H corresponding to zeros of the
codeword, it follows that the new matrix H’ is Vandermonde. By Lemma 3.1, it
follows that the determinant is a unit in R. Thus, the only possibility for c is the
all-zero codeword. O

Example 3.1. The polynomial f(x) = 23 + z + 1 is irreducible over GF(2) and

over A = GF(2)[i], where i* = —1. Thus, the ring R is R = %. We have that if

a is a root of f(x), then a generates a cyclic group G, of order s =23 —1=17. Let
n=(a% a,1,a* a2 a’%) be the locator vector. If r = 2, then the following matriz

is the parity-check matriz of a BCH code C(6,m) of length 6 and minimum Hamming
distance at least 3.

Definition 3.3 ([5, Definition 2.1]). A shortened alternant code C(n,n,w) of
length n < s is a code over A that has parity check matriz

w1 Wa e W,
wy0n W2 e Wn,Oln
wio? wedd - wpal
H= 109 205 n®n | (3.3)
wlafl wgagfl co wpal Tt
where 7 is a positive integer, n = (a1, a9, -, ) = (a1, ak2 .. aFn) is the lo-
cator vector, consisting of distinct elements of G, and w = (wq,ws, -, wy) is an

arbitrary vector consisting of elements of Gs.

It is possible to obtain an estimate of the minimum Hamming distance d directly
from the parity-check matrix.

Theorem 3.2 ([5, Theorem 2.1]). The alternant code C(n,n, w) has minimum
Hamming distance d > r + 1.

Proof. Suppose c is a nonzero codeword in C(n,n, w) such that wgy(c) < r. Then,
cHT = ¢(XY)T = 0. Setting b = cY7T, we obtain wg(b) = wg(c) since Y is
diagonal and invertible. Thus, bX” = 0. Deleting n — r columns of the matrix X
that correspond to zeros of the codeword, then the new matrix X " is Vandermonde.
By Lemma 3.1, it follows that the determinant is an unit in R. Thus, the unique
possibility for c is the all-zero codeword. O
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Example 3.2. Referring to Ezample 3.1, if n = (a,a*,1,a3,a?) is the locator
vector, w = (a°,a, 1,a*,a?) and r = 2, then the following matriz

is the parity-check matriz of an alternant code C(5,1,w) of length 5 and minimum
Hamming distance at least 3. Another example of an alternant code is a BCH code.

4. Goppa and Srivastava Codes

In this section, firstly we define an interesting subclass of alternat codes over local
finite rings, which is very similar to the one proposed by Goppa [7] over finite fields.
Just as cyclic codes are specified in terms of a generator polynomial, so Goppa
codes are described in terms of a Goppa polynomial g(z). In contrast to cyclic
codes, where it is difficult to estimate the minimum Hamming distance d from the
generator polynomial, Goppa codes have the property that d > deg(g(z)) + 1.

Let A, R and G, as defined in Section 3. Let « be a primitive element of the
cyclic group Gs, where s = p™" —1. Let g(z) = go+¢g12++ -+ 92" be a polynomial
with coefficients in R and g, # 0. Let L = {aq, a9, -, a,} be a subset of distinct
elements of G, such that g(«;) are units from R for i =1,2,---,n.

Definition 4.1. A shortened Goppa code C(L, g) of length n < s is a code over
A that has parity-check matriz

gla)™ - gla)™!
alg(al)_l T ang(an)_l
H= ) ) ) , (4.1)
aflglan)™h - an T g(an)
where r is a positive integer, n = (a1, g, -+, ) = (& a2 ... aFn) is the locator
vector, consisting of distinct elements of Gs, and w = (g(ay)™, -+, g(a,) ™) is an

vector consisting of elements of Gs.
Definition 4.2. Let C(L,g) be a Goppa code.
o If g(z) is irreducible then C(L,g) is called an irreducible Goppa code.

o If c = (c1,¢9, -+ ¢,) € C(L,g) and ¢ = (cn,cn_1,--+,c1) € C(L,g) then
C(L,g) is called a reversible Goppa code.

o Ifg(z) = (2 — )" then C(L,g) is called a comulative Goppa code.
z)

o Ifg(
Remark 4.1. Let C(L, g) be a Goppa code.

has not multiple zeros then C(L,g) is called a separable Goppa code.

1. We have that C(L, g) is a linear code.
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2. A parity check matrix with elements form A is then obtained by replacing each
entry of H by the corresponding column vector of length h from A.

3. For a code with Goppa polynomial g;(z) = (z — ()™, where §; € Gs, we have

(1 — B)~" (g — )~ e (o — Bi)~"
ar(on — G)~ " as(ae —B)™ " o (e, — BT
H;, = . : .
ey =BT b ag = B)T e ali N a, — B) T

which is row equivalent to

(a1 =B~ (o = G)™" e (an = B)™

H = (o1 — ﬁz')_(”_l) (g — ﬁl')—(n—l) (an — ﬁz')_(”_l)

(1) () o (o )

Consequently, if g(z) = Hle(z —B)" = Hf:l gi(z), then the Goppa code is
the intersection of the codes with g(z) = (z — )™, forl=1,2,--- k, and its
parity check matrix is given by

H,y

Hy
H =

Hy,

4. BCH codes are a special case of Goppa codes. For this, choose g(z) = 2"
and L = {a1, a9, ,an}, where a; € G, for alli =1,2,---,n. Then from
Equation (4.1)

r —r —r —r
al a2 ... an
1—r 1—r 1—r
al a2 CEEEEY an
H= ,
-1 -1 -1
L al a2 CEEEEY an ]

which becomes the parity check matriz of a BCH code, Equation (3.2) when
o s replaced by B, i =1,2,---,n.

2

Theorem 4.1. The Goppa code C(L, g) has minimum Hamming distance d > r+1.

Proof. We have that C(L, g) is an alternant code C(n,n, w) with n = (o, ag, -+, ay)
and w = (g(a1)71, g(a2)™1, -+, g(a,) ™). Therefore by Theorem 3.2 we have that
C(L, g) has minimum distance d > r + 1. O
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Example 4.1. Let A = GF(2)[i] and R = W{i—[ﬁr”, where f(z) = 2* + 2 + 1

is irreducible over A. Thus s = 15 and Gi5 is generated by o, where a* = a +
1. Let g(z) = 2* + 22+ 1, L = {1,a,02,0%, a* a® ab,a",a%,a°,al%} and w =

(1,a'2,a19 a7, 0% alt, ab, 0% b, o', a'?). The matriz
1 a2 % o7 o3 all of o o at o3
i 1 o 1 at ol o o o 1 o8 «@
a 1 « o « at o o a? o' o ot
1 o® a9 o a2 o4 o0 o o ol of

is the parity check matriz of a Goppa code over GF(2)[i] of length 11 and minimum
Hamming distance at least 5.

Now, we define another interesting subclass of alternant codes over local finite
rings which is very similar to the one proposed by J. N. Srivastava in 1967, in
unpublished work [8], that are defined by parity check matrices of the form

l
a .
H={ "
{ 1—a;B;’
-, are distinct elements from GF(¢™) and (1, B2, -, 3, are all

,a, 1. The quantity [ can be any

1<i<r 1§j§n},

where ay, as, - -
the elements in GF(¢™) except 0,a; ' a5, -
integer.

Definition 4.3. A shortened Srivastava code of length n < s is a code over A
that has parity check matrix

r l l l

251 X X
a1 —[1 az—pf1 an—pF1
1 l 1
251 X A
ar—B2 ax—f an—B2
H = (4.2)
oy oy ay,
L a1—Br a2—0» an—PBr |
where 1,1 are positive integers and av, -+, Qy, B, , By are n+1r distinct elements

of Gs.
Theorem 4.2. The Srivastava code has minimum Hamming distance d > r + 1.

Proof. We have that the minimum Hamming distance of this code is at least r + 1
if and only if every combination of r or fewer columns of H is linearly independent

over R, or equivalently that the submatrix

l
ail

1

a;,

iy

oy Lfﬁl 061'27,31 Otirl*ﬁ1
o) ag, Q.
H, = iy — B2 ip =2 i —DB2 (43)
1 i L
ail ai2 Otir
Qg —Br aiz_ﬂr . —Br
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is nonsingular. The determinant of this matrix can be expressed as
det(Hy) = (v, 0, - .. g, ) det(Ho), (4.4)

where the matrix Hs is given by

1 1 . 1
iy —P1 ai,—b . —P1
1 1 . 1
i, —fB2 i, —fF2 o, — B2
Hs = ! 2 (4.5)
1 1 . 1
i —Pr iy —Br . —Br

Note that det(Hs) is a Cauchy determinant of order r, and therefore we conclude
that the determinant of the matrix H; is given by

("

(71) 2 (rb(ail?aiw ce 7O‘ir)¢(ﬂlaﬁ27 o 761")

viog W(ag,) ... v(ag,)

det(Hl) = (ailaiz e Oéir)l 5 (46)

where ¢(a;,, @iy, .oy ) = Hi_7<i;l (i, —ay,) and v(z) = (x—PF1)(x—B2) - - - (x— 0

).
Then by [4, Theorem 7] we have that det(H;) is a unit in R and therefore d >
7+ 1. O

Definition 4.4. Suppose r = kl and let aq,---,ap, 01, -+, 0k be n + k distinct
elements of G, wy,---,w, be elements of Gs. A generalized Srivastava code of
length n < s is a code over A that has parity check matriz

H,
H,
H= , (4.7)
Hy,
where
- wy wa . Wy, e
a1 —3; az—[3; an—0B;
wy wy . wy
(c1—B;)? (a2—pB;)? (an—8;)?
Hj = , (4.8)
wi w2 . Wn
L (1i=Bj) (a2—5;)! (an—8;)" 4

forj=1,2,--- k.

Theorem 4.3. The generalized Srivastava code has minimum Hamming distance
d>kl+1.
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Proof. The proof of this theorem requires nothing more than the application of
the Remark 4.1(3) and of the Theorem 4.2, since the matrices (4.1) and (4.7) are
equivalents, where g(z) = Hf:l(z — Bi)h. O

Example 4.2. Referring to Fzxample 4.1, if n = 7, r = 6, k = 2, |l = 3,

{04170525 Y 067} = {044,(13,0657 047047, 0412,0610}, {ﬁhﬁ?} - {a97a6}7 {wla Ty ’11}7} =

{a,a,0%,0%,a7,a19 o}, then the matriz

_ - .
«a « o o o” alf a®

ad—o9 B—ad B—ad a—ad T —od 2o 09

5 9
a? a? a’ 0410 aJ

(a4_aa9)2 (as_aag)z @—a%? (a—a®)? (a’—a®)? (a2—a%)? (al0—a9)2

=
a2 a2 5 0(10 a9

8 8 [e]3
(@™=a%)? (a®=a%)? (a®=a%)? (a=a®)3 (o’ —a®)3 (a?—a9%)3 (al0—a%)3
H =
6] [e]3 a2 oz2 a5 O(lo Otg
ai—qb a3 —ab 5 —ab a—ab a7 —ab aI2_,0 2100

a2 a2 a5 0él(] a.‘)

(a4_aa6)2 (a3_aaﬁ)2 (Ol5—(16)2 (a_a6)2 (Oé7—(16)2 (alz_a6)2 (0410—0/,6)2

2 (X2 (,Y5 alO a9

L (a4_aa6)3 (a3_aa5)3 (@5—a®)?  (a—ab)3 (a’—ab)? (al2—ab)? (al0—ab)? |

is the parity-check matriz of a generalized Srivastava code with minimum distance
at least 7.

Resumo. Neste trabalho apresentamos uma técnica de construgdo de cédigos
ciclicos, BCH, alternantes, Goppa e Srivastava sobre anéis comutativos finitos locais
com identidade.
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