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ABSTRACT. In this paper we discuss recent results regarding a generalization of the Laplacian. To be more
precise, fix a function W(xy, ..., xg) = Zz: 1 Wik (x), where each Wy : R — R is a right continuous
with left limits and strictly increasing function. Using W, we construct the generalized laplacian Ly =
Z?: 1 Ox; Ow;» where dy; is a generalized differential operator induced by the function W;. We present
results on spectral properties of Ly, Sobolev spaces induced by Ly (W-Sobolev spaces), generalized
partial differential equations, generalized stochastic differential equations and stochastic homogenization.
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1 INTRODUCTION

In the ’50s William Feller introduced a more general concept of differential operators, that is,
operators of the type (d/dW)(d/dV) where, typically, W and V are strictly increasing functions
with V (but not necessarily W) being continuous. In this paper we are interested in the formal
adjoint of (d/dW)(d/dV), which is simply (d/dV)(d/dW), in the case V (x) = x is the identity
function. For more details on Feller’s operators, we refer the reader to [4, 5, 9].

Recently, some attention has been raised to a class of generalized differential operator involving
the derivative with respect to a strictly increasing function W, we cite [2, 7, 6, 8, 9, 11, 12] as
some examples of this fact. On one hand, this operator can be naturally obtained from behavior
of some interacting particle systems with random conductances with the interesting feature that,
in contrast with usual homogenization phenomena, the entire noise survives in the limit and the
differential operator itself depends on the specific realization of random conductance [2, 7]. On
the other hand, a second surprising aspect is that the differential equation that appears in the limit
is a second-order differential operator in which one of the derivatives is a derivative with respect
to function W, which may have jumps. Even more, the set of jumps of W can be dense in R.
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132 RECENT RESULTS ON A GENERALIZATION OF THE LAPLACIAN

The goal of this paper is present an overview of the main recent results regarding this differen-
tial operator. The rest of the paper unfolds as follows: in Section 2 we present the generalized
Laplacian, which we denote by Ly ; in Section 3 we construct the W-Sobolev spaces and present
several properties that are analogous to classical results on Sobolev spaces, we also present re-
sults on existence and uniqueness for W-generalized elliptic equations, and a uniqueness result
for W-generalized parabolic equations; in Section 4 we present stochastic homogenization re-
sults of suitable random operators V¥ AN Va’,, that are discretizations of the operator Lyy.

This paper is essencially inspired in works [11, 12, 3, 13].

2 THE OPERATOR Ly

Fix a function W : R¢ — R such that
d
Wi, .. xa) = ) Wil @1
k=1
where Wi : R — R are strictly increasing right continuous functions with left limits (cadlag),
and periodic in the sense that
Wi +1) — Wi(u) = Wi(1) — Wi (0)

forallu € Rand k = 1, ...,d. To keep notation simple, we assume that W vanishes at the
origin, that is, Wy (0) = 0.

Denote by T the unidimensional torus and (-, -) the inner product of L%(T):

frg) = /Tf(u)g(u)du.

Foreachk =1,2,...,d let Dy, be the set of functions f in LZ(T) such that
y
FO) = a + bWe) + / We(dy) / i) dz
0,x] 0

for some function f in L2(T) such that

1
/ f(z)dz = 0, / Wk(dy){b+/yf(z)dz} -0
0 0,1] 0

Define the operator Ly, : Dy, — L*(T) as Ly, f = f. Formally,

d d

Ly, f = ——f,
ka dx def

where the generalized derivative d /d Wy is defined as

L fEHO— f)
——(x) = lim )
dwy e—0 Wir(x +¢€) — Wir(x)

if the above limit exists and is finite.
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SIMAS and VALENTIM 133

By a convenient restriction of the operators Ly, to a dense subspace Dy C Dyy,, itis not difficult
to prove that Ly, : Dy — L?(T) is symmetric and non-positive. Thus, by using Friedrichs
extension (see, for instance, [14, chapter 5]), one obtains that the extended operator, also denoted
by Lw,, Lw, : Dw, — L*(T), is self-adjoint and, the set A, of the eigenvectors of Ly, forms
a complete orthonormal system in L2(T), the details of this approach can be found in [6].

Let ,
Aw = {f T > R f@, .o x) = [ [ fiw), fi € A,

k=1
and define the operator Ly : Dy = span(Awy) — L2(T%) as follows: for f = szl fr €
Aw,

d d
L (f)(x1, ... Z H Fi ) Lw fie (i), (22)
k=1 j=1,j

and extend to Dy by linearity. In particular, Dy is dense in L>(T%); and the set Ay forms a
complete, orthonormal, countable system of eigenvectors for the operator Lyy.

Let L2 (T9) be the Hilbert space of measurable functions H : T¢ — R such that

k®W
/ A6 W) Hx < oo,
'ﬂ‘d

where d(xk® Wi) = dxi---dxgp—1 dWg dxgy1 - -dxg.

Lemma 2.1. Let f, g € Dy, thenfori =1, ...,d,

/ (35 0w, £ (1)) g(x) dx = —/ (@w, ) Ow; 9)d(x' ® Wy).
Td Td

In particular,

d
[ L@ ar = =3 [ @wpow s e w).
T = Jra

that is, Ly is symmetric and non-positive.

The proof consist in an application of Fubini’s theorem and an approximation of the integral by
Riemann sum. Informally,

Af A
A(axiamf)gdxi = —/(am‘f)(axt‘g)dx" AW, Af, i

_ Af A8 o~ .
= - Y e awx = [ (ow, 1) wg)aw

X

where the sum is over partitions of the torus T and A/ stands for the increment of the function
h with respect to the partition. The details can be found in [13].
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134 RECENT RESULTS ON A GENERALIZATION OF THE LAPLACIAN

Consider

o o
Dy ={v= kahk € Lz(Td); Zv,%a,% < 400},
k=1 k=1

where iy € Aw and o is the eigenvalue associated to to eigenvector /.
Define the operator Ly : Dy — L*(T?) by

+00

—Lwv = Z o vihy.
k=1

The operator Ly is clearly an extension of the operator Ly, and formally,

d
Lywf=) Lwf

k=1

where
-Eka = axkaWk f»

and the partial generalized derivative dw, is defined by

fOx1, oo xk+6€, 000, xq0) — fF(X1, ooy Xkey o ey Xq)
Wi (xx + €) — Wie(xe)

)

o, f (x) = lim

if the above limit exists and is finite. The following theorem gives us some properties of the
operator Lyy.

Theorem 2.2. The operator Ly : Dy — L*(T?) enjoys the following properties:

i) The domain Dy is dense in L>(T?). In particular; the set of eigenvectors A forms a
complete orthonormal system;

ii) The eigenvalues of the operator — Ly form a countable set {ay}k>0. All eigenvalues have
finite multiplicity, and it is possible to obtain a re-enumeration {oy }k>0 such that

O=ap <oy <--- and lim o, = oo;
n— 00

iii) The operator — Ly : Dw — L*(T9) is bijective;

iv) Lw : Dw — L%(T9) is self-adjoint and non-positive:
(=Lwf f) = O
v) Lw isdissipative.

In view of 1), iii) and iv) we may use Hille-Yosida theorem to conclude that L is the generator
of a strongly continuous contraction semigroup {P; : L(T9) — L2(T9) }i=0-
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SIMAS and VALENTIM 135

We will now provide an outline of the proof. The details can be found in [13]. Since Dy C Dy,
we have that Dyy is dense in L2(T¢). The properties of the eingevalues follows from properties
of L, and the definition of L. From ii) we have that I — Ly is injective. For v € L3(T%), we
have that

+00 0
v = Z vrhy € Lz(Td) , where the vy are such that Zv,% < 400 .
k=1 k=1
Then,
+00 "
u= Z —hi € Dy,
k=1 Yk

and (I — Lw)u = v. Hence I — Ly is bijective.

Let L3, : Dw+ C L%2(T9) — L%(T9) be the adjoint of L. Since Ly is symmetric, we have
Dw C Dw=. So, to show that Lyy = L7, it is enough to show that Dy« C Dwy. Let ¢ =
S % gkhi € D+ be given, and let Ly.g = ¢ € L2(T9). Then, forall v = 3/ vehy €

Dy,
+o00

(0, ) = (v, Lwsg) = (Lwv, @) = Y —cx Vs
k=1

Hence ¢ = ZZ':O? —ax@ihy. In particular, ZZ':O? a,%go,% < 400 and ¢ € Dy. Thus, Ly is
self-adjoint. By ii) Ly is non-positive.

Finally, fix a function g in Dw, let . > 0, and let also f = (A — Ly)g. So

Mg, g) + (—Lwg.g) = (g. f) < (&' 2 HV2.

Using iv), the second term on the left hand side is non-negative. Thus, [|[Ag| < || fIl = |(ALl —
Lw)gll, that is, Ly is dissipative.

3 W-SOBOLEYV SPACE AND DIFFERENTIAL EQUATIONS

We construct the W-Sobolev spaces, which consist of functions f having weak generalized
gradients

VWf: (anfv---»aWdf)-

Several properties, that are analogous to classical results on Sobolev spaces, are obtained. Ex-
istence and uniqueness results for W-generalized elliptic equations, and uniqueness results for
W-generalized parabolic equations are also established. More details on these results can be
found in [11]

3.1 The definition and properties

Recall the definition of Hilbert space Lik oW (T?) given in Section 2.
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136 RECENT RESULTS ON A GENERALIZATION OF THE LAPLACIAN

2 d 2 d fotd :
Let L, W0 (T%) be the closed subspace of L% oW, (T%) consisting of the functions that have

zero mean with respect to the measure d(x/ @ W 7):
/ fdx'® Wi) =0.
Td

We define the Sobolev space of W-generalized derivatives as the space of functions g € L2(T¢)

such that foreach i = 1, ..., d there exists a fuction G; € Li T?) satisfying the following

o 0l
'@W;,0
integral by parts identity for every function f € Dy :

/ (0, 0w, f) g dx = — / 0w, /) Gid(x' ® W). (3.1
Td Td

We denote this space by H I,W(']I‘d). For each function g € H| w we denote G; by dw, g, and we
call it the ith generalized weak derivative of the function g with respect to W.

In [11] it is shown that the set H I,W(']I‘d) is a Hilbert space with respect to the inner product

d
(frehw = (f8 +2Ad(3m How,g) dx'® W), (32)
i=1

and we obtain the following properties:
Proposition 3.1. On the space H LW(’H‘d) we have

e (Poincaré’s Inequality) Let f € H I,W(']I‘d). Then, there exists a finite constant C such that

o fore

e (Rellich-Kondrachov’s embedding) The embedding H I,W(']I‘d) c L2(T9) is compact.

2

n
2 2
<C§ w, f) dx'®@ W) :=C|V .
TR N Ad (0w, £ g IVw ALz, oy

e Denote by H‘;l (T?) the dual space of Hl,W(Td). Thus f € H‘;l (T%) if and only if there

exist functions fo € L*(T9), and fi € Lik®wk 0(']I‘d), such that

d
f=f=) 0k (3.3)
i=1

in the sense that for v € Hl,W(']I‘d)

d
(o= [ stz + 3 [ siowded e w.
T ~

with (-, -) being the dual pairing. Furthermore,

d 1/2
11yt = inf (A dgwdx) . f satisfies 3.3)
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SIMAS and VALENTIM 137

3.2 The elliptic equations

In this subsection we investigate the solvability of uniformly elliptic generalized partial differen-
tial equations. Energy methods within Sobolev spaces are, essentially, the techniques exploited.

Let A = (a;; (x))axd, x € T?, be a mensurable diagonal matrix function satisfying the ellipticity
condition, that is, there exists a constant 6 > 0 satisfying

07" <ai(x) <9, (3.4)

for every x € T andi=1,...,d. To keep notation simple, we write @; (x) to mean a;; (x).

Our interest lies on solving the problem
T = f, (3.5

onu, where u : T — R, and f : T¢ — R is given. Here T} denotes the generalized elliptic
operator

d
T = hu— VAViu = hu—Y oy (ai(x)am u) (3.6)
i=1
The bilinear form B, [, -] associated with the elliptic operator 7T} is given by
d
Bulu, vl = (u, v)1.w = A, v) + Y / ai(x) @w, ) Ow,v) d(W; @ x)),  (3.7)
i=1

where u, v € Hl,W(']I‘d).

Let f € H‘;I(Td). A functionu € H I,W(']I‘d) is said to be a weak solution of the equation
Tu = f if
Bylu,v] = (f,v) forall ve Hl,W(']I‘d).

Denote by H f‘W (T9) be the set of functions in H I,W(']I‘d) which are orthogonal to the constant
functions:

Hby (M) = {f € Hyw(T); /T f dx =0},
Proposition 3.2 (Energy estimates for .. = 0). Let By be the bilinear form on H LW(’]I‘d) defined
in (3.7) with .. = 0. There exist constants « > 0 and B > 0 such that for allu, v € Hl,W(Td),

|Bolu, v]| < acljullt,w lvllrw

and forallu € Hf-W
Bolu, ul = Bllulf -

The proof of this result follows from Poincaré’s inequality and (3.4).
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138 RECENT RESULTS ON A GENERALIZATION OF THE LAPLACIAN

Corollary 3.3. Let f € L>(T¢). There exists a weak solutionu € H I,W(']I‘d) for the equation
VAVyu = f (3.8)
if and only if

fdx = 0.
Td

In this case, we have uniquenesses of the weak solutions if we disregard addition by constant
functions. Also, let u be the unique weak solution of (3.8) in H f‘W (T9), then

lulli,w < ClIfllL2cTa),

for some constant C independent of f.

To prove this result we begin by noting that, from Proposition 3.2, B satisfies the hypotheses
of the Lax-Milgram’s Theorem, [1, chapter 6]. This implies that there exists a weak solution
u e HLW(']I‘d) of (3.8). Since the functionv =1 € Hl,W(']I‘d), and 9w, 1 = 0, we have from the
definition of weak solution that

/’J;‘d fdx = Bolu,v] = 0.

Furthermore, the Proposition 3.2 also implies that there is a 8 > 0 such that
Bllull} y < Bolusul = (fsu) < I flloeray lull ooy < I Faeraylulliw. — (3.9)

The existence of weak solutions and the bound C in the statement of the Corollary follows from
the previous expression.

Proposition 3.4 (Energy estimates for 1 > 0). Let f € L*(T%) and » > 0. There exists a
unique weak solutionu € H I,W(']I‘d) for the equation

A —VAVyu = f. (3.10)
This solution enjoys the following bounds

lullw < ClLFl 2
for some constant C > 0 independent of f, and

Nl < AN £ 1 2 may-

To obtain this result, note that an elementary computation shows that
2
IBolu, vl < eellulli,w lvlh,w and Bylu, u] = Bllully y,

where 8 = min{x, 67!} > 0, « = max{i, 8} < oo and 6 is given in (3.4). The proof follows
from Lax-Milgram’s Theorem and an estimate similar to (3.9).
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SIMAS and VALENTIM 139

Observe that, for A > 0, the operator Al — LAW Dy — LZ(']I‘d) is bijective. Therefore, the
equation
A —VAVyu = f

has strong solution in Dy if and only if f € (AI — LAW)(]D)W), where I is the identity operator
and (\I — LAW)(]D)W) stands for the range of Dy under the operator Al — LAW. Moreover, this
strong solution coincides with the weak solution obtained in Proposition 3.4.

3.3 W-evolution equations

We study a class of W-generalized PDEs that evolves in time: the parabolic equations. We begin
by introducing the class of W-generalized parabolic equations we are interested. Then, we define
what is meant by weak solution of such equations using the W-Sobolev spaces.

Fix T > O and let (B, || - ||p) be a Banach space. We denote by L2([0, T1, B) the Banach space
of measurable functions U : [0, T] — B such that

T
VU200 = /0 103t < oo.

Let A = A(t, x) be a diagonal matrix satisfying the ellipticity condition (3.4) for all ¢ € [0, T,
and let @ : [/, r] — R be a continuously differentiable function such that

B! < &'(x) < B,

for all x, where B > 0, [, r € R are constants. We will consider the equation

_ . d
{ du=VAVydw) in(0,T]x T @3.11)

u=y in {0} x T4,

where u : [0, T] x T¢ — R is the unknown function, and Y T — Ris given.

We say that a function p = p(t, x) is a weak solution of the problem (3.11) if:

e For every H € Dy the following integral identity holds:
t
/ p(t, x)H (x)dx —/ y(x)H(x)dx = / / D(p(s, x))VAVy H(x)dx ds
Td Td 0 JTd
e ®(p(-,-)) and p(-, -) belong to L([0, T, Hy,w(T%)):

T
/0 19 DI 2y + VS (P (s. 2D s < 00,

and

T
/0 106, D 32pay + 1WA, Dz quyds < 00.
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140 RECENT RESULTS ON A GENERALIZATION OF THE LAPLACIAN

We define the energy in jth direction of a function u as

T
Qi) = sup {2/0 Ad(aijWjH)(s,x)u(s,x)dxds

HeDy
T

_/ ds/ (ow, H s, 0Pl @ W),
0 Td

and the total energy of a function u as
d
Q) =9 ).

There is a connection between the functions of finite energy and functions in the Sobolev space
HLW(']I‘d). In fact, from [11, Lemma 4.1], a function u € L2([0, T'], L*(T¢)) has finite energy
if and only if u belongs to L>([0, T'], Hy w(T¢)). In the case the energy is finite, we have

T
Q) = /0 19wl ooyt

Moreover, we have uniqueness of weak solutions of the problem (3.11):

Lemma 3.5. Fix 1 > 0, two density profiles y', y? : T — [I, r] and denote by p', p* weak
solutions of (3.11) with initial value y", y?, respectively. Then,

1,A 2,k s )
<p,1—p,2, Pt = p; > < <y1—)/2, V”-V“)em/z

forallt > 0. In particular, there exists at most one weak solution of (3.11).

The proof can be found in [11].

4 HOMOGENIZATION OF RANDOM OPERATORS

In this section we describe stochastic homogenization results for the W-generalized elliptic dif-
ferential operator. This approach is closely related to the one considered in [10]. The focus of
this approach is to study the asymptotic behavior of effective coefficients for a family of random
difference schemes whose coefficients can be obtained by the discretization of random high-
contrast lattice structures. The study of homogenization is motivated by several applications in
mechanics, physics, chemistry and engineering. The details on this section can be found in [12].

4.1 Discrete approximation

Let Ty be the one-dimensional discrete torus with N points:

Ty =R/NZ~{0,1,...,N — 1}.

Tend. Mat. Apl. Comput., 16, N. 2 (2015)



SIMAS and VALENTIM 141

Let, also, ']I“fv = Ty x ... x Ty the d-dimensional discrete torus with N points. Let f :
%T;{, — R be a function and define the difference operators:

3 f(x/N) = NIf((x +e€j)/N) = f(x/N)] and
f((x +ej)/N)— f(x/N)
aN N) = / .
W LN = e TN = WG/
Consider Vi f = Oy, f, -, dy, f)and VN f = @N f, ..., 9% f).

We introduce now three inner products:

1
(frow = g D fWew),
xET%
1

7T 2 F@E@(W(x +e)/N) = W(x/N)),

d
xeTy,

<f7 g>Wj,N =

d
(frwn = (felw + D0 f oy, 8w,
j=1

and its induced norms:
2 _ 2 _ 2 _

These norms are natural discretizations of the norms introduced in the previous sections.

Let A = (ajj)nxn be a diagonal matrix and let T)LN denote the discrete generalized elliptic opera-
tor
TNu = ru—VNAVYu, 4.1

with

d
VN AV = 00 (aie/NyoYu ).
i=1

The bilinear form B[, -] associated with the elliptic operator T)LN is given by

BNu,v] = Au,v)y
d
1
T 2 2 @il N, 0@ Wi (@ + D/N) = Wit/ )
i=1 reT¢,
where u, v : N_I’H‘;iv — R.

A functionu : N _I’H‘?V — R is said to be a weak solution of the equation

T)LNu =f

Tend. Mat. Apl. Comput., 16, N. 2 (2015)



142 RECENT RESULTS ON A GENERALIZATION OF THE LAPLACIAN

where u : N _IT?\/ — R is the unknown function, and f : N _I’H‘fv — Ris given, if

BN[u,v] = (f,v)y forall U:N_I’H“fv—>R.

We say that a function f : N _I’H‘?V — R belongs to the discrete space of functions orthogonal
to the constant functions H 1{,‘ ('H“fv) if

1
~7 > f/N)=0.

d
xeTy,

Note that in the set of functions in ']I“fv we have a “Dirac measure” concentrated in a point x
as a function: the function that takes value N in x and zero elsewhere. Therefore, we may
integrate these weak solutions with respect to this function to obtain that every weak solution is,
in fact, a strong solution. Moreover, many properties of the Lebesgue’s measure also holds for
the normalized counting measure. In particular, many results stated in Section 3 can be formuled
and proved mutatis mutandis to this discrete setup.

Lemma 4.1. The equation
VNAVIu = f,

has a weak solution u : N_I’H‘;iv — R if and only if
1
~7 2 o =0.
xET%

In this case we have uniqueness of the solution disregarding addition by constants. Moreover, if
ueH 1{,‘ ('H“fv) we have the bound

—1
bl yeny < CUF2n s and el 2y < 27 1F L p2ene s

where C > 0 does not depend on f nor N.

Lemma 4.2. Let ). > 0. There exists a unique weak solution u : N _I’H‘?V — R of the equation
ru— VAV U = f. (4.3)
Moreover,
el gy ray < CUFllpapd s and Null 2oy <27 F I p2era s
where C > 0 does not depend neither on f nor N.

Note that if f € L*(T¢) in Lemma 4.2, and u is a weak solution of the problem (4.3), then
following bound holds:

”””HLW(T‘;{;) < Cll fllL2(Tay>

since ||f||L2('J1“1{,) = [ fll2rey as N — o0.
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SIMAS and VALENTIM 143

4.2 Connections between the discrete and continuous Sobolev spaces

Given a function f € H I,W(Td), we can define its restriction, fu, to the lattice N _IT‘;V as

v = f(x) if x e N7'TY,.

However, given a function f : N _I’H‘fv — R itis not straightforward how to define an extension
belonging to Hi w(T?). To do so, we need the definition of W-interpolation, which we give
below.

Let fy : N"!'Ty — Rand W : R — R, a strictly increasing right continuous function with left
limits (cadlag), and periodic. The W-interpolation fy; of fy is given by:
W({x+1)/N)—W((x+1)/N)

INEHD = Ty —wany T

W((x +1t)/N) —W(x/N)
W(x+1)/N) —W(x/N)

fx+1),

for 0 <t < 1. Note that

oy D= fW) N
w D= W(x +1)/N)— W(x/N) Ow f ()-

Using the standard construction of d-dimensional linear interpolation, it is possible to define the
W -interpolation of a function fy : ’]I“]jv — R, with W(x) = Z?: 1 Wi(x;) as defined in (2.1).

We now establish the connection between the discrete and continuous Sobolev spaces by showing
how a sequence of functions defined in ']I“fv can converge to a function in Hy_y (T%).

We say that a family fy € LZ(T‘fV) converges strongly (resp. weakly) to the function f € L2(T¢)
as N — oo, if fy converges strongly (resp. weakly) to the function f. From now on we will

1“*”

omit the symbo in the W-interpolated function, and denote them simply by fy .

The convergence in H ‘;,1 (T?) can be defined in terms of duality. Namely, we say that a functional
Jfn on ']I“fv converges to [ € H ‘;I(Td) weakly (resp. strongly) if for any sequence of functions
Uy : ']I“fv — Randu € Hl,W(Td) such that uy — u weakly (resp. strongly) in Hl,W(']I‘d), we
have

(fn,un)N — (fiu), asN — oo.

4.3 Random environment

In this subsection we introduce the statistically homogeneous rapidly oscillating coefficients that
will be used to define the random W-generalized difference elliptic operators.

Let (2, F, ) be a standard probability space and {7, : @ — Q;x € 7%} be a group of F-
measurable and ergodic transformations which preserve the measure wu:

o T, : Q2 — Qis F-measurable for all x € Z4,

Tend. Mat. Apl. Comput., 16, N. 2 (2015)



144 RECENT RESULTS ON A GENERALIZATION OF THE LAPLACIAN

o u(TyA) =p(A),forany A € Fand x € 74,
e To=1, TioTy=Tyyy,

e For any f € L'(Q) such that f(T,w) = f(w) w-as foreach x € 74, is equal to a
constant p-a.s.

Note that the last condition implies that the group 7 is ergodic. Let us now introduce the vector-
valued F-measurable functions {a;(w); j =1, ..., d} such that there exists & > 0 with

07! <a;(w) <6,

forallw € Qand j = 1,...,d. Then, define the diagonal matrices AN whose elements are
given by
al(x) =aY =aj(Tvyw), xeT§, j=1.....d. (4.4)

Let A > 0, and let fy be a functional on the space of functions &y : ’]I“]jv — R, fe H‘;I(Td).
Let, also, uy be the unique weak solution of

AUy — VNANV‘I;\(/MN = /N,
and u be the unique weak solution of
Aug — VAVwug = f. (4.5)

We say that the diagonal matrix A is a homogenization of the sequence of random matrices A"
if the following conditions hold:

e For each sequence fy — f in H‘;I(Td), upy converges weakly in Hy w to ug, when
N — o0;

° a{Va{};iuN — a; 0w, u, weakly in Li,@Wi (T?) when N — 0.

The following homogenization theorem is proved in [12]:

Theorem 4.3. Let AV be a sequence of ergodic random matrices, such as the one that defines
our random environment. Then, almost surely, AN (w) admits a homogenization, where the ho-
mogenized matrix A does not depend on the realization w.

Note that if # € Dy is a strong solution (or weak) of
Au—VAVyu=f
and uy is strong solution of the discrete problem
ruy — VVNANY S uy =

then, the homogenization theorem also holds, that is, u; also converges weakly in Hi w to u.
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RESUMO. Neste artigo discutimos recentes resultados sobre uma generaliza¢io do Lapla-
ciano. Mais precisamente, fixe uma fung¢do W(xy,...,xq7) = Zzzl Wi (x), onde cada
Wi : R — R é uma fungdo continua 4 direita com limites a esquerda e estritamente cres-
cente. Usando W, construimos o laplaciano generalizado Ly = Zij: 1 Ox; Ow; » onde dy,
denota o operador diferencial induzido por W;. Apresentamos resultados sobre propriedades
espectrais de Ly, espagos de Sobolev induzidos por Ly (espagos W-Sobolev), equagdes
diferenciais parciais generalizadas, equagdes diferenciais estocdsticas e homogeinizacao es-

tocastica.

Palavras-chave: Espacos W-Sobolev, Laplaciano generalizado, Homogeinizacdo, Equagdes

diferenciais parciais.
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