TEMA Tend. Mat. Apl. Comput., 6, No. 2 (2005), 273-284.

© Uma Publicagdo da Sociedade Brasileira de Matematica Aplicada e Computacional.

Existence and Uniqueness of Solutions of a
Nonlinear Heat Equation

M.A. RINCON! Instituto de Matemdtica, Universidade Federal do Rio de Janeiro,
Rio de Janeiro, RJ, Brazil

J. LI,MACOQ7 Instituto de Matemaética, Universidade Federal Fluminense,
Niteroi, RJ, Brazil

I-SHIH LIU3 Instituto de Matemética, Universidade Federal do Rio de Janeiro,
Rio de Janeiro, RJ, Brazil.

Abstract. A nonlinear partial differential equation of the following form is con-
sidered:

o — div (a(u)Vu) + b(u) |Vul* =0,

which arises from the heat conduction problems with strong temperature-dependent
material parameters, such as mass density, specific heat and heat conductivity.
Existence, uniqueness and asymptotic behavior of initial boundary value problems
under appropriate assumptions on the material parameters are established.

1. Introduction

Metallic materials present a complex behavior during heat treatment processes in-
volving phase changes. In a certain temperature range, change of temperature
induces a phase transformation of metallic structure, which alters physical proper-
ties of the material. Indeed, measurements of specific heat and conductivity show
a strong temperature dependence during processes such as quenching of steel.

In this paper, we are interested in a nonlinear heat equation with temperature-
dependent material parameters, in contrast to the usual linear heat equation with
constant coefficients.

Let 6(x,t) be the temperature field, then we can write the conservation of energy
in the following form:

pe’ +divg =0, (1.1)

where prime denotes the time derivative.
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The mass density p = p(6) > 0 may depend on temperature due to possible
change of material structure, while the heat flux ¢ is assumed to be given by the
Fourier law with temperature-dependent heat conductivity,

qg=—rVb, Kk =k(0) > 0. (1.2)

The internal energy density e = £(f) generally depends on the temperature, and
the specific heat ¢ is assumed to be positive defined by ¢(f) = Je/90 > 0, which is
not necessarily a constant.

We can reformulate the equation (1.1) in terms of the energy e instead of the
temperature 6. Rewriting Fourier law as

q=—k(0)Vl = —a(e)Ve, (1.3)
and observing that Ve = 9¢/90 VO = ¢(0)V0, we have c(0)a(e) = k(6), and hence
a=ae) > 0.

Now let u be defined as u = £(6), then the equation (1.1) becomes

p(u) v — div(a(u)Vu) = 0.

Since p(u) > 0, dividing the equation by p, we obtain

u — div (a(u)Vu) + (Vﬁ) . (a(u)Vu) =0. (1.4)

p(u)
Sin _ 0 _du
“CECT 50" dp
Ly 1 dp(u) _ 1 dp db _ 1 dp1l
(vp(u))  pw)? du Vu= p(u)? df du Vu= p(u)? df ¢ vu.
Substituting into equation (1.4) we obtain
;.. ra(uw)Vu 1 dpl B
u le( () ) (p(u)2 20 CVu) (a(u)Vu) =0,
which is equivalent to
u' — div (a(u)Vu) + b(u) [Vul* = 0, (1.5)
alu)  a(u)c(u) k(u) afu) dp
where a(u) = = = >0 and b(u) =— — > 0.
) =) = pwetw) — pluye(e) W) = = do

The positiveness of a(u) and b(u) is the consequence of thermodynamic consider-
ations (see [8]), and reasonable physical experiences: the specific heat ¢ > 0, the
thermal conductivity x > 0, the mass density p > 0, and the thermal expansion
dp/df < 0. In this paper we shall formulate the problem based on the nonlinear
heat equation (1.5).
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1.1. Formulation of the problem

Let 2 be a bounded open set of IR, with regular boundary. We represent by ) =
Q x (0,T) for T > 0, a cylindrical domain, whose lateral boundary we re“present
by ¥ =T x (0,7). We shall consider the following non-linear problem:

u —div (a(u)Vu) +b(u)|Vu?=0 inQ, 1.6)
u=0 onX, u(z,0) =wup(xz) in Q.

Mathematical models of semi-linear and nonlinear parabolic equations under
Dirichlet or Neumann boundary conditions has been considered in several papers,
among them, let us mention ([1], [2], [3]) and ([4], [5], [9]), respectively.

Feireis] et al [6] prove that with non-negative initial data, the function a(u) =1
and g(u, Vu) < h(u)(1 + |Vu|?), instead of the non-linear term b(u) |Vu|? in (1.6),
there exists an admissible solution positive in some interval [0, Typax) and if Tiax <
0o then t_l)l%n [|u(t, )|loo = o0.

For Problem (1.6) we will prove global existence, uniqueness and asymptotic
behavior for the one-dimensional case.

2. Existence and Uniqueness

Let (-,-), |l - |l and (-,-), | - | be respectively the scalar product and the norms in
H}(2) and L?(Q2). Thus, when we write |u| = |u(t)|, ||u| = |Ju(t)| its means the
L2(Q), H}(2) norm of u(z,t) respectively. To prove the existence and uniqueness
of solutions for the one-dimensional case, we need the following hypotheses:

H1: a(u) and b(u) belongs to C1(IR) and there are positive constants ag, a;
such that, ap < a(u) <a; and b(u)u > 0.

i

d db
H2: There is a positive constant M > 0 such that max { —a(s) —(s) ’} <M
selk | ldu du
H3: ug € H}(Q) N H?(Q) such that |Aug| < &, for some constant & > 0.

Remark. From hypothesis (H1), we have that b(u)u > 0, Yu € IR. Thus from
hypothesis (H2), |b(u)| < M|u|.

Theorem 2.1. Under the hypotheses (H1), (H2) and (H3), there exist a positive
constant g such that, if 0 < e < &g then the problem (1.6) admits a unique solution
u: Q — IR, satisfying the following conditions:

i we L30,T; HH(Q) N H2(Q)), o € L?(0,T;H(Q))
ii. o' —div(a(u)Vu) + b(u) |[Vu|? =0, in L*(Q),
iii. u(0) = uo.

Remark. The positive constant ey will be determined later (see (2.14), (2.15),
(2.20) and (3.11)).
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Proof. To prove the theorem, we employ Galerkin method with the Hilbertian basis
from Hj (), given by the eigenvectors (w;) of the spectral problem: ((w;,v)) =
Aj(wj,v) for all v € V and j = 1,2,---. We represent by V,,, the subspace of
V' generated by vectors {wy,ws, ..., wy,}. We propose the following approximate
problem: Determine u,, € V,,, so that

(ul,,v) + (a(um)Vum,VU> + (b(um) |Vum|27v) =0 Vv €& Vy, 21)

Um (0) = uom — ug  in  HYHQ) N H(Q).

Existence

The system of ordinary differential equations (2.1) has a local solution in the interval
(0,T,,). To extend the local solution to the interval (0,7) independent of m the
following a priori estimates are needed.

Estimate I: Taking v = u,,(t) in the equation (2.1) and integrating over (0,7,
we obtain

1 r r 1
§|um|2 + ao/ |t || +/ / ()t |Vt |? < §|u0|2, (2.2)
0 0o Ja

where we have used hypothesis (H1). Taking Go = min{ag, 3} > 0, we obtain

T T 1
[Nl [ [ bmn |V < ool (23)
0 0o Ja 2a0
Thus, applying the Gronwall’s inequality in (2.3) yields
(um) is bounded in L (0,7 L*(Q)) N L* (0, T; Hg(2)) . (2.4)

Estimate II: Taking v = u/, in the equation (2.1); and integrating over (0,7,
we obtain

d d
2|u;n|2+E/Qa(um)|Vum|2 :/Qd—Z(um)u;n|Vum|2+2/Qb(um)u;n|Vum|2.

(2.5)
On the other hand, from hypothesis (H2), we have the following inequality,
1 d 1
3 ] G Vit < SV ol (26)
and since | - | ) < Col - || and [b(um)| < M|uy,|, we obtain
/ bt )ty [Vura [ < MG [[ug [ |1, (2.7)
Q

where Cy = Cp(Q?) is a constant depending on €.
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Substituting (2.6) and (2.7) into the left hand side of (2.5) we get
1d

2
<
5 3 Qa(um)|Vum| <

Jur|* -+ M Coltg, | N |I* + MCF a1t |

N~

(2.8)
1 1
< 1(1\46‘0)2||u;1||2 [uml® + §Hum\|2 + (MCF)? [l 1 ||

Now taking the derivative of the equation (2.1); with respect to ¢ and making
v =ul,, we have

1d db
gl + [ atwn) 9 == [ Sl PV = [ G 0) v D

1
=2 [ () Vi Vg, uy, < MCOQ(S + ]M)||u;n||2|"“m|‘2 + 5”“771”2
Q

(2.9)
From inequalities (2.8) and (2.9), we have
d (1 1 a
{3+ 5 [ atwnTun |+ bl + Pt
at 2 2 /g 2 (2.10)
ao
et { 5 = columll* =t fluml} < um
where we have defined ag = (MC?)? and a; = MCo(iMCo +3Cy + 1).
Now, under the condition that the following inequality,
ato|tm [[* + a1 |t || < % V>0, (2.11)

be valid, the coefficients of the term |lul,| in the relation (2.10) is positive and we
can integrate it with respect to t,

t t
i 2 + / (1) [Vt ? + / 2+ ag / WP <o (212)
Q 0 0

Therefore, applying the Gronwall’s inequality in (2.12), we obtain the following
estimate:

(ul,) is bounded in L (0,73 L*()) N L? (0, T; H}(R)) . (2.13)

Now we want to prove that the inequality (2.11) is valid if the initial data are
sufficiently small. Suppose that

2
o 1 « a
—S{so+a1||uo||2+—|uO|2} + 8L+ anfluoll? + uol?} < 22 (214)
0 ap ag 4
and
4 2 _ Qo 9
aolluo||* + aa|uoll” < 1 (2.15)

2

where we have denoted Sy = (M(HU()H + |Aug|? + [Juol||Auo|? ) + a1|Auo] )
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We shall prove by contradiction. Suppose that (2.11) is false, then there is a ¢*
such that

o[t () 1* + ot |[um (£)]12 < Z—O if 0<t<t (2.16)
and a
avolfuan (8)* + e () = - (2.17)
Integrating (2.10) from 0 to t*, we obtain
1 . X
@)+ [ ) Tun(F < [ alunO)Vun©)F
Q Q
L, 2 i 2 2 1 2 2.18
+ul, O + [l ? < aa[luo|* + —u] (2.18)
2 0 agp

2
+(M(lluoll + [Auol® + [luolllAuof* ) + ax|Aug* ),

1 a 1
and consequently, |[|um (t%)]]? < a_SO + a—lHuon + ¥|u0|2. Using (2.14) and (2.15)
0 0 0

we obtain

2
«@ 1
oltn (@)1 tenllun(e)? < % {50+ anlul? + o-luof?}
, 0 , 0 (2.19)
a
+o {—So + —1||U()||2 + _UO|2} < =
ag ag ag

hence, comparing with (2.17), we have a contradiction.
Estimate III: Taking v = —Auw,,(¢) in the equation (2.1);, and using hypothesis
H1, we obtain

d
e ﬂL/QCL(um)IAuml2 < arluml| [Atm] + b Aum[* [[um]l,
where we have used the following inequality,

/ b(um)|Vum|2 A, < 51|Vum|Loo / [V | [Atg,] < 51|V’um\H1(Q) [t Aty
Q Q
< BllAum| [um |l |Atp| = Elllumll ‘Aum|2~

In this expression we have denoted b; = sup |b(s)|, for all s € [ff—o, 4(1—0}. Note
_ 03] a1
that, from (2.11), we have |t ()] < ||Jum (t)]] < ag/4ay and by = by + M.

Using hypothesis (H1), we obtain

d an
Tl + S Aunl® < arflum || ||+ bi|Aun]* [fum])

: d ag
or equlvalently, %”UWHQ + (? - b1||u7n||) |Au7n|2 S a’l”“nb“ ‘Aum|
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1
Note that the constant C from (2.12) is given by C' = Sy + a1 ||uol|® + 2—|u0|2.
ao

Considering
1 1 ag
by (= (s 24 fuef?)?) < 2 2.20
1 ao( 0 + ax[[uo Jr2aO|U0|) <3 (2.20)
. Qg ag o
and from (2.12) we obtain ) < (? - b1||um||), it implies that
d a a
Dl + 1Al < sl 1] € 2P 4 Ol (2:21)

T
Now, integrating from 0 to ¢, we obtain the estimate: ||uy,]|? +/ |Au,,|? < C.
0

Hence, we have

(um) is bounded in L™ (0,73 Hy(Q2)) N L* (0, T; Hy(Q) N H?* (). (2.22)

Limit of the approximate solutions

From the estimates (2.4), (2.13) and (2.22), we can take the limit of the nonlinear
system (2.1). In fact, there exists a subsequence of (um )men, which we denote as
the original sequence, such that

u, —u'  weak in L? (0, T; H} () ,

m

(2.23)
U — u  weak in L2 (0,T; H} () N H*(R)) .

Thus, by compact injection of H(Q2x (0,T)) into L2(2x (0,T)) it follows by com-
pactness arguments of Aubin-Lions [7], we can extract a subsequence of (U, )men,
still represented by (um,)men such that
Uy — U strong in L? (0,T; H}(Q)), tm — u ae. inQ,
(2.24)
Vi, — Vu  strong in L*(Q), Vu,, — Vu a.e. in Q.

Let us analyze the nonlinear terms from the approximate system (2.1). From
the first term, we know that

/ |a(tm ) Vum|* < al/ |V |? < a1C, (2.25)
Q Q

and since that u,, — u a.e. in @ and that a(z,.) is continuous, we get
a(ty) — a(u) and Vu, — Vu a.e. in Q. Hence, we also have

|a () Vi |* — |a(u)Vul?  a.e. in Q. (2.26)
From (2.25) and (2.26), and Lions Lemma, we obtain

(U )V, — a(u)Vu  weak in L2(Q). (2.27)
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From the second term, we know that

T T
[ [ b VunPP <8 [ 190y [ [Vl
0 Q 0 Q

; ; (2.28)
<BCo [ Vs < BCollun [ 180, <
where Cj has been defined in (2.7).
By the same argument that leads to (2.26), we get
|b(th) |Vt | 2> — |b(u)|[Vul*[? ae. in Q (2.29)
Hence, from (2.28) and (2.29), we obtain the convergence
b(tm) | Vi |* — b(u)|Vul?  weak in L*(Q). (2.30)

Taking into account (2.23), (2.27) and (2.30) into (2.1)1, there exists a function v =
u(z,t) defined over Q x [0, T with value in IR satisfying (1.6). Moreover, from the
convergence results obtained, we have that u,,(0) = ug, — ug in HE(Q) N H*(Q),
and the initial condition is well defined.

Hence, we conclude that equation (1.6) holds in the sense of L2(0,T; L*(Q)).

Uniqueness

Let w(z,t) = u(x,t) — v(x,t), where u(z,t) and v(z,t) are solutions of Problem
(1.6). Then we have

w' — div (a(u)Vw) — div(a(u) — a(v)) Vo
+b(uw) (|[Vul?> = [Vo]?) + (b(u) — b(v))|Vv[* =0 inQ, (2.31)
w=0 onX, w(z,0) =0 in Q.
Multiplying by w(t), integrating over 2, we obtain
2 2 da .
sl + [ a@I Vel < | [Z@)] w| (Vo] Vol
Q Q au
+ [ (19ul+1900) 1Vl ul + [ [96P] 5 @] ol
9] Q ou
< [ [Tl lul Vol + Co [ (19ul+ (901 ] ul
Q Q
+M /Q [Vf2 wf? < MIVo|p o) ] Jw] + Co(|Fulre(@) + [Volr=(a)) luwll lul
a, —
+MV0[E ) 0l < T ]® + C(Auf® + [ Avf?)fw]?,

(2.32)
where we have used
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(a) The generalized mean-value theorem, i.e.,
da , . da , . ~
_ = | == — < |— <u<
a(w) — ()] = |2 @) — o) < 2@ wl,  w<i<o
(b) [bw) (IVal? = [VoP2)| < b(w)] [Vo|(|9u] + V0]),

(¢) |Vvlpe=) < IVVlla(0) < vlla200) < |AV|L2(0)-

The last inequality is valid only for the one-dimensional case.
Integrating (2.32) from 0 to ¢, we obtain

1 ag [t 1 _rt
gl + 5 [l <SP +T [ (8uP + 80Pl
0 0

where C' denotes a different positive constant. Since w(0) = ug — vy = 0, using the
t

Gronwall’s inequality, we obtain |w|? + / |w||* = 0, which implies the uniqueness,

0
w(z,t) = u(x,t) —v(z,t) = 0 and the theorem is proved. O

3. Asymptotic Behavior
In the following we shall prove that the solution u(z,t) of Problem (1.6) decays

exponentially when time ¢ — oo, using the same procedure developed in Lions [7]
and Prodi [10].

Theorem 3.1. Let u(x,t) be the solution of Problem (1.6). Then there exist positive
constants 9 and C' = C{||luo|, |Auo|} such that

Jul2 4+ u'[2 < Cexpo . (3.1)

Proof. To prove the theorem, complementary estimates are needed. O

Estimate I': Consider the approximate system (2.1). Using the same argument
as Estimate I, i.e, taking v = u,,(t), we have

d
£|um\2+/a(um)|Vum|2+/ (U ) Ui | V| = 0. (3.2)
Q Q
Integrating (3.3) from (0,7"), we obtain
1 2 g 2 g 2 _ 1,
2l +a0/ el +/ /b(um)um|Vum\ < gluol” (3.3)
0 0o Ja

From H1 hypothesis, (3.2) and (3.3) we conclude

aollum|* < 2fuup | | < 2Jup,| Juol- (3.4)



282 Rincon, Limaco and Liu

Estimate IT': Taking derivative of the system (2.1) with respect to ¢t and taking
v =u,,, we obtain

d
Gl 4 aoll 2 < © [ PV + [ i [T

¢ ¢ (3.5)
+C / [Vt [Vp | < Co (2l + 12t 12)

Hence,

ag

d
24 a2 + i 2 (5 = Collum | = Callum?) < 0. (36)

Using (3.4) then we can write the inequality (3.6) in the form,

1/2

2 2

&l P 22 o 2+ P (22— (—'“O') 2= 2l ) <o )
(7)) ap

Let v = u,(0) in (2.1). Then, |u},(0)]* < (C|luoll + Ca|Aug| + |Aug)|?) |ul,(0)]
and we have

[ (O)F < (€ (ol + g + [ Auig)? + e ) ) (38)

We define the operator

2|uo| 1/2 ) g ) 1/2
T = (= (€ (luoll + 1auo| + |Auo|? + |Aul?) )

(3.9)
2|u
2uol C (luo|l + |Auo| + [Aug> + |Aug|?) .
Then we can show that
2uo|\ /* 2|u
(ZD) ™ a2+ 2200, 001 < ) (310)
ag 0]
Consider C; a positive constant and ug small enough, that is,
Clj(UQ) < % (311)
Then the following inequality holds,
2
Cl( |u°|) |2 + Cy |“0|| 1< vi>o. (3.12)
ag ap 4
Indeed, we can proof it by contradiction. Suppose that there is a t* such that
2‘710‘ 1 2‘710‘ * ag
O (2D g v 4 0 20l 1y = 20, (3.13)
ag
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Integrating (3.7) from 0 to *, we obtain  |u/(t*)|* < |v/(0)]?. From (3.11) and
(3.12), we conclude that

2 1/2 2

Cl( ‘U0|> |u{m(t*)|1/2+01 ‘U0‘|u{m(t*)|
ag ag

(3.14)

2lug|\ 1/2 2w a
SCl(—'aOO|) |u{rn(0)‘1/2+cl |a/00|‘u:n(0)| SClj(uO) < ZO

Therefore, we have a contradiction by (3.13).
From (3.7), (3.12) and using the Poincaré inequality, we obtain

E|u;”|2 + s0|ul,|* < 0, where s = (agcp)/2 and cq is a positive constant such

d
that || . ||z1() = col - [r2(n). Consequently, we have E{ exp®0’ |u;n\2} <0 and
hence

2
ur? < Jify () exp=*0t < € (JJuol| + [ Auo] +Auo|?)” expsot
(3.15)
< C(Juol, |Auol ) expsot.

We also have from (3.4) that
2 2 / 2 —sot/2
12 < = Juo] | < = C(Jfuoll, | Aol ol exp™*/2. (3.16)
(o)) Qg
Defining 59 = sg/2 then the result follows from (3.15), (3.16) inequality and of the

Banach-Steinhaus theorem. O

Resumo A equagédo diferencial parcial nao linear,
v — div (a(u)Vu) +b(u) |Vul® =0,

representa o problema de condugdo do calor em que os parametros, densidade de
massa, calor especifico e condutividade térmica sao fortemente dependentes da tem-
peratura. Nesse trabalho, provamos a existéncia, unicidade e o comportamento
assintdtico para o problema de valor inicial com apropriadas hipdteses sobre os
parametros do material.
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