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Compactness of Solutions for
Scalar Viscous Conservation Laws
in Noncylindrical Domains
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Abstract. We utilize the kinetic formulation approach to study the compactness
property for the family {u®}.~0, solutions of the initial-boundary value problem
for the scalar viscous conservation law uf + divy f(u®) = eAgu® in a noncylindrical
domain. Considering f in C* and satisfying the non-degeneracy condition, we prove
that u is compact in L}, ..

1. Introduction

Usually the partial differential equations which we observe have been guided by
the perspective of Continuum Mechanics, almost obtained by systems of integral
equations combining balance laws with constitutive relations. An alternative ap-
proach is the kinetic formulation, motivated by the classical kinetic theory of gases.
In this approach, the state of a gas is described by the density function f(¢,z,v)
where ¢ is the time, z the position and v the molecular velocity. The evolution of
f(t,x,v) is governed by the Boltzmann equation, which monitors the changes in the
distributional molecular velocities due to collisions and transport. The connections
between the kinetic theory and the continuum approach are established by identi-
fying intensive quantities like velocity, density, Cauchy stress tensor, temperature,
etc., with appropriate moments of the density function f(¢,z,v) and showing that
these fields satisfy the balance laws of continuum physics.

In this context of kinetic theory, however established in an artificial way in which
f(t,z,v) is allowed to take also negative values, we prove that the family {uc}.s¢
solutions to the problem (1.1)-(1.3), i.e. an initial-boundary value problem for scalar
viscous conservation laws, is compact in L} (Qr). A usual procedure to obtain this
result is to derive uniform estimates (with respect to the parameter € > 0) on

10su |l L1 (@r) and [Veu®|[L1(@r)-

However, it seems impossible to derive such estimates for noncylindrical domains,
even in the one-dimensional case, see Neves [9].
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We cite principally the Lions, Perthame & Tadmor [8] paper, who introduced
the kinetic formulation and study the Cauchy problem for scalar conservation laws.
Here, for the main result we follow Chen & Frid [1]. The reader could also see a
complete reference to the kinetic theory in Perthame [10].

Let f € C3(IR;IR") be a given map, Q7 an open noncylindrical smooth domain
of R™™! whose points are denoted by (t,z) € IR x IR"™. We will denote I'r the
lateral boundary of Q7 and by € the set Q; N {t = 0} # 0. Therefore for some
T > 0, we have

Qr= |J Qux{t} . Tr= (J o x{t}.

0<t<T 0<t<T

For each £ > 0, we consider the initial-boundary value problem

uf + divy f(u®) = eAgu’ in Qr,
u® = ug in Q,

u® =y on I'r.
We assume that the initial-boundary data satisfies

ug € H(Q) N L=(Q; L),
uy € L2(0,T; H3/2(09,)) N H3*(0,T; L?(09Q;)) N L>®(Tp; H™),

where H?® denotes the s-dimensional Hausdorfl measure and £™ the n-dimensional
Lebesgue measure. The initial-boundary value problem (1.1)-(1.3) has a unique

solution
ut € L*(0,T; H*(Q4)) N C(0,T; H' () N L™(Qr),

U? S LQ(QT)
This solution satisfies

sup |u®(t,z)] < oo and sup // |VeVyus (t,2))? de dt < oo,
e>0 e>0 D

where D C Qr is any compact set, see Neves [9].
The solution u® of (1.1) may exhibit boundary layers near I'p for £ > 0 small and
appropriate boundary conditions. For instance, this happens when we try to solve

the initial-boundary value problem to the scalar conservation law u;+ div, f(u) = 0,
letting € — 07, see Serre [12] Vol. 2.

2. Equivalence with the Kinetic Formulation
We begin defining the density function f. Let y : R x R — {1,—1,0},
+1,  if0<wv<A

x(\,v) = xa(v) :=¢ —1, ifA<v<0
0, otherwise.
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Moreover, we have x»(v) = [sgn(A—v)+ sgn(v)]/2. Let u(t, z) be a function defined
in Q7, and for v € IR, we define

f(t’ Z, U) = Xu(t,z) (U) (21)
We observe that
u(t,x) = / f(t,z,v) dv. (2.2)
R
Now, we consider the following linear partial differential equation
Of 4+ a(v) - Vo f — A f =9ym inQr xR (2.3)

for some nonnegative Radon measure m(t, z,v), where a(v) = f/(v).

The equation (2.3) is derived from the kinetic formulation as introduced in Lions,
Perthame & Tadmor [8]. In this section, for simplicity we drop the parameter € > 0.
The next lemma shows that (1.1) and (2.3) are equivalent.

Lemma 2.1. Let u(t,z) be a function defined in Qr C R"™', and f(t,x,v) be
defined by (2.1). Then, u satisfies (1.1) in D'(Qr) if and only if f satisfies (2.3) in
D'(Qr x R).

Proof. 1. First, with u(¢, z) a solution for (1.1), we show that f satisfies (2.3). For
each v € R, let F(\,v) = (n(A\,v),q(A,v)) be a C? convex entropy pair. Then mul-
tiplying (1.1) by n’(u(¢, z),v), due that 7 is convex and the compatibility condition,
ie. ¢ =n'f’, we obtain

On(u,v) + diveq(u,v) — Azn(u,v) <0 in D' (Qr). (2.4)
For convenience, we denote

—L = 0im(u,v) + diveq(u,v) — Agn(u,v)

and, for any non-negative function ¢ € C§°(Qr), we have

L(#) > 0. (2.5)

Now as a consequence of the Schwartz lemma on negative distributions, see Schwartz
[11], there exist a non-negative Radon measure m over Q7 x IR (moreover, uniformly
bounded in case of m®), such that for any function ¢ € C§°(Qr)

Lo = [ X

As usual, we do not distinguish between L and m, i.e.,

L(p) =< L, >=<m, ¢ >= //Tqﬁdm.
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Despite having taken n € C?, by approximation the above result is valid for the
following entropy pair

n(Av) = %[\/\)\ —v| = v,
Qi()‘vv) :fo ai(§>6ﬁn(§vv) dg (Z = 1,...,7’L).

Then, we obtain

Oyf[u — vl = Jvf] + div[(f (u®) = f(v)) sgn(u® —v)

+(£(0) — F(v)sen(v)] — & Agllu — o] — |of) = —2me. (20

Now, we differentiate (2.6) with respect to v in the sense of distributions

—0[sgn(u —v) + sgn(v)] — divya(v)[sgn(u —v) + sgn(v)]
+A,[sgn(u — v) + sgn(v)] = —20,m in D'(Qr x R).
Hence the result follows, that is, f satisfyies (2.3).
2. Now, if f satisfies (2.3) then we prove that n(u) satisfies (2.4). Let ) be a convex
smooth entropy, at least a generalized one. Multiplying (2.3) by n’(v), we get

51):u71'(v)3tu + 512:u77,(v)f/(v) - Npu — divy [Jv:un/(v)vfcu] = Tl'(v)&ﬂm

where J) is the Dirac measure concentrated at A\. Moreover, taking n sublinear and
integrating the above equation in IR with respect to v, we obtain

On(u) + diveq(u) — Agn(u) = — /]Rn”(v) m dv in D'(Qr).

Since 7 is convex and m is a non-negative Radon measure, the result follows. [

3. Compactness of {u°}

1

loe compactness of the family {u®}eso.

In this section we are going to prove the L

Theorem 3.1. Let f € C3(IR;IR") and satisfying the non-degeneracy condition,
i.e.,

LY{veR; T+a(v)-k=0}) =0,
for all (1,k) € R x R™ with 72 + |k|> = 1. Then the family {u}c=o, solutions of
(1.1)-(1.3), is compact in L}, (Qr).

Proof. 1. For each u®(t,x) and v € IR, we set f*(¢,2,v) = Xus(t,0)(v). By (2.2) it is
enough to prove that

/ f(t, z,v) dv is compact in L} (Qr). (3.1)
R
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Moreover, we observe that (¢, z,v) = 0 when |v| > Ry, for any Ry greater than
the uniform boundness of u¢ in L*°(Qr). Hence the integral in (3.1) can be taken
in a finite and fix interval (—Ryg, Rp).

2. For each v € (—Rg, Rp), let F(\,v) = (n(\,v),q(\,v)) be an entropy pair, C? at
least. From the proof of Lemma 2.1, we have

divy o F(u®(t, x),v) = eAyn(u®(t,z),v) —m-. (3.2)

Since u® is uniformly bounded, the left side of (3.2), viewed as a derivative of a
bounded function, is uniformly bounded in W~1°°(Qr x IR). Consequently,

eAn(u,v) —m® € {bounded of W~1>(Qr x IR)}.

Moreover, m® has total variation uniformly bounded over any compact set contained
in Q7 X IR, that is, m® € M ,.(Qr xIR). Hence, applying Theorem 6 (Compactness
for Measures) in Evans [3], we have

n+2

{m°} is pre-compact in W,.(Qr x R), (1<g¢< e

).

Now, for any compact set D C Qr and v € (—Ry, Ryp), eAzn(us,v) is a continuous
linear functional in W=12(Qr x IR). Indeed, for any function ¢ € Wol’Q(QT x IR),
we have

| <elan(u®,v), ¢ > [ = [k [[q, Qun(u®,v)¢ dz dt dv|
< CVE(™S, [l VEVL )2, [y, (Ve0P) 1 < OVEITadllse,

where C' does not depend on . Taking the supremum in (3.3) with respect to the
set W= {p e W, ?: ||¢HW01,2 < 1}, we obtain

(3.3)

leAzn(u®,v)||w-12 < C\/Esgvp |9].

Therefore, passing to the limit as ¢ — 0T in the above inequality, the family
{eAn(u,v)} converges to zero in W, *, which implies that

{eA;n(u®,v)} is pre-compact in ngcl’z(QT x R).

Now, ngcl 2(Qr x R) has continuous imbedding in ngcl Q1 x R) for any 1 <

q< Zﬁ, it follows that

eAgn(us,v) — me
€ {bounded of W~1%(Qr x R)} N {pre-compact of W% (Qr x R)},

and, applying Theorem 4.2 in Frid [7], we have

eAgn(u®,v) —m® € {pre-compact of ngcl’z(QT x IR)}.
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Then, we obtain
m® € {pre-compact of ngcl’Q(QT x R)}.

3. At this moment, we localize our problem in the following way. Given any
compact set D C Qp, we choose a smooth function (, such that ¢ has compact
support, ¢ = 1 on D, 0 < ¢ < 1. Then, multiplying (2.3) by ¢ and denoting
fe(t,z,v) = C(t,z) (¢, 7, v), we have

O+ a(v) - VF® — eALF = 9,(Cm®) +F5¢, + ° a(v) - Vil + 26V - V(.

We would like to write the right side of the above equation, as a derivative with
respect to v of a Radon measure in a compact set of W~=12(Qr x IR). Define

m°:=(m° + / (¢ + a(s) - Vil ds + 25/ V¢ - V. ds. (3.4)
For any function ¢ € W, ?(Qr x IR), we have

l<m® ¢ >[<|< m874¢>|+fmfoT _po [FE1 18] |a(8)[V,2C| ds d dt dv
+2¢ [ [fop S0 [N [A0CH + Vil - Vgl ds da dt dv < C @] .2,

where we have used that f¢ is uniformly bounded in L*°(Qr x R), the compact
support of {, and m® € le)i’Q(QT x IR). So m* is a continuous linear functional in
W=12(Qr x IR). Moreover, passing to a subsequence, we observe that < m®, ¢ >
converges in IR. Then, we have m° € { pre-compact of W~52(Qr x IR)}, and f*
satisfies

ofe +a(v)  Vf® —eAff =0,m°  em D'(Qr x R). (3.5)
For simplicity we maintain the notation ¢, m® for f and m° respectively. Now, the
support of m® is a fixed compact set contained in Q7 x IR. Consequently, we can
write, see Lions, Pertame and Tadmor [8],

Bym® (t,z,v) = (I — 02 (I — N o) 2ge,
with ¢° belonging to a pre-compact set of L?(Qr x IR). Then f¢ satisfies
Duf 4 a(v) - Voff — A f = (I — 91 — A, )25 (3.6)

4. Let {e,}72, be an arbitrary sequence which converges to zero as ¢ — co. Let g
be a subsequence of g%, such that

gt —g in L?(Q7 x IR) when ¢ — oo
and, passing to a subsequence if necessary, we have

feo N f in L*(Qr x R) when ¢ — oo.

Clearly, f and g satisfy (3.6). Moreover, we observe that f*¢, f have compact support
in Q7 x (—Ro, Ro), so we have f,f¢ € L?(Qr x R). Now, we shall prove

/fftm} v—>/”“ in L*(Qr). (3.7)
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It is enough to show that, for any function ¢ € C§°(—Ry, Ry) with Ry > Ry
/ B (ke 0) b (0) do — / f(r b o)(v)dv  in L2(R x R™), (3.9)
R R

where ¢ (7, k,v) and f(r, k,v) are the Fourier Transform of f* (¢, z, v) and f(¢, z,v)
respectively. Indeed, by the Plancherel Identity, we obtain (3.7) taking ¢ = 1 over
(—Ro,RQ) in (38)

5. Let f(t,z,v), g(t,z,v) € L>(IR x R™ x IR) satisfying (3.6), and § > 0 to be choose
a posteriori. We take ( € Cg°(R), ¢ = 1 in (-1,1), ¢ = 0 in R\ (-2,2) and
following DiPerna & Lions [2], we write

| i
B N T+ a(w) -k . B fo (o)1 — T+a(v) -k ’
R e e L A O R e kD

For (1,k) € Rx IR™ with 72+ |k|? = 1, we define the following distribution function

kE,v)Y(v) dv =1 + Iy; (3.9)
d

(s) £ [0,00) = [0,00],  pa(s) = p(s) == £} ({v € (—Ru, Ra)i Ir +a(v) - k| < s}).

Then, with 72 + k|2 > 0 we have
L] = | [ f () C(TFAEY gy

) 5 (3.10)
<C (fMgRl £[2)1/2 [M(Wﬂlm

Now, we estimate . Taking the Fourier Transform in (3.6) with respect to (¢, z),
we get
; (L+7%+ [k[?)!/2

f(T,k,U) = €|k|2 +i(7’+a(v) . k) (I—@S)g(r,k,v).

Then, we have

X 1/2
LI < €O+ 4 B2 (fcn, 182 d0) " Uy, Uirratosia)

2 Ubis . (3.11)
{1+|k| (B4R /8 | k|2 R| /5 h } dv)'/?
[T+a(v)-k[? [+a(v)-k[* IT+a(v)-k[® .
Now, observing that
R 1 - 1 ) 1 -
{lr+a(v)-k|=4} -
dv = —d, <C§?P
/_R1 rta) kP T (R kPR ) s e uls) < 7

(r2+1k12)1/2

see Folland [6] (Distribution Functions), we obtain from (3.11)

1/2
g|2dv> (6 4 k|02 + |k[2673). (3.12)
’U‘<R1

L) < O (1472 + [K2)1/2 ( /|
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6. Finally we prove (3.8), that is,

// / (f — ) ¥(v) dv|? dr dk — 0.
RXIR"™ £—o00

Since ?, fee € L?>(R x R"™ x IR), given 6 > 0, there exist v > 0, such that

// / \(F — )| dv dr dk < 6. (3.13)
(2 HkI2)12 <y ol <

Fixed § > 0, we prove that

// |/ (f — ) ¥ (v) dv|? dr dk — O, (3.14)
(T2{k|)22y IR £—00

where we utilize (3.9), (3.10) and (3.12) with f and g replaced by f —f** and g— g
respectively. Indeed, for (72 4 |k|?)1/? > ~, we choose 6 = & (72 + |k|?)'/2, with
4§’ > 0 a small number. Then by (3.10) and (3.12), we have

. PO 1/2
L] < C @Y ([ ap, [ TP )

Lo < C h(r,k) [(8) 7 + (8") 72+ (8") 7 (fv|<Rl 19— g71” d“)m’

where h(r, k) € L=({7? + |k|*> > v}). Consequently,

// |/ (F — ) ¥(v) dvl? dr dk
(r24[k[2)1/2>y JR
< // (™ ()] / If — )2 dv dr dk
(T241k[2)1/ 2>y |v| <Ry

+ Cy sup  |h(r, k)|? // / |g — 9|2 dv dr dk.
(T2+|k[2)1/2 (T2 +|k[2)1/2>y Jv| <Ry

The Plancherel identity implies that
§F*—g in L*>(RxR"xR),

so the second term in the right side of the above inequality goes to zero. For the
former, we have the following. Let @ : S™ x [0,1] — [0,00], w(7, k,s) := u™*(s).
It is not difficult to show that o is uniformly continuous in S™ x [0,1]. Indeed,
since S™ x [0,1] is a compact set, it is enough to prove that w is continuous. Let
(7e, ke, s0) € S™ x [0,1] be a convergent sequence, such that

(Tfakfasf)ZH (Twykuhsw) S Sn X [07 1}

Then, applying the Dominated Convergence Theorem, we get

R
(TR (s0) — pTeke (s,,)| < /R 1L ireta()kel<se) — L{jmota(v) kol <so}] dv — 0,
- 1
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which implies that w is continuous in S™ x [0, 1]. Moreover, we have
w(1,k,0) = L*({{v € (=R, Ry); |7 + k- a(v)] = 0}) =0,

for all (7,k) € S™. Hence we obtain that

/ / Wk (8] / F— 2 dv drdk
(T2+|k[2)1/ 2>y [v|<Ry

< sup umF() // / |1%—f”|2dvd7'dk‘
(rk)esn (24 1k[2)1/2 37 J ol <R,

and, since ¢’ can be take arbitrary small, the final result follows. O
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Resumo.Utilizamos a teoria cinética para estudar a compacidade da familia {u® }.>0,
solugoes do problema de valor inicial e de contorno para leis de conservagao escalares
viscosas u; + divy f(u®) = eAzu® em dominios néo cilindricos. Considerando f em
C? e satisfazendo & condicdo de ser nio degenerada, provamos que u° é compacta
em L ..
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